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Abstract. We introduce the non-braid graph of a group G, denoted by
¢(G), as a graph with vertex set G\ B(G), where B(G) is the braider of G,
defined as the set {z € G | (Vy € G)zyz = yzy}, and two distinct vertices x
and y are joined by an edge if and only if zyz # yzy. In this paper partic-
ularly we give the independent number, the vertex chromatic number,
the clique number, and the minimum vertex cover of non-braid graph of
dihedral group D,.
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1. INTRODUCTION

Recently, there have been some interesting studies on algebraic graphs since
what had been done by Cayley in 1878 [2]. There are many ways to link algebraic
structures to graphs and vice versa. One of those works was done by Abdollahi et.al
[1] in 2006 on non-commuting graph of a group. The non-commuting graph given
by Abdollahi, et all is defined as a graph with the set of all non-center elements as
the vertex set, and two different vertices are connected by an edge if and only if
they are not commuting. Particularly, in 2008, Talebi [6] gave some properties of
non-commuting graphs of dihedral groups, including independent numbers, vertex
chromatic numbers, clique numbers, and minimum vertex cover. Based on the
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work of Abdollahi et al, e construct a set center-like called braider of the group for
any group. Moreover, we define a non-braid graph of any group using its braider.
Motivated by the work of Talebi [6] and Hubbi, et all [9], particularly we investigate
non-braid graph for dihedral group.

Throughout this paper, by graph, we mean a finite undirected simple graph.
Moreover, symbols V(¢) and E(¢) denote the vertex set and the edge set for any
graph (, respectively.

2. THE NON-BRAID GRAPH OF DIHEDRAL GROUP D,

First, let us recall some definitions used in this section. Let G be a group.
The braider of G, denoted B(G) is the set B(G) = {z € G|(Vy € G)axyx = yxy}.
We define the non-braid graph (g of G as a simple graph with G\B(G) as the
vertex set and any two distinct vertices x,y € G\B(G) are adjacent if and only if
zyx # yay. The definition of non braid graph of ring can be seen in [§]

Let us recall also that a dihedral group D, is a group of the form

D, = (r,s|r" = §2 = (sr)2 =1

with I as the identity element of D,,. For this group, we have the following basic
property on its braider.

Theorem 2.1. For any natural number n > 3, B(D,,) = 0.

PROOF. Note that if k = p; (mod n) then 7% = rP1 also if k£ = py (mod 2)
then s* = sP2. Furthermore, since B(G) = {z € G| (Vy € G)zyzr = yry} and
s2=1r" =1I,rs=sr"! <= sr=r"lsthen we can consider the proofing with 3
cases.

(1) If © = I then for all y € D,,, xyx = yay, then Iyl = yly. On the other
hand, we can see if y = r, then implies Iyl = r = yly = r2. There is a
contradiction, since r # r2.

(2) Ifx = r*, with 1 < k < n—1. Then by assumption, we have ryx = r¥yrk =
yr*y, Yy € D,. Let y = I, then r>* = r*¥ «—= ¥ = I. Thus, k =0
(mod n). There is a contradiction, since k Z 0 (mod n), for 1 <k <n-—1.

(3) If x = sr*, with 1 < k < n. Then by assumption, we have zyz = sr¥ysrk =
ysrfy, Yy € D,. Let y = I, then sr¥srf = s «—= srFr—Fs = srF —
52 = I = sr*. Hence, there is a contradiction, since sr* # I, for 1 < k < n.

And we can conclude there is no z € D,, such that zyxr = yay, Vy € D,,. Hence
B(D,) = 0. O
As a direct consequence of Theorem we obtain D,\B(D,,) = D,.

Below are some examples of graph non-braid of dihedral groups.

Example 2.2. (1) Let Dy = {I7r,r27r37r4,s,sr, sr2,sr3,sr4}, ¢(Ds) is a com-
plete graph.



112

L0

_ .
= =l
8}
S
~ . S

A
T
= s S
A I 2
IS >
v I 3 @ n
7| 3

.‘l'b N .m.
IS KV = S
‘.
4 ¢ ©) rW
v»"A\-h-t LS =R p
ZiY QY = = .5
...4‘ ' ‘ an} I g oo 0
)‘ A /A /> & » 55115
.‘t '\ =} Ta < ™ < 0 m
va\’ Z < ER N IERE
Y/ ‘ .WMC __ __ __ 3T ST 2MI 3T W
& < P O )
. B ae B
— I LS 1%
@ T s
.mluu = w o= |l L L
O o g 5523
= > PS5 5
I S S W v om W
P S S &

DG n ow oD N B wn
8 A= m
T ECEEEEES

)

S~—"

FI1GURE 2. The Non-Braid Graph of Dihedral Group Dg
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In the following results, we present some properties of vertex adjacency of
the non-braid graph of the dihedral group.

Theorem 2.3. Vertex I of ((D,,) is adjacent to every vertezx in ((D,).

PrROOF. Let © # I € V({(D,)) and suppose that  and I are not adjacent.
According to Theorem [2.1f we just need to check for y = 7*, with 1 < k < n —1
and y = sr*, with 1 < k < n. Hence, it considers two cases as follows.

(i) Case 1: If y = ¥ with 1 < k < n — 1. By assumption, we have xyxr = yry =
Ir*I = v*IrkF «— b =2k «— ] = r*. Hence, there is a contradiction
sincerk#l,forlgkgn—l

(ii) Case 2: If y = sr*, with 1 < k < n. By assumption, we have xyz = yzy =
IsrFI = srklsrt = srF = srhsrh «—= srF = srfr(-hs —= ok = I.
Hence, there is a contradiction since sr¥ # I, for 1 <k <n

O

Theorem 2.4. All vertices in (r) C V(¢(D,)) are adjacent to every vertex in

¢(Dn).

PROOF. Suppose there exist z € V({(D,)) and y € (r) such that = and y not
adjacent, so zyz = yry. By Theorem x and y respectively can be expressed as

x:skrl,()gkgl,()glgnfl

y=r",0<m<n-—1
This problem can separated into 2 cases:

(i) Case 1: If k= 0.
Then, zyx = rlr™mrl = r and yry = rmrhr™m = r , so that xyr =
yry < rt = ™. On the other hand, it is known that 0 <1 < n —1 and
0 < m < n—1. Therefore, zyx = yzy <= r' =r" <= l=m <= z =y.
This contradicts the statement that vertex x and y are adjacent. We conclude
that x # y.

(ii) Case 2: If k = 1.
Then, zyx = srir™sr
srl, so that zyx = yay <= "™ = srl. This implies a contradiction.
Therefore, vertices of (ry C V(¢(D,,)) are adjacent to every vertex of {(D,).

O

2l+m 2m+1

l —l—-m+l _ P —m+l+m

= ssr ™ and yry = r"srlr™ = sr

Theorem 2.5. Let ((D,,) be a non-braid graph of dihedral group with n # 0(mod3).
Then every vertex of P = {sr'|i = 0,1,2,3,...,n — 1} C V(¢(D,,)) is adjacent to
every vertex in V(C(Dy)).

PROOF. Suppose there exist z € V(¢(D,)),y €
adjacent. Then, z and y satisfy z = s*r!,0 < k <
and ryx = yxry. We consider two cases:

P such that x and y are not
1,0<I<n-—1andy=sr",
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(i) Case 1: If k=0

We have
rler™rt = srmpler™ = g™ =t = !
A contradiction.
(ii) Case 2: If k=1
We have
srlsr™srl = spmsrlsr™ = rmTlgpl = plmmgem
P S,],,Ql—m — Sr2m—l P 7,3(l—m) =7

as | # m and n # 0(mod3). Thus r3(¢=") £ I, contradiction with r3(=™) = TI.
Hence, we have a contradiction.
So far we have proven that if {(D,,) is the non-braid graph of dihedral group with
n # 0 (mod3), then each vertex in P = {sri|i =0,1,2,3,...,n—1} C V(¢(D,)) is
adjacent to all vertices in V({(D,,)). O

Corollary 2.6. Let ((D,,) be a non-braid graph of dihedral group ¢(D,,) with n #
0 (mod3). Then ((D,,) is a complete graph.

PrROOF. We know that |D,| = 2n and by Theorem [2.3] Theorem and Theo-
rem all vertices of {(D,,) are adjacent whenever n # 0(mod3). Consequently,
¢(D,) = K3n is a complete graph. O

Theorem 2.7. Let ((Dp=3m) be a non-braid graph of dihedral group with n =
0(mod3). Then every two vertices in H; = {sr, sri™™ sri+2m} wherei =0,1,2, ..., 5
1 are not adjacent.

PROOF. Let z,y € H;. Then x and y can be expressed as:

x = sr'tP1™ and y = sy TP,

Furthermore,

Tyr = GrtTPIM it P2m gitp1 M _ (. p2m—p1m g itprm _ 5T1+2p1mﬂnzm

— gpit2@r—p2)m _ gpit2(n—(p1—p2))m _ opi+2(nt(P2—p1)m _ gpit2(p2—p1)m

— gpit2p2m=—p1im _ ,p1m—pam g itpam _ 2,.i—i,.p1m=—pam g.i+pam

= spttP2m gt PIM g it Pam — gy

O

Corollary 2.8. Let ((Dp=3m) be a non-braid graph of dihedral group with n =
0(mod3) and H; = {sr', sr"™™ srit?™} wherei =0,1,2,...,2—1. If H = {H;|i =
0,1,2,..., 5 — 1} and |H| > 1 then every vertex in H; is adjacent with every vertex
in Hj with i # j.
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PROOF. Suppose x € H; and y € H; with ¢ # j such that zyx = yxy. Since z € H;
and y € H; then x and y can be expressed as:

x = srTPI™ and y = spd TP2™,
Then we have

itpim g jtpem gpitpim _ .(G=1)+(p2—p1)m gpitprm (2i—7)+(2p1—p2)m

TYr = sr = 8T

Yy = gritpem g itpim g jtpem _ L (i=j)+(P1—p2)m g j+pom _ 4.(27—9)+(2p2—p1)m
Tyr = yry <= gr(2t=0)+2p1—p2)m _ o.(2j—0)+2p2—p1)m  (3(i+pim) _ (.3(j+p2m)

Since NH; = @,i = 0,1,2,...,2 — 1 then r3U*P2™) cannot be expressed as
r3(i+P2m) - Qince py is an arbitary number 0 < py < 2 then equality #3(+P1m) =
r3+P2m) cannot happen. This means that the supposition is failed. Hence, it is
proved that each vertices in H; and H; are adjacent for ¢ # j. O

In the following remaining discussion, we will give some results on the inde-
pendent number, vertex chromatic number, clique number, and minimum vertex
cover of non-braid graph of dihedral group

Recall that, for any graph (, subgraph H of ( is called induced subgraph
if x,y € V(H) and z and y are adjacent in ¢ then x and y are adjacent in H.
Furthermore, if X C V({) then we defined the subgraph induced by X as an induced
subgraph H with V(H) = X. A subset X C V(() is called an independent set if
there is no edge between any two vertices in X. Equivalently, a subset X C V({)
is called an independent set if the subgraph induced by X has no edges. The
cardinality of a maximum independent set in a graph ( is called the independent
number of ¢ and denoted a(().

Theorem 2.9. Let ((D,,) be non-braid graph of dihedral group D,,. If n # 0(mod3)
then a(¢(Dy)) = 1.

PROOF. Let ((D,) be a non-braid graph of dihedral group D,,. According to
Corollary if n # 0(mod3), then every two vertices in ((D,,) are adjacent. Thus
a(¢(Dy)) = 1. 0

Theorem 2.10. Let ((D,,) be a non-braid graph of dihedral group D,,. Then
a(C(Dy)) is 1 or 3.

ProoF. Let {(D,) be a non-braid graph of dihedral group D,,. If n # 0(mod3),
then by Theorema(C(Dn)) = 1. If n = 3m for some positive integer m, then by
Theorem every two vertices in H; = {sr®, sr'™™ srit?m} i =0,1,2,...,% — 1
are not adjacent. Furthermore, according to Theorem every vertices in (r) C
V(¢(D,,)) are adjacent to each vertices in {(D,,). However, by Corollary every
vertices in H; adjacent to every vertices in H; for i # j and (r)UH; = V({(Dy)),? =
0,1,2,..., 5 — 1. Thus, the maximum number of vertices that can be selected to
be the induced subgraph has no edges is 3, that is a({(D,)) = 3. O
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Recall that the vertex chromatic number of graph ¢, denoted by x(¢), is the
minimum positive integer n such that we can assign n colors to the vertices of ¢ in
such a way so that no adjacent vertices are having the same color. The following
examples give us a clue about the vertex chromatic number of the non-braid graph
of dihedral group.

(1) Vertex Chromatic Number of ((D3)
The vertex coloring on ((D3) is given in Figure [3| as follows:

FIGURE 3. The vertex coloring on (D)

According to Figure [3] the vertex chromatic number of ((Ds3) is 4 i.e

X(¢(Ds)) = 1.

(2) Vertex Chromatic Number ¢(Dy)
Since ¢(Dy) is a complete graph Kg, then its vertex chromatic number is
8, i.e (C(Da)) = 8.

(3) Vertex Chromatic Number ¢(Ds)
Since ((Ds) is a complete graph Kjg, then the vertex chromatic number is
10, i.e x(¢(Ds)) = 10.

(4) Vertex Chromatic Number ¢(Dsg)
The vertex coloring on ((Dg) is given in the Figure 4| as follows.
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FIGURE 4. The vertex coloring on ¢(Dg)

According to Figure 4] we obtain the vertex chromatic number on ¢{(Dg)
is 8, i.e x(¢(Dg)) = 8.

Below are given some vertex chromatic numbers of {(D),).

TABLE 1. The Vertex Chromatic Numbers of {(D,,) for several n

C(Dw) [ XC(Da))
Ds 4
Dy 8
Dy 10
Dg 8
Dy 14
Dg 16
Dy 12

From Table [T} we prove the following theorem.

Theorem 2.11. Let ((D,,) be a non-braid graph of dihedral group D,. If n
0(mod3), then the vertex chromatic number of dihedral group D, is x(¢(Dy))
n+ %. If n # 0(mod3), then the vertex chromatic number of dihedral group D, is

x(C(Dn)) = 2n.

PRroOF. Let D,, be the dihedral group

D, ={Lrr% . .. 7" s, srsr? . sr" )2 =10 =1,rs = sr !
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(i) Let n = 3m for some natural number m. Then,
2 3m—1 2 3m—1
Dy, ={I,r,r*,...,r , 8, 8T, 8T, ..., ST }.

Let V.= (r) = {I,r,7%,...,7r®" 1}, According to Theorem every vertex
in V is adjacent to each vertex in ¢(D,,). Thus the minimum number of colors
to color the vertices in V' is n. Let :

Py = {s,sr™, sr®m}

Py = {sr, symtL gp2m+ly

Py = {sr?, sr™m*2 gr2m+21

P. = {s,r,k:—l7 S’I"m+k_1, ST2m+k_1}.
Let color p; represents the vertex color of s, sr™, sr2™ € P;. Color py repre-
sents the vertex color of sr, sr™+! sr2m+l ¢ P, ... And lastly we have color
pi represents the vertex color of srF=1, spmTh=1 gp2mtk=1 c p
Furthermore, p; and p; are different color if and only if every vertex in P; are
adjacent with every vertex in P;. On the other hand, by Corollary vertex
in P; adjacent with vertex in P; if ¢ # j. This means that color p; and p;
are different if and only if ¢ # j. From these facts, we can conclude that the
number of colors p1,pa, ..., pr is 3.
Thus, the vertex chromatic number for {(Dpn=3,,) is n+ 3.

(ii) Let n # 0(mod3).
Let D,, = {I,r,r2, ...,r" L s sr,sr% ... sr" 1} with n # 3m, m € N. Then
by Corollary graph ((Dp+3m) is complete graph, hence the vertex chro-
matic number of ((Dyx3m) is 2n.

O

A subset X of the vertex set of graph ( is called clique if the subgraph induced
by X is a complete graph. The maximum clique size in graph ( is called the clique
number of G¢, denoted by w({). We now give the clique number of the non-braid
graph of D,, in general.

Theorem 2.12. Let {(D,,) be a non-braid graph of dihedral group D,,.

(1.) If n = 0(mod3), then the clique number of ((Dy) is n+ 5.
(2.) If n # 0(mod3), then the cligue number of ((D,,) is 2n.

PROOF. Let D, = {I,r,r%, ...,7" Y s sr s, ... sr" 1} 82 = [r" = I,rs =

sr7l = r7ls=sr.

(1.) Let ¢(Dy,) be the non-braid graph of D,,, with n = 0(mod3). From Theorem
we know that every vertex in (r) is adjacent to all vertices in ((Dy,).
Clearly, the cardinality of (r) is n. From Theorem we have H;,i =
1,2,...,5 — 1 which all vertices in H; are not adjacent and there are as
many as g H; in ((D,). Since (r) U H; = V({(D3p)), the maximum size
of clique in ((D,,) is n + %.

(2.) From Corollary we know that ((D,,) is a complete graph. Hence, the
maximum size of clique in {(D,,) is 2n. In other word, w({(D,,)) = 2n.
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O

Recall that the vertex cover of graph ¢ is a subset of V(¢) that contains at
least one endpoint of every edge in (. The minimum size of vertex covers of ( is
denoted by 5(¢). Recall also the following property on vertex cover.

Lemma 2.13. [0] For any graph ¢, 5(¢) = [V (¢)] — a(C).

Now, we have the following result.

Theorem 2.14. Let ((D,,) be the non-braid graph of dihedral group D,. Then
B(Dy)) =2n—1 if n # 0(mod3) and S(¢(Dy)) = 2n — 3 for otherwise.

PRrROOF. Let m = 0(mod3). By Theorem a(¢(Dy)) is equal to 1 . Us-
ing Lemma we have B(¢(D,,)) = |V ({(Dy))| — a({(Dy)) = 2n — 1. Now,
let n = 3m for some natural number m. Then by Theorem we have H; =
{srt, sritm grit2ml § =0,1,2,..., % — 1 and all vertices in H; are not adjacent.
We know that all vertices of (r) C V({(D,,)) are adjacent to V(¢(D,,)). Since all
vertices in H; are adjacent to every vertex in H; for ¢ # j, the minimum vertex
cover of ((D,,) is B(¢(Dy,)) = 2n — 3. O

3. CONCLUDING REMARKS

Based on the discussion, we found that the non-braid graph of the dihedral
group has the following properties:

Let {(D,,) be the non braid graph of dihedral group. Then

(1) For n # 0(mod3), ¢(D,,) is a complete graph.

(2) Every vertex in (r) = {r[i =0,1,2,3,...,n—1,n} C V({(D,)) is adjacent
to all of vertices in ((D,,).

(3) For n # 0(mod3), every vertex in P = {sr'|i = 0,1,2,3,...,n — 1} C
V(¢(Dy)) is adjacent to every vertex in V({(Dy)).

(4) The independent number of {(D,,) is 1 or 3.

(56) The chromatic number and the clique number of ((D,) is n + % for n #
0(mod3) and is 2n for n # 0(mod3).

(6) The minimum vertex cover of ((D,,) is 2n—3 for n # 0(mod3) and is 2n—1
for n # 0(mod3).

Open Problem Determine the structure of non-braid graph of any group in
general.
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