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Abstract. In most cases, almost prime submodules are equivalent to prime sub-

modules, but in a finitely generated module, it is not necessarily equivalent. Based

on the fact that a finitely generated module over a principal ideal domain can be

decomposed into a free part and a torsion part, we give a new approach to the char-

acteristic of almost prime submodules in the finitely generated module, especially

we point out the cases when the submodules are almost prime but not prime.

Key words and Phrases: almost prime submodule; free module; finitely generated
module; prime submodules; torsion module

1. INTRODUCTION

Khashan introduced a generalization of prime submodules called almost prime
submodules and give some of its characteristics in multiplicative modules [1]. A
prime submodule by definition is an almost prime submodule, the converse is not
always true. In some cases, we found that an almost prime submodule is a prime
submodule, such as in a cyclic module over principal ideal domain or in a CSM
module over a principal ideal domain [2]. Even in a free module over a principal
ideal domain, when the rank of its submodule is less than its module, the almost
prime submodule is a prime submodule [3]. This makes the study of the almost
prime submodule are looking for the module where an almost prime is not a prime.
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In a finitely generated module over a principal ideal domain, we give a new
approach to the characterization of an almost prime submodule that is not a prime
submodule using some module decomposition, such as primary decomposition and
cyclic decomposition [4]. The main results of this study, whenever the module can
be decomposed into the free part and the torsion part, then the almost prime sub-
module must be the direct sum of submodules on each part with some conditions.

Definition 1.1. Let S be a proper submodule of M over a comutative ring R. The
set (S : M) := {r ∈ R|rM ⊆ S} is called fraction of submodule S by its module M .

(1) Submodule S is a prime submodule if for any r ∈ R and m ∈M such that
rm ∈ S, then either r ∈ (S : M) or m ∈ S.

(2) Submodule S is an almost prime submodule if for any r ∈ R and m ∈ M
such that rm ∈ S − (S : M)N , then either r ∈ (S : M) or m ∈ S.

A prime submodule must be almost prime, whereas the converse is not always
true. For example 〈9̄〉 is almost prime in Z-module Z36, but 〈9̄〉 is not prime.

The prime submodules and the almost prime submodules are stacked sub-
modules. The definition of stacked submodules is given below:

Definition 1.2. Let N be a submodule of finitely generated module M over a
principal ideal domain R. Submodule N is stacked if there exists {b1, . . . , bn} ⊂M
such that

M = ⊕ni=1 〈〈bi〉〉
and

N = ⊕ki=1 〈〈ribi〉〉
for nonzero ri ∈ R, i = 1, 2, . . . , k and 1 ≤ k ≤ n.

2. PRIME SUBMODULES

It is well known that every finitely generated torsion module can be decom-
posed to its primary submodules [4], therefore we will consider describing almost
prime submodules in three cases. The first case is when the module is a primary
module, the second when the module is a torsion module, and the last when the
module is finitely generated.

First we will give the characterization of fraction of submodules.

Lemma 2.1. Let M be R-module and S its submodule. If

M = M1 ⊕M2 ⊕ ...⊕Mn

and

S = S1 ⊕ S2 ⊕ ...⊕ Sn,
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with Si ⊂Mi for i = 1, 2, ..., n, then we have

(S : M) =

n⋂
i=1

(Si : Mi).

Proof. Given R-modul

M = M1 ⊕M2 ⊕ . . .⊕Mn (1)

and nonzero x ∈ R. Because (1) is direct product, we have

xM = xM1 ⊕ xM2 ⊕ . . .⊕ xMn.

Now let x ∈
⋂n
i=1 (Si : Mi) nonzero. Since x ∈ (Si : Mi) for i = 1, 2, . . . , n,

by definition we have xMi ⊂ Si for i = 1, 2, . . . , n. Then

xM = xM1 ⊕ xM2 ⊕ ...⊕ xMn ⊂ S1 ⊕ S2 ⊕ ...⊕ Sn = S.

So we have x ∈ (S : M), hence
⋂n
i=1 (Si : Mi) ⊂ (S : M).

Conversely, let x ∈ (S : M). We will show x ∈ (Si : Mi) for 1 = 1, 2, ..., n.
For any i ∈ 〈1, 2, ..., n〉 take a ∈ xMi. Since x ∈ (S : M) we have a ∈ S. Hence

a = s1 + ...+ si + ...+ sn

with si ∈ Si for i = 1, 2, ..., n. Since a ∈Mi then

s1 = ... = si−1 = si+1 = ... = sn = 0 and a = si

We have a ∈ Si, hence xMi ⊂ Si. Since it is for all i we conclude that (S : M) ⊂⋂n
i=1 (Si : Mi). Then we have (S : M) =

⋂n
i=1 (Si : Mi).

First, we will show that prime submodules are stacked.

Lemma 2.2. Let M be a module over a principal ideal domain R and N its sub-
module. If N ⊆M , is prime then N is stacked in M .

Proof. We need only to show that pm(N ∩ prM) = pmN ∩ pm+rM (see [4]). It is
obvious that pm(N ∩ prM) ⊂ pmN ∩ pm+rM .

Let x ∈ pmN ∩ pm+rM , then x = pmN and x = pm+rM . We have x =
pmy = pr+mz for some y ∈ N and z ∈ M . And pm(y − prz) = 0 ∈ N implies
y − prz ∈ N or pmM ⊆ N . If y − prz ∈ N then prz ∈ N which result in
x = pm(prz) ∈ pm(N ∩ prM). Suppose pmM ⊆ N . This implies pmz ∈ N .
Applying N being prime we have pM ⊆ N or z ∈ N . For both case we have
prz ∈ N resulting x = pm(prz) ∈ pm(N ∩ prM).

By Lemma 2.2, to characterize prime submodules of a module, it is enough
to investigate its stacked submodules.

The fact that primary modules can be decomposed to their cyclic submodules
[4] is essential for the next lemma. Note that in this lemma we investigate (N : M)
only for a stacked submodule of M .
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Lemma 2.3. Let M be a primary module over a PID with order pe having direct
sum:

M = 〈〈v1〉〉 ⊕ ...⊕ 〈〈vn〉〉
of cyclic submodule with annihilators ann(〈〈vi〉〉) = 〈pei〉 which

e = e1 ≥ e2 ≥ ... ≥ en.
Let a submodule of M ,

N =
〈〈
pf1v1

〉〉
⊕ ...⊕

〈〈
pfnvn

〉〉
which fi ≤ ei for all i. If f = max {f1, f2, ..., fn}, then

(N : M) = pf .

Proof. Let r ∈
〈
pf
〉
, then r = βpf . We have rvi = βpfvi ∈ N for all i ∈

{1, 2, ..., n}. Then for all x ∈ M with x =
∑n
i=1 αivi for αi ∈ R, i = 1, 2, ..., n, we

have

rx =

n∑
i=1

αirvi =

n∑
i=1

α1βp
fvi ∈ N,

since f is maximal, so r ∈ (N : M). Therefore
〈
pf
〉
⊆ (N : M).

Conversely, let r ∈ (N : M), then rx ∈ N for all x ∈ M . Note that
N
⋂
〈〈vi〉〉 =

〈〈
pfivi

〉〉
for all i ∈ {1, 2, ..., n}. Then we have rvi ∈ N

⋂
〈〈vi〉〉 =〈〈

pfivi
〉〉

, therefore rvi = αip
fivi for αi ∈ R. So we have r−αipfi ∈ ann(〈〈vi〉〉) =

〈〈pei〉〉, and we can write r − αipfi = βip
ei . Therefore

r = αip
fi + βip

ei = (αi + βip
ei−fi)pfi

then pfi |r for all i = {1, 2, ..., n}, hence lcm
{
pfi , ..., pfn

}
|r. Then we have r ∈〈〈

pf
〉〉

. Therefore (N : M) ⊆
〈〈
pf
〉〉

.

As an example, let M be a Z-module and N be a submodule of M with
primary module decomposition M = Z16⊕Z8⊕Z4 and N = 23Z16⊕ 22Z8⊕ 20Z4.
Then (N : M) =

〈
23
〉
.

Lemma 2.4. Let M be R-primary module. Submodule N = {0} is a prime sub-
module if and only if the order M is prime.

Proof. Let p be the order of M , p prime in R. We will show that N prime
submodule. Let r ∈ R and v ∈ M with rv = 0 ∈ N . Clearly for v = 0 we have
v ∈ N . Now let v ∈ M nonzero. Supposed r /∈ 〈〈p〉〉, since p prime, we have
(r, p) = 1, hence 1 = ar + bp for a, b ∈ R. Since rv = 0, we have arv = 0, hence
0 = arv = (1− bp)v = v − bpv = v (contradiction). So, we conclude that r ∈ 〈〈p〉〉.
Hence N is prime submodule.

Conversely let N be a prime submodule. We have (N : M) = 〈〈p〉〉 for p ∈ R,
hence order of M is p. Supposed p is not prime then there exist non unit a, b ∈ R
such that p = ab. We have b is not the order of M . Choose nonzero v ∈ M with
bv 6= 0. Then we have a(bv) = pv = 0 ∈ N with a /∈ (N : M) and bv /∈ N . This
contradicts the fact that N is a prime submodule, hence p must be prime in R.
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Now we characterize the prime submodule of primary module M by investi-
gating its stacked submodules.

Theorem 2.5. Let M be a primary module over a PID. Module M has the order
pe and can be decomposed into a direct sum:

M = 〈〈v1〉〉 ⊕ ...⊕ 〈〈vn〉〉
of cyclic submodules with annihilators ann(〈〈vi〉〉) = 〈pei〉 which

e = e1 ≥ e2 ≥ ... ≥ en.
A nonzero submodule

N =
〈〈
pf1v1

〉〉
⊕ ...⊕

〈〈
pfnvn

〉〉
with 0 ≤ fi ≤ ei for all i ∈ {1, 2, ..., n} is prime if and only if fi ≤ 1 for all
i ∈ {1, 2, ..., n} and there is j such that fj = 1.

Proof. Let fi ≤ 1 for all i ∈ {1, 2, ..., n} and there exist j ∈ {1, 2, ..., n} such
that fj = 1. By Lemma 2.3 we have (N : M) = 〈p〉. Let rm ∈ N then we have
rα1v1 + ...+rαnvn = β1p

f1v1 + ...+βnp
fnvn. Since fj = 1, we have rαjvj = βjpvj ,

then p|rαj . Therefore p|r or p|αj . Since (N : M) = 〈p〉, we conclude that r ∈ (N :
M) or m ∈ N . Therefore N is prime submodule.

Conversely, let N is a prime submodule. Since N is nonzero, then exist
j ∈ {1, 2, ..., n} such that fj < ej . Assume there exists k such that fk > 1.
By Lemma 2.3 we have (N : M) =

〈
pf
〉

such that f > 1. Choose r = p and

m = pfk−1vk, then rm = pfkvk ∈ N . But m /∈ N and r ∈ (N : M), it contradicts
to N a prime submodule, therefore fi ≤ 1 for all i ∈ {1, 2, ..., n}.

The first case gives us an idea that in the general case when the module is
finitely generated, the description of an almost prime submodule is correlated to
the decomposition of its primary submodules. But first, we must characterize the
(N : M), and by primary cyclic decomposition [5, p.154] and Lemma 2.3 we have
this corollary:

Corollary 2.6. Let M be a torsion module over a principal ideal domain D. If M
has order

µ = pe11 p
e2
2 ...p

ek
k

where the pi’s are distinct nonassociate primes in D, then M can be written as a
direct sum of cyclic submodules, so that

M = [〈〈v1,1〉〉)⊕ ...⊕ 〈〈v1,n1
〉〉)]⊕ ...⊕ [〈〈vk,1〉〉)⊕ ...⊕ 〈〈vk,nk〉〉)] ,

where ann(〈〈vi,j〉〉) =
〈
p
fi,j
i

〉
and the terms in each cyclic decompotion can be

arranged so that,
ei = ei,1 ≥ ei,2 ≥ ... ≥ ei,ni .

If

N = [〈〈pf1,11 v1,1〉〉)⊕ ...⊕ 〈〈p
f1,n1
1 v1,n1

〉〉)]⊕...⊕[〈〈pfk,1k vk,1〉〉)⊕ ...⊕ 〈〈p
fk,nk
k vk,nk〉〉)]
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then
(N : M) = 〈pf11 ...p

fk
k 〉

with fi = max {fi,1, ..., fi,ni}.

By Corollary 2.6 we have this theorem.

Theorem 2.7. Let M be a torsion module over a principal ideal domain D, with
its primary decomposition

M = Mp1 ⊕ ...⊕Mpk

and
N = N1 ⊕ ...⊕Nk

such that Ni = 〈〈pfi,1i vi,1〉〉 ⊕ ...⊕ 〈〈p
fi,ni
i vi,ni〉〉. Submodule N is prime if and only

if there exist a unique m such that

N = Mp1 ⊕ ...⊕Nm ⊕ ...⊕Mpk

with Nm is prim submodule of Mpm .

Proof. Let N = N1 ⊕ ... ⊕ Nk be a prime submodule of M . Assume that Ni
not prime and Ni 6= Mpi , then ∃r ∈ R, mi ∈ Mpi suuch that rmi ∈ Ni ⊂ N
but r /∈ (Ni : Mpi) ⊂ (N : M) and mi /∈ Ni ⊂ N . It contradicts to N a prime
submodule of M . Therefore Ni must be prime or Ni = Mpi.

Now assume there exist j, l ∈ {1, 2, ..., k} with j 6= l such that Nj , Nl is

prime. Then we have (Nj : Mpj ) = 〈pfjj 〉 and (Nl : Mpl) = 〈pfll 〉. By definition

of fi = max {fi,1, ..., fi,ni} then fj = fj,ij and fl = fl,il for some ij , il. Choose

r = pj and m = p
fj,ij−1
j vj,ij + p

fl,il
l vl,il , then rm = p

fj,ij
j vj,ij + pjp

fl,il
l vl,il ∈ N but

r /∈ (N : M) and m /∈ N . This contradicts N a prime submodule, therefore there
exist unique m ∈ {1, 2, ..., k} such that N = Mp1 ⊕ ...⊕Nm ⊕ ...⊕Mpk .

Conversely, let N = Mp1 ⊕ ...⊕Nm ⊕ ...⊕Mpk with Nm is prime submodule
of Mpm . According to Corollary 2.6 we have (Nm : Mpm) = 〈p〉, and by Lemma
2.3 (N : M) = 〈p〉. Let rw = r(w1 + ... + wk) ∈ N , then we have rwm ∈ Nm.
Since Nm prime submodule of Mpm then r ∈ (Nm : Mpm) or wm ∈ Nm. Therefore
r ∈ (N : M) or w ∈ N . Hence N is prime.

The finitely generated modules over PID have a torsion part and free part,
the characterization of prime submodules of a free module given by Wardhana et
all [3]. To characterize prime submodules of a finitely generated module we need
to find the fraction first.

Lemma 2.8. Let M = MF ⊕MT is finitely generated module over D with MF

is free part and MT is torsion part. If N = NF ⊕ NT is submodule of M with
(NF : MF ) = p and (NT : MT ) = q, then (N : M) = lcd(p, q).

Proof. Let N = NF ⊕ NT be submodule of M with (NF : MF ) = p and (NT :
MT ) = q. If m = mf + mt ∈ M with mf ∈ MF and mt ∈ MT then lc(p, q)m =
lcd(p, q)mf + lcd(p, q)mt ∈ N . Therefore (N : M) ⊇ lcd(p, q).
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Conversely, let r ∈ (N : M). For any xf ∈ MF and for any rxt ∈ MT we
have r(xf + xt) ∈ N . Therefore fxf ∈ NF for any xf ∈MF and rxt ∈ NT for any
xt ∈MT . We conclude that r ∈ (NF : MF ) = 〈p〉 and r ∈ (NF : MF ) = 〈q〉, hence
pq|r. Hence (N : M) = lcd(p, q).

The characterization of the prime submodule of a finitely generated module
is given by this theorem.

Theorem 2.9. Let M = MF ⊕MT is finitely generated module over D with MF

is free part and MT is torsion part. Let N = NF ⊕ NT is submodule of M with
(NF : MF ) = p and (NT : MT ) = q.
N is prime if and only is submodule N is one of this:

(1) N = NF ⊕MT , NF is a prime submodule of MF

(2) N = MF ⊕NT , NT is a prime submodule of MT

(3) N = NF ⊕ NT , NF and NT is prime submodule of MF and MT with
(NF : MF ) = (NT : MT ).

Proof. First if N = NF ⊕MT , NF is prime submodule of MF , then (N : M) =
(NF : MF ). Let rm = r(mf + mr) ∈ N , then we have rmf ∈ NF . Since NF
is prime then we have r ∈ (NF : MF ) or mf ∈ NF . Therefore R ∈ (N : M) or
m ∈ N , hence N is prime.

Second if N = MF ⊕ NT , NT is prime submodule of MT , then (N : M) =
(NT : MT ). Let rm = r(mf + mr) ∈ N , then we have rmt ∈ NT . Since NT is
prime then we have r ∈ (NT : MT ) or mt ∈ NT . Therefore r ∈ (N : M) or m ∈ N ,
hence N is prime.

Third if N = NF ⊕ NT , NF and NT is prime submodule of MF and MT

with (NF : MF ) = (NT : MT ), then (N : M) = (NT : MT ) = (NF : MF ). Let
rm = r(mf +mr) ∈ N , then we have rmf ∈ NF and rmt ∈ NT . Since NF and NT
is prime then we have r ∈ (NF : MF ) or mf ∈ NF and r ∈ (NT : MT ) or mt ∈ NT .
Therefore r ∈ (N : M) or m ∈ N , hence N is prime.

Conversely, let N be prime. Assume that NF not prime and NF 6= MF , then
there exist r /∈ (NF : MF ) and mf /∈ NF such that rmf ∈ NF . By Lemma 2.8 we
have r /∈ (N : M) and mf /∈ N such that rmf ∈ N . Therefore it contradict to N
prime submodule, hence NF is prime or NF = MF . In the same way we can show
that NT is prime or NT = MT .

Write (NF : MF ) = 〈p〉 and (NT : MT ) = 〈q〉. Wardhana et all [3] prove that
since NF is prime submodule then p is prime or 0 [6, Theorem 1], hence lcd(p, q) = q
if p|q or lcd(p, q) = pq if p 6 |q.

Assume that p 6 |q, then we have (N : M) = 〈pq〉, hence p and q can not be
both zero. If p 6= 0, we can choose r = p and m = mf , with mf one of the bases of
MF such that pmf is one of bases NF (see [3]). Therefore rm ∈ N but r /∈ (N : M)
and m ∈ N , it contradict to N is prime submodule of M . If q 6= 0 then we can
choose r = q and m = mt, mt is one generator of cyclic submodule of MT which is
not in NT . Therefore rm ∈ N but r /∈ (N : M) and m /∈ N , it contradict to N is
prime submodule. Then we can conclude that p|q.
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If q 6 |p then since p|q we have q = xp for x not an unit. Then we can choose
r = x and m = pmt with pmt ∈MT but pmt /∈ N . Therefore rm = pxmt = qmt ∈
N with r /∈ (N : M) and m /∈ N . It contadict to N is prime, therefore x is unit
then we conclude that (NF : MF ) = (NT : MT ).

3. Almost Prime Submodules

Like prime submodules, almost prime submodules are stacked submodules.

Theorem 3.1. Let N be a submodule of primary module M over a principal ideal
domain R. If N is an almost prime submodules then N is a stacked submodules.

Proof. We only need to show that pm(N ∩ prM) = pmN ∩ pm+rM (see[4]). It is
obvious that pm(N ∩ prM) ⊆ pmN ∩ pm+rM . We will proved it by contraposition.

Let (N : M) = 〈〈pe〉〉, with p is prime and e ≥ 2. Since N not stacked
submodules, then there are exist m > 0, r > 0 so pm(N ∩ prM)  pmN ∩ pm+rM .
Let x ∈ pmN ∩ pm+rM so x /∈ pm(N ∩ prM). We have x = pmy = pm+rz with
y ∈ N , z ∈M . Since x /∈ pm(N ∩prM) then prz /∈ N . Then we have pr /∈ (N : M),
hence r < e. Noted that pm(prz) ∈ N but prz /∈ N . Let 1 ≤ a ≤ m so pa(prz) ∈ N
and pa−1(prz) /∈ N . We have u = pa−1z, then pu ∈ N but u /∈ N . We will show
that pu /∈ (N : M)N . Supposed pu ∈ (N : M)N , we have pu = pew for w ∈ N .
Since pa−1+rz /∈ N we have pa−1+r /∈ (N : M). So a − 1 + r < e, then we have
a ≤ e− r. Then we have pu = pa+rz ∈ (N : M)N with pu = pew for e ∈ N , hence
pa+rz = pew = pa+rpe−(a+r)w then x = pm+rz = pm+rpe−(a+r)w ∈ pm(N ∩ prM)
(contradiction). Then pu /∈ (N : M)N . So pu ∈ N − (N : M)N and p /∈ (N : M),
hence N is not an almost prime submodule.

Therefore all almost prime submodules are stacked submodules. Then to
characterize almost prime submodules, we only need to investigate the collection
of stacked submodules. Noted that the converse of the Theorem above is not
necessarily true. Consider that Z-module Z2⊕Z8, submodule Z2⊕4Z8 is a stacked
submodule but not almost prime.

Theorem 3.2. Let M be a primary module over a PID, M has order pe and can
be decomposed into:

M = 〈〈v1〉〉 ⊕ ...⊕ 〈〈vn〉〉
of cyclic submodules with annihilators ann(〈〈vi〉〉) = 〈pei which

e = e1 ≥ e2 ≥ ... ≥ em > em+1 = ... = en = 1.

A nonzero submodule

N = 〈〈pf1v1〉〉 ⊕ ...⊕ 〈〈pfnvn〉〉

is an almost prime submodule of M if and only if fi ≤ 1 for all i ∈ {1, 2, ..., n} or
fi = ei for all i ∈ {1, 2, ...,m} and fi ≤ 1 for all i ∈ {m+ 1,m+ 2, ..., n}.
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Proof. First case, if fi ≤ 1 for all i ∈ {1, 2, ..., n}, we will show that N is prime
submodules. Let rm ∈ N then we have rα1v1+...+rαnvn = β1p

f1v1+...+βnp
fnvn.

We only consider j such that fj = 1, then rαjvj = βjpvj , then p|rαj . Therefore
p|r or p|αj . Since Lemma 2.3 give (N : M) = 〈p〉, we conclude that r ∈ (N : M) or
m ∈ N . ThereforeN is prime submodule and by default is almost prime submodule.

Second case, if fi = ei for all i ∈ {1, 2, ...,m} and fi ≤ 1 for all i ∈
{m+ 1,m+ 2, ..., n}. Let J = {m+ 1,m+ 2, ..., n}, since N nonzero, there is
a k ∈ J such that fk = 0. We consider only for e > 1, since for e = 1 it is the

first case. We have N =
∑fj=0
j∈J 〈〈vj〉〉. Lemma 2.3 give us (N : M) = 〈pe〉 and

N − (N : M)N = N −{0}. Let rm ∈ N −{0}, then we have rα1v1 + ...+ rαnvn =∑fj=0
j∈J 〈〈vj〉〉 and rα1v1 + ...+ rαnvn 6= 0. Therefore pei |rαi for all i ∈ {1, 2, ...,m},

p|(rαi) for all i ∈ J such that fi = 1 and p 6 |rαk. Since p 6 |rαk we have p 6 |r, then
pei |αi for all i ∈ {1, 2, ...,m}. And for all i ∈ J such that fi = 1 we also have p|αi.
Therefore m ∈ N , and N is an almost prime submodules.

Conversely, let N be an almost prime submodule. Assume there is j ∈
{1, 2, ..., n} such that fi > 1, we will show that fi = ei for all i ∈ {1, 2, ...,m}
and fi ≤ 1 for all i ∈ {m+ 1,m+ 2, ..., n}. Since there is exist j such that
fj > 1, we have (N : M) = 〈px〉 with 1 < x ≤ e. Noted that j /∈ J since
fj ≤ 1 for all j ∈ {m+ 1,m+ 2, ..., n}. Now let i ∈ {1, 2, ...,m} arbitrary and
assume that fi < ei, then we have ppfi−1vi = pfivi ∈ N − (N : M)N since
(N : M)N = 〈〈pxpf1v1〉〉 ⊕ ... ⊕ 〈〈pxpfnvn〉〉 and fi < ei. But p /∈ (N : M)
and pfi−1vi /∈ N , it contradict the fact that N is almost prime. Therefore for all
i ∈ {1, 2, ..., n− 1} we have fi = ei for all i ∈ {1, 2, ...,m}. And since ei = 1 for all
i ∈ {m+ 1,m+ 2, ..., n}, we have fi ≤ 1 for all i ∈ {m+ 1,m+ 2, ..., n}.

Almost prime submodules must be prime submodules but not the other way,
next theorem will show in what case almost prime submodules are equivalent to
prime submodules.

Theorem 3.3. Let M primary modules over principal ideal domain R, and the
order of M pe with primary decomposition:

M = 〈〈x1〉〉 ⊕ ...⊕ 〈〈xn〉〉

of its cyclic submodules with annihilator ann(〈〈xi〉〉) = 〈〈pei〉〉 with

e = e1 ≥ e2 ≥ ... ≥ en > 1.

Submodule N is an almost prime submodules if and only if N is a prime submodule.

Proof. We only need to prove that almost prime submodule is prime. And we
investigate it for N stacked submodules. Without loss of generality, let

N = 〈〈pf1x1〉〉 ⊕ ...⊕ 〈〈pfnxn〉〉, (2)

with fi ≤ ei for all i ∈ {1, 2, ..., n} are nonzero submodules.
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Let N in (2) be an almost prime submodule. According to Theorem 2.5, to
show that N is prime, we only need to show that

fi ≤ 1 for all i ∈ {1, 2, ..., n} . (3)

Supposed there exists µ ∈ {1, 2, ..., n} that fµ > 1. Then we have (N : M) =
〈〈pe〉〉 with e > 1, hence (N : M)N = peN . We split into two cases, and for each
case we will show a contradiction.

First case for fn ≤ 1. Choose r = p /∈ (N : M) and m = p
fµ−1
µ xµ + xn /∈ N ,

we have

rm = pfµµ xµ + pxn ∈ N.
But since en > 1 we also have

rm = pfµµ xµ + pxn /∈ peN = (N : M)N.

So

rm = pfµµ xµ + pxn ∈ N − (N : M)N.

This contradicts to N an almost prime submodules.

Second case for fn > 1. Since N is a proper submodule, then there exists
ρ ∈ {1, 2, ..., n} so fρ < eρ. Choose r = p /∈ (N : M) and m = pfµ−1xµ + ... +
pfρ−1xρ + pfn−1vn /∈ N , then we have

rm = pfµxµ + ...+ pfρxρ + pfnvn ∈ N.
Since en > 1 then we also have

rm = pfµxµ + ...+ pfρxρ + pfnvn /∈ peN = (N : M)N.

Hence

rm = pfµxµ + ...+ pfρxρ + pfnvn ∈ N − (N : M)N.

This contradicts to N an almost prime submodule.

Based on those cases, we conclude that almost prime submodules must be
prime submodules.

Finally, the following conditions give an almost prime submodule that is not
prime given by the next theorem.

Theorem 3.4. Let M be a primary module over a principal ideal domain R and
the order of M is pe with primary decomposition:

M = 〈〈x1〉〉 ⊕ ...⊕ 〈〈xn〉〉
of its cyclic submodules with annihilator ann(〈〈xi〉〉) = 〈〈pei〉〉 with

e = e1 ≥ e2 ≥ ... ≥ em ≥ em+1 = ... = en = 1.

Let

N = 〈〈pf1x1〉〉 ⊕ ...⊕ 〈〈pfnxn〉〉
a nonzero submodules of M .
Submodule N is an almost prime submodules of M that is not prime if and only if
fi = ei for all i ∈ {1, 2, ...,m} and fi ≤ 1 for all i ∈ {m+ 1, ..., n}.
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Proof. Let fi = ei for all i ∈ {1, 2, ...,m} and fi ≤ 1 for all i ∈ {m+1,m+2, ..., n}.
We will show that N is an almost prime submodule which is not prime. Since N
is nonzero, there exist µ ∈ {m+ 1, ..., n} so fµ = 0. Hence we can reweite N as

N =
∑fj=0

j∈{m+1,...,n}
〈〈vj〉〉.

Theorem 2.4 give us (N : M) = 〈〈pe〉〉 then N − (N : M)N = N − {0}. Let r ∈ R
and x = α1x1 + ...+ αnxn ∈M with rx ∈ N − {0}, we have∑n

i=1
rαixi ∈ ⊕

fj=0

j∈{m+1,...,n}〈〈xj〉〉 (4)

and ∑n

i=1
αixi 6= 0. (5)

Condition (4) give us two things,

pei |rαi for all i ∈ {1, 2, ...,m} (6)

p|(rαi) for all i ∈ {m+ 1, ..., n} with fi = 1 (7)

and condition (5) give

p 6 |rαi for all i ∈ {m+ 1, ..., n} with fi = 0. (8)

Condition (8) give p 6 |r. Then from condition (6) we have pei |αi for all i ∈
{1, 2, ...,m}. And from condition (7) we also have p|αi for all i ∈ {m + 1, ..., n}
with fi = 1. Hence

x =
∑fj=0

j∈{m+1,...,n}
xj ∈ N. (9)

then N is an almost prime submodule. From initial assumption N is not prime
submodule. Hence N is an almost prime submodules which is not prime.

Conversely, let N be an almost prime submodule of M which is not prime.
We will show that

fi = ei for all i ∈ {1, 2, ...,m} (10)

and

fi ≤ 1 for all i ∈ {m+ 1, ..., n}. (11)

Since N is not prime, condition fi ≤ 1 for all i ∈ {1, 2, ..., n} is impossible.
Hence there exist ρ ∈ {1, ..., n} so fρ > 1, then we have

(N : M) = 〈〈px〉〉 (12)

with 1 < x ≤ e. Noted that ρ /∈ {m + 1, ..., n} because fj ≤ 1 for all j ∈
{m+ 1, ..., n}.

Condition (12) gives

(N : M)N = 〈〈pxpf1x1〉〉 ⊕ ...⊕ 〈〈pxpfnxn〉〉. (13)

Now let i ∈ {1, 2, ...,m}, we will show condition (10) true. Supposed fi < ei,
we will show some contradiction.

Choose r = p /∈ (N : M) and m = pfi−1xi /∈ N , then we have

rm = ppfi−1xi = pf1xi ∈ N.
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Since fi < ei we also have

rm = pfixi /∈ 〈〈pxpf1x1〉〉 ⊕ ...⊕ 〈〈pxpfnxn〉〉 = (N : M)N.

Hence

rm = pfixi /∈ (N : M)N.

This contradicts to N an almost prime submodule. Then we have condition (10)
and (11) true. The theorem is proved.

Theorem 3.5. Let M be a torsion module over a principal ideal domain R, with
its primary decomposition

M = Mp1 ⊕ ...⊕Mpk

and its submodule

N = N1 ⊕ ...⊕Nk.
Submodule N is almost prime if and only if submodule N is one of the following:

(1) N = N1 ⊕ ...⊕Nk with Ni = 0 or Ni = Mpi , or
(2) N = N1⊕ ...⊕Nj ⊕ ...⊕Nk for Nj is nonzero almost prime submodules of

Mpj and Ni = 0 or Ni = Mpi for i 6= j.

Proof. Let j ∈ {1, 2, ..., k} such that N = N1 ⊕ ... ⊕ Nj ⊕ ... ⊕ Nk with Nj is
nonzero prime submodule of Mpj , then we have

(N : M) = 〈pf11 ...p
fj
j ...p

fk
k 〉

with fi = 0 or fi = ei if i 6= j. If

rm = r(m1, ...,mj , ...,mk) ∈ N − (N : M)N

then we have

rmj ∈ Nj − (N : M)Nj .

Since Nj is almost prime submodule of Mj and

(N : M)Nj = pf11 ...p
fj
j ...p

fk
k Nj = p

fj
j Nj = (Nj : Mj)Nj ,

then we have

r ∈ (N : M) or mj ∈ Nj .
Therefore

r ∈ (N : M) or m ∈ N,
hence N is an almost prime submodule of M .

Conversely, let N be an almost prime submodule. Assume there exist j, l ∈
{1, 2, ..., k}, j 6= l, such that

0 6= Nj 6= Mpj and 0 6= Nl 6= Mpl

is almost prime. There exist ij , il such that

0 < fj,ij < ej,ij and 0 < fl,il < el,il .
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Choose r = pl and m = p
fj,ij
j mj,ij + p

fl,il−1
l ml,il , then we have

rm = plp
fj,ij
j mj,ij + p

fl,il
l ml,il ∈ N − (pf11 ...p

fk
k )N = N − (N : M)N.

But

r /∈ (N : M) and m /∈ N,
it contradicts that N is almost prime.

By Theorem 3.5, if the module M = Z8⊕Z9 is given, then its nonzero almost
prime submodules are 〈2〉 ⊕ Z9, Z8 ⊕ 〈3〉, 〈0〉 ⊕ Z9 and Z8 ⊕ 〈0〉. The last two are
almost prime submodules which is not prime.

If M = Mp1⊕Mp2⊕Mp3 and P1, P2 are almost prime submodules of Mp1 ,Mp2

respectively. Then by the Theorem 3.5 P1 ⊕ P2 ⊕ Mp3 is not an almost prime
submodule of Mp1⊕Mp2⊕Mp3 , because we can choose p1 /∈ (N : M) and 1+p2+1 /∈
N but p1(1 + p2 + 1) ∈ N .

The characterization of an almost prime submodule of a finitely generated
module is given in the next theorem.

Theorem 3.6. Let M = MF ⊕MT be a finitely generated module over a principal
ideal domain R, let MF be its free part and MT be its torsion part. Let N = NF⊕NT
be submodule of M with NF ⊂ MF , with (NF : MF ) = p and (NT : MT ) = q.
Submodule N is almost prime submodule of M if and only if N is of the form:

(1) N = NF ⊕MT , NF is an almost prime submodule of MF , or
(2) N = MF ⊕NT , NT is an almost prime submodule of MT , or
(3) N = NF ⊕NT , NF and NT are an almost prime submodule of respectively

MF and MT with (NF : MF ) = (NT : MT )

Proof. First, let N = NF ⊕MT , NF be an almost prime submodule of MF , then
(N : M) = (NF : MF ). Let rm = r(mf + mr) ∈ N − (N : M)N , then we have
rmf ∈ NF − (NF : MF )NF . Since NF is an almost prime submodule, we have
r ∈ (NF : MF ) or mf ∈ NF . Hence r ∈ (N : M) or m ∈ N , then N almost prime.

Second, let N = MF ⊕NT , NT be an almost prime submodule of MT , then
(N : M) = (NT : MT ). Let rm = r(mf + mr) ∈ N − (N : M)N , then we have
rmt ∈ NT − (NT : MT )NT . Since NT is an almost prime submodule, we have
r ∈ (NT : MT ) or mt ∈ NT . Hence r ∈ (N : M) or m ∈ N , then N is almost prime.

Third, let N = NF ⊕NT , NF and NT be almost prime submodule of MF and
MT with (NF : MF ) = (NT : MT ), then we have (N : M) = (NT : MT ) = (NF :
MF ). Let rm = r(mf + mt) ∈ N − (N : M)N , then rmf ∈ NF − (NF : MF )NF
and rmt ∈ NT − (NT : MT )NT . Since NF and NT is almost prime, we have
r ∈ (NF : MF ) or mf ∈ NF and r ∈ (NT : MT ) or mt ∈ NT . Hence r ∈ (N : M)
or m ∈ N , then N almost prime.

Conversely, let N be almost prime submodule. Supposed NF not an almost
prime submodule and NF 6= MF , then we have r /∈ (NF : MF ) and mf /∈ NF such
that rmf ∈ NF − (NF : MF )NF . According to Lemma 2.8 we have r /∈ (N : M)
and mf /∈ N such that rmf ∈ N − (NF : MF )NF . This contradict to N an almost
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prime submodule, hence NF almost prime or NF = MF . With same technique we
will have NT is an almost prime submodule or NT = MT . Base on this fact we will
show you that if NF 6= MF and NT 6= MF then (NF : MF ) = (NT : MT ).

Write (NF : MF ) = 〈p〉 and (NT : MT ) = 〈q〉. Since NF is an almost
prime submodule, we have p is prime or p = 0 according to Theorem 2.8. Hence
lcd(p, q) = q if p|q or lcd(p, q) = pq if p 6 |q.

Suppose p 6 |q, then we have (N : M) = 〈pq〉, note that both p and q cannot
be zero. If p nonzero, we can choose r = p and m = mf where mf is one of basis
of MF such that pmf is one of basis of NF . Hence rm ∈ N − (N : M)N where
r /∈ (N : M) and m /∈ N , this contradicts to N an almost prime submodule. If q
nonzero we can choose r = q and m = mt where mt one of cyclic generator of MT

that not in NT . Hence rm ∈ N − (N : M)N where r /∈ (N : M) and m /∈ N , this
contradicts to N an almost prime submodule. Then we can conclude that p|q.

Suppose that q 6 |p, then q = px for x not an unit element, then we can
choose r = x and m = pmt where pmt ∈ MT − NT since (NT : MT ) = 〈px〉.
Hence rm = pxmt = qmt ∈ N − (N : M)N where r /∈ (N : M) and m /∈ N , this
contradicts to N an almost prime submodule. Then we can conclude that x is unit
element, hence (NF : MF ) = (NT : MT ).
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