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Abstract. Let G be a group and S be a subset of G in which e ¢ S and S~! C S.
The Cayley graph of group G with respect to subset S, denoted by Cay(G,S), is
an undirected simple graph whose vertices are all elements of G, and two vertices
x and y are adjacent if and only if zy~! € S. If |S| = k, then Cay(G, S) is called
a Cayley graph of valency k. The aim of this paper is to determine the structure
of Cayley graph of dihedral groups D, of order 2n when n = p or 2p?, where p
is an odd prime number. The graph structures are based on circulant graphs with
suitable jumps.
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1. INTRODUCTION

For any group G and subset S of G such that e ¢ S, S~! C S, we can
associated a graph whose vertex set is the set of element in G and two distinct
vertices z,y are adjacent if and only if zy~! € S. This graph firstly was introduced
by Arthur Cayley in 1878 and is known as undirected Cayley graph. Later, Max
Dehn reintroduced Cayley graphs under the name Gruppenbild (group diagram)
in his unpublished lectures on group theory. It leds to the geometric group theory
and he used the set of generators for the new geometric representation of group.
This will translate groups into geometrical objects that can be considered from the
geometric view. For example, it provides a rich source of many symmetric graphs
which are known as transitive graphs and they play a serious work in many graph
theoretical problems such as hamiltonian path and cycles. One more importance of
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Cayley graphs is that these graphs are known as the oldest algebraic graphs. One
of the most important branches of mathematics is algebraic graph theory and it is
playing an essential role in other fields in which algebraic methods are applied to
some problems in graph theory. There are a series of papers in which many authors
defined graphs associated to special algebraic structures and found some relations
between graph properties and algebraic properties. For example, commuting and
non-commuting graphs of a group (see [I}, 2]) or zero divisor graph of a ring(see
[3]). We have a similar work on Cayley graphs. Some authors found more graph
properties of this graph and they determined the graph structures for a given group
G and a subset S of G. To determine the structure of Cayley graph, the subset
S plays an important role. For instance, when S is a generating set of group G,
the Cayley graph is connected. Moreover, the size of S is also very important. If
|S| = k, then Cay(G, S) is usually denoted as Cayley graph of valency k. It is clear
that if k& = 1, then S is a singleton set consisting an element of order 2 and so
Cay(G, S) of valency 1 must be the union of some edges. For the case k = 2, there
are two possibilities for subset S. First possibility is that S consists of two elements
of order 2 and the second possibility is the case that S contains an element having
order not equal to 2 and its inverse. For k > 3 there will be more possibilities and
so to determine the structure of Cay(G, S) in terms of valency k, it is necessary to
consider all such possibilities and it is more complicated in general. Furthermore,
the structure of group G is also playing important role to find the graph structure
of Cay(G,S). Recently, in 2021, S. Alkaseabe and the second author (see [4])
found the graph structure of Cay(Da,,S) of valencies 1, 2 and 3, where Dy, is the
dihedral group of order 2n and n > 3. In this paper, we aim to give the structure
of cayley graphs Cay(Dsp,S) and Cay(Dyy2,S) of valency 4, where p is an odd
prime number.

The results given in this paper are stated in two different sections according
to two Cayley graphs Cay(Dsap, S) and Cay(Dyy2,S) of valency 4, respectively.
In the rest of this section, we recall some terminologies and notations which are
standard and can be found in (see[5 [6} [7, [8, [, 10} 11, 12} 13| 14]). For a positive
integer n, we use the notations Z, and Ds, for the cyclic group of order n and
dihedral group of order 2n, respectively. The presentations of these two groups are
as Z, =< x| 2" = e >= {e,z,2%,..., 2" '} and Dq, =< a,b| a" = b*> = e,bab =
a~t >= {e,a,a?,...,a" 1, b,ab,...,a" 1b}. Let X be a graph, then the set of
vertices and edges are denoted by V(X) and E(X), respectively. For two vertices
x,y € V(X), we denote  ~ y or x — y if there is an edge between x and y. If in
a graph there is no edge then is called an empty graph. A graph with no loop and
multiple edges is called a simple graph. All graphs in this paper are assumed to
be simple and undirected. The complement of X, denoted by X, is a graph such
that V(X) = V(X) and two vertices are adjacent in X if and only if there are not
adjacent in X. The degree of vertex z € V(X) denoted by deg(x), is the number
of adjacent vertices of . A graph X is called connected if for any arbitrary two
vertices x,y € V(X) there exists at least a path between = and y. Otherwise, it
is called a disconnected graph. The distance between two vertices z,y € V(X),
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denoted by dx(x,y), is the length of the shortest path between = and y. We denote
by K,, P,, and C), the complete graph, the path graph and the cycle graph with
n vertices, respectively. The union of two graphs X; and X5, denoted by X; U X5,
is a graph with V(Xl UXQ) = V(Xl) U V(XQ), and E(X1 UXQ) = E(Xl) UE(XQ)
If X; = X5, then X; U X; will be denoted by 2X; and similarly nX stands for
the union of n copies of X. Let G be a group and H be a subset of G. Then the
number of right or left cosets of H in G denoted by [G : HJ.

As we mentioned earlier, for a given group G, the Cayley graph of G with
respect to S as a subset of G, denoted by Cay(G, S) is an undirected simple graph
with vertex set consists of all elements of G in which we have two conditions e ¢ S
and S™! C S. Two vertices = and y are adjacent if and only if 2y~ € S. The
valency of the Cayley graph is defined as the size of subset S. Three important
properties of Cay(G, S) are |S|- regular, vertex transitive (group of automorphisms
of the Cay(G, S) acts on V(G) transitively) and connected whenever subset S of
G is a generating set of group GG. More background on graph theory and group
theory concepts not defined here can be found in [I5] and [16].

2. CAYLEY GRAPHS OF DIHEDRAL GROUPS OF ORDER 2p

In this section, we investigate and determine the structure of Cayley graph
Cay(G, S) on a dihedral group Dy, of valency 4, where p is an odd prime number.
Before to state our results on the structure of Cay(Dsyp, S) for |S| = 4 and p is an
odd prime, we need to define and give some notations on the circulant graph. A
circulant graph, denoted by C,,(j1, j2, - - -, jm ), with n vertices, labeled with integers
modulo n, and jumps ji, j2, ..., jm, iS an undirected graph in which each vertex
i, 0 < i <n—1, is adjacent to all the vertices ¢ + jr mod n, with 1 <k <m. It is
obvious that C, (1) = C,, and

Cn(1,2,...,|n/2|) = K,. For more details, some circulant graphs Cy(2),
C5(1,2) and Cg(1,2,3) are shown in Figure 1. The circulant graph C,(1,k) is
important for us here. Note that C,(1,k) can be considered as a graph with n
vertices and jump k consisting a cycle of length n, namely” outer cycle”’” and cycle
(cycles) inside of outer cycle, namely ”inner cycle (cycles)”. Now, let G = C,,(1, k)
be a circulant graph with outer cycle C,, and jump k, then outer and inner cycles
will denote for shorten by ”O” and ”I”, respectively. For two vertices v and v, we
may display d5(u,v) and d9(u,v) as the distance between u and v through outer
and inner cycles, respectively. Let us explain more on these notations with the
following example.

Example 2.1. Let G = C7(1,2) and H = C(1,3) be circulant graphs with 7
vertices and jumps 2 and 3, respectively (see Figure 2). Then we have d,(u,v) = 2,
dL(u,v) =1, d9(u,v) = 2 and d% (u,v) = 3.
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Ficure 1. Cs(1,2,3), C4(2), C5(1,2),

e

FIGURE 2. H = (%(1,3), G =C%(1,2).

The following theorem gives the structure of Cay(Ds,, S) when S consists
of two elements y, z of order 2 and two elements z and its inverse ! whenever

o(x) # 2.

Theorem 2.2. Let Cay(Dayp, S) be Caylay graph of dihedral group Ds, with S =
{x,271,y, 2} such that p is an odd prime number and = # 71, y? = 22 = e. Let
k be the smallest positive integer in which (2y)* = x, then

Cay(Dgp, S) = Cgp(l, 2]€)
Proof. Suppose that Dy, =< a,b|a? =b* =e,bab =a"! >= {e,a,d?,...,a?" b,
ab, ...,aP~1b}. Since o(a’b) = 2 fori = 0,1,2,...,p— 1 and o(x) # 2 it whould imply
that 2 = a’ for some 1 < j < p — 1. Moreover, we have p = o(x) = o(a?) =

(p,5)
We show that the following is a cycle of length p:
eNmeQNxSNleN...pr_]‘pr:e.
Note that (z')(z'*H)~! = a®a " = ' =271 € §, for t = 0,1,2,...,p
Let H =< x >= {e,x,xZ,xB, .. ,xp_l} be a cyclic subgroup of Ds, of order p,
2p

then we have [Dg, : H] = — = 2. Thus, there are two distinct left cosets H
p

and yH such that y ¢ H. For left coset yH = {y,yx,yx? yz3, ..., y2P~1}, we

have a cycle y ~ yz ~ yz2 ~ ya? ~ yz? ~ - ~ yaP~! ~ yxP = vy, since
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(yat)(ya!t) =t = yate 'ty =yaly  =ayy =z € S, for t =0,1,2,...,p.
In addition, we can easily see that there is a cycle of length 2p as the following:
ey~ P ygP T P P PR P Bh

o P (PR = (=R gpmph —

where 2" = (2y)P~! and 2" = (2y)', h = p — r. Because yz" P = yor™" =
y(zy)*l — yy71271 —zc 57 mpfth(yxpfth)fl — xpfthxthfpyfl =yc S, (yxpft )
(2P~ (D)~ = bR DR = y(a)h = y(zy)P ! = y(zy) " =gy e =2 €

S.

Put cycle of length 2p as outer cycle and two cycles of length p as inner
cycles. Now we show that for any two adjacent vertices v and v in each inner
cycles dZ(u,v) = 2k. We know that D, = H UyH and each of cosets H and yH
produce an inner cycle of length p. Consider two adjacent vertices e and z in the
first inner cycle. Then we have 2P~ " = z and so it will be happend if p—th = 1 or
equivalently p—t(p—r) = p(1—t)+tr = 1 or 2P~th = 2" = (27)* = (2y)* for some
0 <t <p-—1. Since (zy)* = =, so by putting t = k, we can see that zP~*" = z
and therefore, d9(e,x) = 2k. Similarly, we may comput distance between any of
two other adjacent vertices in any inner cycle and find at distance 2k through outer
cycle. Hence, Cay(Dap, S) = Cap(1,2k) and the proof is completed. O

Example 2.3. Let Dy4 be a dihedral group of order 14. Then we have D1y =<
a,b|a” =b? =e,bab = a"t >= {e,a,a? a® a*,a%, a® b, ab, a®b, a®b, a*b, a®b, aSb}.
If S = {a% a,a?b,ab} where x = a®, 27! = a,y = a®b, z = a*b. Then by Theorem
we can see that Cay(Dy4, S) = C14(1,6). (see Figure[3)

FIGURE 3. Cay(D14,S) = 014(1,6).

Theorem 2.4. Let Dy, be the dihedral group of order 2p. If S C Da, such that
S = {u,u"tv,071}, where u # ut , v # v=! and m be the smallest positive
integer such that u™ = v for some 2 < m < p—1. Then we have

Cay(Dayp, S) = 2C,(1,m).
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Proof. Suppose that Do, = {e,z,2? 23 2%, .. 2P~ y,yz,yx?, ... yzP~'}. Since

u # uw~ ! and v #* v~ so u and v are as the form z* for some 1 < i < p — 1. Also
we can see that o(yx?) = 2 for j = 1,2,...,p — 1. Let k be the smallest positive
integer such that u = z*, and we can let v = 2™ for some 2 < m < p — 1. Now we
have an outer cycle of length p as the following:

emkag;QkNngkN...Nx(p—l)kNe.

Note that (x*)(z(+Dk)=1 = =% € §  for i = 1,2,...,p — 1. We have also the
inner cycle of length p as following:

e~ xmk ~ x2mk} ~ x?)mk ~ o x(p—l)mk: ~e

Because (z™F)(z(H)mk)=1 = g=mk ¢ § for i =1,2,...,p — 1. We show that these
outer and inner cycles produce a circulant graph C,(1,m) with jump m. For this, it
is necessary to prove that every two adjacent vertices in the inner cycle has length
m on the outer cycle. It can be seen that

dg(e,xmk) _ dg(mmk’ m2mk) _ d8($2mk,x3mk) _
o dQ(aPTIME o) = m.
Since the graph is 4—regular, we conclude that the rest of the other elements of the

graph, whose number is p, is in the form x'y such that 1 < i < p. So there will be
the following outer and inner cycles of length p, respectively

Yy~ 2Py~ p2y g3y s DRy

Y~ xmky ~ meky ~ x?)mk:y ~ o l,(pfl)mk:y ~ .

We can easily see that
dg(y,xmky) _ dg(xmk:%xjmky) — d8($2mky,$3mky) —
Yo ,dg(x(pfl)mky, y) =m.

Hence Cay(Dsp, S) is the disjoint union of two circulant graphs C,(1,m) and so
we have

Cay(Dap, S) = 2C,(1,m).
O

In the next theorem, we deal with the case that S = {z,y, 2, w}, where
2 2 2

=yt =22=uw?=c

Theorem 2.5. Let Dy, =< a,b | af = b2 =e,bab = a~' > be a dihedral group,
p is an odd prime number and S = {a'b,a’b,a*b, a’b} C Da, such that i,j,s and t
are distinct and 0 < i,7,s,t <p—1. Let i+7 = s+t (mod p) and k be the smallest
positive integer in which k(i — j) +1i = s ort (mod p). Then we have

C(ly(Dgp, S) = Cgp(l, 2k + 1)
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Proof. We may consider Dy, as the following presentation:
Doy =< a’" " a'b | (a?7HP = (a')? = e,a’b(a’ " )a'b = (a/ )7t > .
We have the following outer cycle of length 2p
e~a'b~ad Tt~ alb(ad ) ~ (a7 ~atb(a? T2 ~ (af T ~ atb(a? TP ~
(@ ~alb(a? ) ~ -~ (@ TP v d'b (TP e (1)
Notice that (a/~%)"(a'b(a’~)") " = (a7 (a?~")Ta’b=a’b e S
and a’b(a?~%)" (a’b(a? =)™ 1)~ = a’ba’ ™! = a’b € S, where 0 < r < p — 1. Each of
the element of order 2 in Dy, is as the form aib(aj_i)r such that 0 < r < p— 1.

Since the set S contains 4 elelments of order 2 and i+ j = s+t (mod p), so S can
be written as the following:

S = {aib, aib(aj_i)_l,aib(aj_i)k,aib(aj_i)_(1+k)}.
Now, since

aib(aj—i)k(aj—i>(r—1)2k+1((aj—i)r(2k+1))—1 — aib(aj—i)k(aj—i)—@k.t,_l)
=a'b(a? "R ¢ §

and (ajfi)r(2k+1)(aib(ajfi)k(ajfi)r(2k+1))71 _ (ajfi)fkaz‘b — aib(ajfi)k €S, we
have the following inner cycle of length 2p
€ ~ aib(ajfi)k ~ (ajfi)(2k+1) ~ aib(ajfi)k(ajfi)quLl ~ (ajfi)2(2k+1) ~
aib(aj—i)k(aj—i)2(2k+l) ~ (aj—i)3(2k+1) ~ aib(aj—i)k(aj—i)3(2k+l) ~ o

(a7~ PR gip(al )R (/TP DERD e @

Suppose that x = a’b and y = a’ . Then we can rewrite outer and inner cycles of
length 2p of and with these notations as the following:
outer cycle:

e~vz~y~ay~yY~vayi v~ yP o ayP e

inner cycle:

2kl g Bk AkH2 0 BRH2  6k43

e~ay® ~y y y
T3 L~ y(2p—2)k+(p—1)

Y Y
Ty (@p=Dk+(p=1) ¢
If we consider the inner cycle, then we can see that:

do(e,xy®) =2k + 1, d2(xy®, y* ) =2k +1, d9(y*F ayF ) = 2k 41,

N:L’y

d8($y3k+l,y4k+2) _ 2]€+1, dg(y4k+2,$y5k+2) _ 2]€+1, dg(xy5k+2,y6k+3) _ 2]€+1,
gy 2,y %) = 2k 1, dG(yBr D, gy Brm R — 9 41,
dg(xy(Qp—l)k-ﬁ-(P—l)’ e) =2k + 1.

So, it implies that we have a circulant Cs,(1,2k + 1) as required and the proof is
completed. (Il
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Remark 2.6. The condition i+ j = s+t (mod p) is necessary in Theorem 2.4, to
have circulant graph. Because, we can see the following example which can not be
displayed as circulant graph.

Example 2.7. Let Dy4 be the dihedral group of order 14. Suppose S = {b, a®b, a>b,
a*b}. We can see that the condition of Theorem 2.5 is not satisfied and, it is not a
circulant graph (see Figure .

FIGURE 4. Cay(D14,S)

3. CAYLEY GRAPH OF DIHEDRAL GROUPS OF ORDER 2p?

In this section, we are going to find the structure graph of valency 4, for
dihedral group of order 2p?. Let D,,» be dihedral group of order 2p%, where p
is prime. If p = 2, then we have dihedral group Dg of order 8. In the following
Theorem we can give the structure of Cay(Ds, S), whenever |S| = 4.

Theorem 3.1. Let Dg be a dihedral group of order 8 with S = {z,y, z, w}such that

2?2 =y? = 22 = w? = e, then we have

Cay(Ds, S) = Cs(1,3).

Proof. Tt is clear that in this case S can be only presented as S = {b, ab, a®b, a3b}.
We have the following outer and inner cycle of length 8, respectively.

outer cycle:

3 2

e~brad~ab~a? ~alb~a~adh ~e

inner cycle:

2 3

e~ab~an~b~a?~a®b~a®~a?bh~e.

Moreover, we have

d(e,ab) =3 ,d%(ab,a) =3, d9(a,b) =3, d2(b,a?) =3,
d9(a?,a®b) =3, d%(a®b,a®) =3, d%(a® a’*h) =3, d2(ab,e) = 3.
Hence we will have a circulant graph Cs(1,3). (]
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Now, if S = {z,271,y,2} C Dg such that x # 271, y? = 22 = e, then each
element of S is the form S = {a,a?,y, 2}. We may consider the following cases:

(Nzy =a (ii)zy =a® (iii)zy = a®.
In the following theorem, we will discuss about the graph structure of Cay(Ds, S)

in the above cases.
Theorem 3.2. Cay(Dsg,S) in cases (i) and (iit) is the circulant graph Cs(1,2).
Proof. We have the following outer cycle:

e~y ~zy~y(zy) ~ (29)° ~ y(zy)? ~ (2y)® ~ y(zy)® ~e.

In case (i), since zy = a we have an outer cycle e ~ y ~ a ~ ya ~ a? 3

2
~ ’ya ~ Q- ~
ya® ~ e, and two inner cycles e ~ a ~ a? ~ a® ~ e and y ~ ya ~ ya® ~ ya> ~ y.
We can easily check that Cay(Ds,S) = Cs(1,2). For case (iii) we can follow the

same method as above and again get circulant graph Cs(1,2). [

Theorem 3.3. Cay(Ds, S) in case (ii) is the circulant graph Cs(1,3).

Proof. In case (ii), if S = {a,a3,b,a®b}, we have an outer cycle e ~ a ~ ab ~ a3 ~

a?> ~ a’b ~ a®b ~ b ~ e and an inner cycle e ~ a® ~ a®b ~a ~a®> ~ b~ ab ~
a?b ~ e. We have jump of length 3, because
do(e,a®) =3, dZ(a® ah) =3, d2(a*b,a) =3, d%(a,a®) =3,
d(a?,b) =3, d2(b,ab) =3, d2(ab,a®b) =3, d%(a’b,e)=3.
Hence we have Cay(Ds,S) = Cs(1,3). If S = {a,a®, ab,a®b}, we have an outer
cycle e ~ a ~ a?b ~ a3 ~ a? ~ a®b ~ b~ ab ~ e and an inner cycle:

3 2

e~ad~br~an~a?~ab~a?b~adh~e

which produce a circulant graph with jump of length 3. Because
d9(e,a®) =3, d2(a*b) =3, d%0b,a)=3, d%(a,a*) =3,
d(a?,ab) =3, d9(ab,a®b) =3, dZ2(a®b,a®b) =3, d%(a’b,e)=3.
Thus we conclude that Cay(Ds, S) = Cs(1,3), in case (i3). O

Now, assume That p is an odd prime number. We have Dy,2 =< a,b | a?’ =
b2 =e,bab = a"! >= {e,a,ad?, .. .,aP’ =1 b, ab, a2, ... ,ap2’1b}. Let S be a subset
of Dyp2 of size 4. Then we have the following three possibilities:

() S={x,27 Yy, 2}, 42t y=22=c¢
(ii)) S ={z,y,z,w}, 2=yt =2=uw’=c
(iif) S={w,a " yy 'Y, awFayFy
It is clear that if @,y, 2z € Dy, such that  # 27! and y* = 2% = ¢, then x can
be only presented as a’ and y, z can be presented as a’b and a®b, respectively such
that 1 <i<p?—1land 0<j#s<p?—1.Ifx =a’,y = a’b and z = a®b, then we
can see that zy = a®ba’b = a®~7 and therefor zy can be presented as z” for some
1 < r < p? — 1. Now, the following cases, will arise.

Case 1: o(z) = p%,0(zy) = p.
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In this case, we should have r = tp, where 1 <t < p—1.

Case 2: o(x) = p?,0(zy) = p*.
Case 3: o(x) = p,o(zy) = p.

Case 4: o(r) = p,o(zy) = p°.

In cases 2, 3 and 4, r can not be a multiplication of p. Because, if for example

o(x) p
r =tp,o(x) = o(zy) = p, then we have p = o(zy) = o(z") = = =1
(ryo(x))  (tp,p)
which is a contradiction. So, r # p,2p, ..., (p—1)p. Now we can start investigation

of the structure of Cay(Dap2,S), when S = {z, 7'y, 2}, v # a7 y> =22 =¢
according to the above four cases. In the following theorem, we consider case 1.

Theorem 3.4. Cay(Dyy2,S) in case 1 is a graph consisting p disjoint cycles of
length 2p and a Hamiltonian cycle in which every two adjacent vertices are belong
to distinct cycles of length 2p.

Proof. Suppose that Dap2 =< a,b | a?’ =2 = e,bab=a=! >={e,a,a?, ..., apz_l,
b, ab, azb,...,apz_lb} and S = {w,27',y,2} C Dyp. Since z # z~! we have
o(r) = m > 2. Let o(x) = p? In this case, since zy = P we have the follow-
ing outer cycle of length 2p.

1

e~y ~zy~y(zy) ~ (29)? ~y(ey)® ~ o~ ()P~ y(zy)P T e

So there is a dihedral subgroup K such that
K :< y7 xp >: {67 y7 xp’ y':l:p7 x2p7 yz2p7 A 7x(p71)p7 yx(pil)p}'
2p? .. .
We have [Dy,2 : K| = o = p. Thus there are p distinct right cosets
P
K, Kz, Kz2?,..., KaP™!l

For each right coset Kxt, we have a cycle

ot~ ymt ~ P o yxp+t ~ L~ pe= Pt ym(p—l)p—&-t
for t =1,2,...,p— 1. Therefore, we have p cycles of length 2p. Since z ~ 22, 2% ~
ad a3 ~at P2 P Pl o gP So, KUK UK2?UK2PU. . . UKaP~ ! =
D,,» produces a graph consisting p disjoint cycles of length 2p and a Hamiltonian
cycle in which every two adjacent vertices are belong to distinct cycles of length
2p, as required. ([

Theorem 3.5. Cay(Da,2,S) in cases o(z) = p?, o(zy) = p* and o(z) = p,o(zy) =
p? is a circulant graph Cop2 (1, 2k), where k is the smallest positive integer such that
x = (zy)k.

Proof. Suppose that Day2 =< a,b | a?’ =12 = e,bab =a~! >={e,a,a?, ..., apz_l,

b,ab,a?b, ..., apz_lb} and S = {z,27',y,2} C Dyy2. Then in case 2 we can follow
the same method as in Theorem 2.2 and again we get

Cay(D2p2 5 S) = 02172 (1, 2]€)



The Structure of Cayley Graph of ... 11

Now, we consider the case o(x) = p,0(zy) = p?. Since o(zy) = p* and o(z) = p, we
have the following outer cycle of length 2p?
2
ey~ 2y ~y(ay) ~ (29)° ~ y(zy)? ~ (2y)° ~ y(ey)® ~ .o~ y(ey)? 2
~ ()P T ey T ) =,

because [y(zy)'][(zy) "] 7! = y(2y)'(2y) " = y(zy) "t =yy~'z7! =2 € S and
(z)'ly(z9) 17 = ()t (zy) "y =yt =ye S fort=0,1,...,p° — 1. Assume
that H =< x > is a cyclic subgroup of order p, then H = {e,x,2?%,..., P71}
consists a cycle of length p as the following

e~vr vt~ P e

2 2
We have [Dy,2 : H| = L 2p. Thus there are 2p distinct right cosets Hgi, H go,

p

..., Hgsp such that g1z = e € H and ¢2,93,...,92p ¢ H. For each right coset

Hg; = {g;,%g95,2%g;,...,2P"1g;}, we have an inner cycle g; ~ zg; ~ 2%g; ~ -+ ~

P~ lg; ~ xPg; = g;, for j = 1,2,...,2p. Therefore, there are 2p inner cycles of

length p and since (zy)* = x, we have

do(e,x) =2k, dS(x,2?) =2k, d9(z* 2®) = 2k,
do(x®, 2% = 2k,..., d9(xP"'e) =2k
and similarly
dg(gj xg;) =2k, dg(zg;,2%g;) = 2k, dg(a?g;,2°g;) = 2k,
dg(m?’gj,x4gj) =2k,..., dg(xpflgj,gj) = 2k.
Hence we have
C’ay(DQPQ,S) = CQPZ(I, 2]€)

[l

Theorem 3.6. Cay(Ds,2,S) in case o(x) = p,o(zy) = p is the union of p circulant
graph Cap2(1,2k), where k is the smallest positive integer such that v = (zy)*.

Proof. Assume that H =< z > is a cyclic subgroup of order p. Then H =

{e,z,2%,..., 2P~} consist of cycle graph of length p as the following
e~z ot gt~ P e
2p? . .
We have [Dy,2 : H] = — = 2p. Thus, there are 2p distinct right cosets and so we

p
have 2p inner cycles of length p as the following:
95 ~ 95 (zy)" ~ gj(zy)* ~ o~ gi(zy)P T~ g G=12,,p,

Since o(zy) = p, we have a dihedral subgroup of order 2p as the following

Doy =<y, zy >={e,y, 2y, y(zy), (21)*, y(29)*, ..., (29)" " y(zy)" ' }.
Thus we have the following outer cycle of length 2p

1

e~yn~zy~ylzy) ~ (2y) ~y(zy)® ~ o~ ()P~ y(zy)P T e,
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because

() [y =yen) ) " =y(zy) =gy e =2 €8
and
(=) ly(z9)*] = )t ey) Ty =yt =y e s
2 2
On other hand, [Day2 : D] = 2i
P
93D2pU. . .Ugp Doy, where each g; Do), consist of a cycle of length 2p as the following
foreach j =1,2,...,p
95 ~ 959 ~ 95(zy) ~ g5y(2y) ~ g;(zy)* ~ g;y(zy)* ~

-~ giy(zy)P T~ g (zy)P = g;.
Dy2: H 2
M = %P _ 9 which implies that there are two inner cycles
2p2 + U2p p

in every outer cycle. We have a jump of length 2k, because
dg(g;.95(zy)*) = 2k, dg(g;(=y)". g;(2y)*") = 2k,

dg(9;(zy)*", 95 (z9)°") = 2k,...,dg(g; (zy)" ", ;) = 2k
Hence, we have

= p, which implies that Dype = Doy, U g2 Doy U

We also have

Cay(Dyy2, S) = p Cop(1, 2k).
(I

If S = {x,y,2,w} such that 2% = y? = 22 = w? = ¢, then each of element in

S has the form a’b, for some 0 < i < p? —1. Suppose that x = a’b, y = a’b, z = a®b,
w = a'b. Let i+ j = s+t (mod p) and k be the smallest positive integer in which
k(i —j)+i=sort (mod p). Then we may consider the following possibilities:

(i) o(yx) # p, o(wz) #p

(i) o(yz) # p, o(wz) =p

(iii) o(yx) = o(wz) = p.

Theorem 3.7. Cay(Dsy2, S) in cases o(yx) # p, o(wz) # p and o(yz) # p, o(wz) =

p is circulant graph Cy,2(1,2k + 1), where k is the smallest positive integer such
that k(i —j)+i=s ort (mod p) and i+ j=s+t (mod p).

Proof. The case o(yzx) # p, o(wz) # p is similar to Theorem and we omit the
proof. In case o(yx) # p, o(wz) = p since o(yx) # p, we have o(a’~%) = p?. Suppose

that 2 = a’b and y = a/~*. Then by Theorem 2.5, we have outer cycle of length

22
1 1

2 2
6NxNnyyNy2ny2N...Nyp N.’L‘yp ~ €.

We can rewrite the set S with the above notations as the following;:
S = {z,ay?" 1, ay", oy T OEGTDY,

such that k is the smallest positive integer such that zy* € S. Now, since o(a’~%) =
p, we have inner cycle of length 2p as the following:

e~ gt~ PR PRl R g SRR Ok  p TRES

Y

Y Y
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~ e~ y(2p—2)k+(p—1) ~ wy(2p—1)k+(p—1) ~ e.
We define subgroup Ds), of Dy)2 as follows:
Doy =< y*M 1 ¥ (y* ) = (2y*)? = e, oy (P ayt = ()T >=

2k+1 , 4k+2 , 6k+3 y(2p—2)k+(p—1)
R

{e,y?Ft yt 12y ShHl g

k42 7xy(2p—1)k+(17—1)}_

,xy”, wy y

2 2
We have [Dy,2 : Dapy| = QL = p. Thus there are p distinct right cosets which imply

that there are p inner cycles of length 2p as follows:
foreach j =1,2,...,2p,

g;j ~ gj:vyk ~ gjy2k+1 ~ gjxy3k+1 ~ gjy4k+2 ~ gjxy5k+2 ~

~ e gjy(2p*2)k+(p*1) ~ gjmy(2p*1)k+(pfl)

Moreover, for each j =1,2,...,2p, we have
dg (95, 95ey") = 2k + 1, dg(gjzy", 99> ) = 2k + 1,
d2(g;y* T, gay )y =2k + 1, d2(giay@PIRTETD gy = 2k + 1.
Hence, we conclude that Cay(Dsgp2,S) = Cop2(1,2k + 1). O

Theorem 3.8. Cay(Dsy2,S) in case (iii) is the union of p circulant graph Cap(1, 2k+
1), where k is the smallest positive integer such that k(i — j) +i = s or t (mod p)
and i+ j=s+t (mod p).

Proof. Since we have o(a’~%) = p, similar to Theorem 2.5, we suppose that = = a’b
and y = a’~* Thus we have an outer cycle as the following:

e~vz~y~ay~y oy~ o~ yP o ayP T vl

Since o(a'~*) = p, we have inner cycle

€~ ay oy PR o AR g B2 ORES ThAS
s oy QPR g Gr=DR+E=1)
2p?
Note that [Dgye : Dap] = 5 — P Hence by Theorem |3.7] we have p outer cycles
p

and p inner cycles as following, respectively.

gj ~ GiT ~ iy ~ gixy ~ giy° ~ gjzy? ~ ...~ gy ~ giay®V ~ g,
forj=1,2,...,p,
and
i ~ giay* ~ gyt~ giayP T~ gyt o gy SRR
~ e gjy(2p—2)k+(p—1) ~ gjxy(2p—1)k+(p—l) ~ 9j,

for j=1,2,...,p,
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such that every outer cycle consists of one inner cycle. If we consider all inner
cycles we have for j =1,2,...,p,

dg (95, 9579") = 2k + 1, dg(gjay", 99" ") = 2k + 1,
dg (g9, gjay®™ ) = 2k + 1, dg (gyay T IRTTY ) = 2k 4 1.
Hence, we have Cay(Dap2,S) = p Cop(1,2k +1). O

Now, assume that S = {u,u™!, 0,071} such that v # u=!,v # v~! then we may
consider the following possibillities:

(i) o(u) #p, o(v) #p
(i) o(u) # p, o(v) =p
(iii) o(u) = o(v) = p.
Theorem 3.9. Cay(Ds,2,S) in cases o(u) # p, o(v) # p and o(u) # p, o(v) =p is
the union of two circulant graph Cp2(1,m), where m is the smallest positive integer
such that u™ = v for some 2 < m < p? — 1.

Proof. Case o(u) # p, o(v) # p is similar to Theorem 2.4 and we omit the proof.

Suppose that Dy,2 = {e, z, 22, . .. ,xpz_l, Y, YT, yr2, ... ,yxp2_1}, and k is the small-

est positive integer such that u = x*. In case (ii) since o(u) # p we should have
2 2

o(u) = p%. Let H =< u >=< z* >, we have [Dy,2 : H| = % = 2. Thus we have

p

two outer cycle of length p? as following:

2
eNl’kNxszkaN.o.Nx(p *Ukwe’

2_
ywykayxzkwyx?’kw...,vyx(? 1)kwy.
Since o(v) = p we may suppose that L =< v >=< 2™* > then we have (D2 :

2 2 2
L= /- 2pand [H : L] = b p. Hence, we have 2p inner cycles of length p as
p p

the following: g; ~ gja™* ~ g;a?™k ~ ... ~ gja:(p_l)mk ~gj, for j=1,2,...,p.

and yg; ~ yg;a™* ~ yga®™ -~ ygae @I~ yg; for j=1,2,...,p.
every outer cycle conside p inner cycles, with jump m, because

dg (g5, 952™*) = m, dg(g;a™" , g;x smk)

ka) — m,dg(gjx2mk,gjx =m,
dg(g;a®™*, gjz*™) = m, ... dG(g;z*"I"* g;) =m
forj=1,2,...,p
and in another outer cycle we also have
dg(yg;, yg;a™) = m, dG(yg;a"" yg;z*™") = m, dg (yg;z*""*, yg;z*"*) = m,
A& (yg; ™™ yg;x* ™) = m, ..., dg(yg;z*" V™ yg;) = m.
Hence we have Cay(Ds,2,S) =2 Cp2(1,m). O

Theorem 3.10. Cay(Dyy2, S) in case o(u) = o(v) = p. is the union of 2p circulant
graph Cp(1,m), where m be the smallest positive integer number such that u™ = v
for some 2 < m < p? — 1.
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Proof. Suppose that Doye = {e,z, 22, ... ,x”z_l,y,yx,yxz, ... ,ya:pz_l}, and k be
the smallest positive integer such that u = z¥. Since o(u) = p, we can let v = 2™
such that 2 < m < p — 1. Similar to Theorem 2.4 we have outer cycle of length p
as following:

PR L . | G - L

Since (z%F)(x(+VF)=1 = =% ¢ S for 1 < i < p — 1. Suppose that H =< z¥ >
2 2

then we have [Djy2 : H] = P 2p. Thus there are 2p distinct right cosets
p

Hgy = H,Hgs,...,Hgap, such that g1 = e € H and ¢1,92,...,92p ¢ H. It tends

out for each right coset Hg; = {g;, xkgj, w%gj, . ,sc(p_l)kgj}, we have outer cycle

g; ~ a:kgj ~ x%gj,...,w x(p_l)kgj ~ gj for j = 1,...,2p. Therefor we have 2p
2 2

outer cycle of length p. Let L =< 2™* > . Since [Dy,2 : L] = b - 2p, the number

of inner cycles is 2p that are located in every outer cycle. Actually for every outer

cycle we have an inner cycle of length p as following:

gj ~agp o a? gy aPTIMR g g forj = 1,2, 2p.

We conclude that every outer cycle has jump of length m, because we have for
i=12,...,2p.

mk k

gj) = m?dg(mmkgj7x2mkgj) = m7d8 gj) =m,
O, O/ (p—
dg (@™ gy, 2" g;) = m, .., d@aP g g5) = m.
Since the degree of each vertex is 4, we conclude that each vertex is connected

to two adjacent vertices and to two vertices with a distance of m. Hence we have
Cay(Dap2, S) = 2p Cp(1,m) as required. O

dg(gj’ € (mekgj’l'Sm

We end the paper by giving an open problem which can be improved the
paper.
Open Problem. What is the structure of Cay(Ds,,S) of valency 4 for every
n > 3 (not necessary prime power)? For what values of n the graph is circulant?

REFERENCES

(1] A. Abdollahi, S. Akbari, and H. R. Maimani, “Non-commuting graph of a group,” Journal of
Algebra, vol. 298, pp. 468-492, 2006. https://doi.org/10.1016/j.jalgebra.2006.02.015.

[2] D. Bundy, “The connectivity of commuting graphs,” Journal of Combinatorial Theory, Series
A, vol. 113, pp. 995-1007, 2006. https://doi.org/10.1016/j.jcta.2005.09.003,

[3] S. Akbari and A. Mohammadian, “Zero-divisor graphs of non-commutative rings,” Journal of
Algebra, vol. 296, pp. 462-479, 2006. https://doi.org/10.1016/j.jalgebra.2005.07.007.

[4] S. Alkaseabe and A. Erfanian, “The structure of Cayley graphs of dihedral groups of valencies
1, 2 and 3,” Proyecciones (Antofagasta), vol. 40, no. 6, pp. 1683-1691, 2021. http://dx.doi.
org/10.22199/issn.0717-6279-4357-4429.

[5] L. Babai, “Automorphism groups, isomorphism, reconstruction,” in Handbook of Combina-
torics, pp. 1447-1540, Cambridge, MA: MIT Press, 1996. https://dl.acm.org/doi/abs/10.
5555/896082.


https://doi.org/10.1016/j.jalgebra.2006.02.015
https://doi.org/10.1016/j.jcta.2005.09.003
https://doi.org/10.1016/j.jalgebra.2005.07.007
http://dx.doi.org/10.22199/issn.0717-6279-4357-4429 
http://dx.doi.org/10.22199/issn.0717-6279-4357-4429 
https://dl.acm.org/doi/abs/10.5555/896082
https://dl.acm.org/doi/abs/10.5555/896082

16

[6]

(10]

(11]

(12]

(13]

14]

[15]
(16]

FATEMEH SHAHINI AND AHMAD ERFANIAN

V. Bafna and P. A. Pevzner, “Genome rearrangements and sorting by reversals,”
SIAM Journal on Computing, vol. 25, pp. 272-289, 1996. https://doi.org/10.1137/
S0097539793250627.

A. Cayley, “The theory of groups: Graphical representation,” American Journal of Mathe-
matics, vol. 1, no. 2, pp. 174-176, 1878.

G. Erskine, “Diameter 2 Cayley graphs of dihedral groups,” Discrete Mathematics, vol. 338,
no. 6, pp. 1022-1024, 2015. https://doi.org/10.1016/j.disc.2015.01.023,

X. Gui Fang, C. Heng Li, and M. Yao Xu, “On edge-transitive Cayley graphs of valency
four,” European Journal of Combinatorics, vol. 25, no. 7, pp. 1107-1116, 2004. https://
doi.org/10.1016/3.ejc.2003.07.008,

A. Kelarev, J. Ryan, and J. Yearwood, “Cayley graphs as classifiers for data mining: The
influence of asymmetries,” Discrete Mathematics, vol. 309, pp. 5360-5369, 2009. https:
//doi.org/10.1016/j.disc.2008.11.030.

C. H. Li, “On isomorphisms of finite graphs - A survey,” Discrete Mathematics, vol. 256,
pp. 301-334, 2002. https://doi.org/10.1016/S0012-365X(01)00438-1.

L. Lu, Q. Huang, and X. Huang, “Integral Cayley graphs over dihedral groups,” Journal of
Algebraic Combinatorics, vol. 47, pp. 585601, 2018. https://link.springer.com/article/
10.1007/s10801-017-0787-x.

S. Miklavi¢ and P. Potocnik, “Distance-regular Cayley graphs on dihedral groups,” Journal
of Combinatorial Theory, Series B, vol. 97, pp. 14-33, 2007. https://doi.org/10.1016/j.
jctb.2006.03.003.

J. Pan, “Locally primitive Cayley graphs of dihedral groups,” European Journal of Combi-
natorics, vol. 36, pp. 39-52, 2014. https://doi.org/10.1016/j.ejc.2013.06.041.

D. B. West, Introduction to Graph Theory. USA: Prentice Hall, 2nd ed., 2001.

D. J. S. Robinson, A Course in the Theory of Groups. New York: Springer-Verlag, 1982.


https://doi.org/10.1137/S0097539793250627
https://doi.org/10.1137/S0097539793250627
https://doi.org/10.1016/j.disc.2015.01.023
https://doi.org/10.1016/j.ejc.2003.07.008
https://doi.org/10.1016/j.ejc.2003.07.008
https://doi.org/10.1016/j.disc.2008.11.030
https://doi.org/10.1016/j.disc.2008.11.030
https://doi.org/10.1016/S0012-365X(01)00438-1
https://link.springer.com/article/10.1007/s10801-017-0787-x
https://link.springer.com/article/10.1007/s10801-017-0787-x
https://doi.org/10.1016/j.jctb.2006.03.003
https://doi.org/10.1016/j.jctb.2006.03.003
https://doi.org/10.1016/j.ejc.2013.06.041

	1. Introduction
	2. Cayley Graphs of Dihedral Groups of Order 2p 
	3. Cayley Graph of Dihedral Groups of order  2p2 
	REFERENCES

