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Abstract. Preservation of properties under continuous functions on topological

spaces is a very important tool for the classification of topological spaces. However,

in some cases the quaiscontinuous functions are more useful than the continuous

functions for classifying topological spaces. In this paper, we study preservation of

strong forms of connectedness under quasicontinuous function that help to prove

the general form of intermediate value theorem.
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1. INTRODUCTION

In 1899, Baire [3] used the condition of quasicontinuity to study topological
spaces. Later in 1932, Kempisty [6] introduced the concept of quasicontinuous map
for several real variables. The conditions for quasicontinuity of function of two vari-
ables provided by Volterra [3]. In 1976, Neubrunn [12] reformulated the Kempisty’s
definition of quasicontinuity for general topological spaces as: “a map f : X → Y is
quasicontinuous at p ∈ X if for any open sets U in X and V in Y such that p ∈ U
and f(p) ∈ V , then there exists a non-empty subset G of U such that f(G) ⊂ V .
It is said to be quasicontinuous if it is quasicontinuous at any p ∈ X”. All contin-
uous maps are quasicontinuous but its converse not holds. For example f : R→ Rl
defined by f(x) = x is quasicontinuous function but not continuous, where R and
Rl are set of real numbers with usual and lower limit topology respectively. Qua-
sicontinuity has deep connection with mathematical analysis, topology and many
applications in analysis, topology, measure theory, and probability theory.
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Roughly speaking, a connected space is a single piece and it is defined as
follows: any topological space (X, τ) is said to be connected if there does not
exist any separation (i.e. it is not possible to find non-empty disjoint open sets
A and B such that X = A ∪ B). Connectedness is a topological property and
has great importance in the study of topological spaces. Some of the generalized
form of connectedness like semi-connectedness, α-connectedness, β-connectedness,
b-connectedness, half connected, half semi-connectedness, half-α-connectedness and
half β- connectedness have been introduced and studied in [16, 5, 4, 15, 15, 18].
The Cl-Cl-connectedness introduced by Modak and Noiri in [8] is a weak form
of connectedness and all other are strong forms of connectedness. In this paper
we study quasicontinuous functions on the mentioned forms of connected space.
Throughout this paper, Qc stands for quasicontinuous and SQc stands for strongly
quasicontinuous. In the second section, we mention some results that we will use in
the subsequent sections. In the third section a weak form of semi-connectedness is
introduced and its inter-relationship with semi-connectedness, connectedness and
Cl-Cl connectedness is further studied. In last section, we discussed the preservation
of some strong form of connectedness under Qc-maps and the applicability of the
intermediate value theorem for Qc-maps.

2. Pre-requisites

Let X,Y and Z be topological spaces. A subset A is said to be semi-open [7]
(α-open [14], b-open [2], β-open [1]) if A ⊂ Cl(Int(A)) (resp. A ⊂ Int(Cl(Int(A))),
A ⊂ (Int(Cl(A)))∪Cl(Int(A)), A ⊂ Cl(Int(Cl(A)))). The complement of a semi-
open (resp. α-open, b-open, β-open) set is said to be semi-closed (resp. α-closed,
b-closed, β-closed). Semi-closure of a set A is the intersection of all semi-closed
set containing A. Similar definitions for α-closure, b-closure and β-closure. Their
notations are semi-closure (Scl), α-closure (αCl), b-closure (bcl), β-closure (βCl).

A map f : X → Y to be α-continuous or SQc-map [14] (semi-continuous
[7]) the inverse image of any open set V in Y is an α-open (semi-open) set in X.
For a single valued map, the concept of semi-continuity and quasicontinuity are
equivalent [[11], Theorem 1.1].

Definition 2.1. Two non-empty subsets A and B in a space X are said to be

(1) semi-separated [16] (resp. α-separated [5], b-separated [15]) if A∩Scl(B) =
∅ = Scl(A)∩B, (resp. A∩αCl(B) = ∅ = αCl(A)∩B, A∩ bcl(B) = ∅ =
bcl(A) ∩B).

(2) half semi-separated (resp. half α-separated) [18] if A ∩ Scl(B) = ∅ or
Scl(A) ∩B = ∅, (resp. A ∩ αCl(B) = ∅ or ∅ = αCl(A) ∩B)

(3) Cl − Cl separated sets [8] if Cl(A) ∩ Cl(B) = ∅.

Theorem 2.2. [18] Let f : X → Y be a Qc-map (resp. SQc-map). Then
Scl(f−1(B)) ⊆ f−1(Scl(B)) (resp. αCl(f−1(B)) ⊆ f−1(αCl(B)).

Definition 2.3. [16] A subset S of a space X is said to be semi-connected (resp., α-
connected) if there are no two semi-separated subsets A and B (resp. α-separated)
such that S = A ∪B.
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Theorem 2.4. [16] Semi-connected space is connected, but not conversely.

Definition 2.5. [18] A set A ⊂ X is said to be half semi- connected (resp. half
α-connected) if A is not the union of two non-empty half semi-separated (resp. half
α-separated) sets in X.

Theorem 2.6. [18] Every half semi-connected space is semi-connected, but not
conversely.

Theorem 2.7. [18] Every semi-connected space is α-connected, but not conversely.

Definition 2.8. [8] A set A ⊂ X is said to be Cl-Cl connected if A cannot be
expressed as the union of two Cl-Cl separated sets in X.

Theorem 2.9. [8] Every connected spaces is always Cl-Cl connected, but not con-
versely.

3. New Connectedness lies between semi-connectedness and Cl-Cl
connectedness

In this section, we will be defining a strong form of semi-connectedness and
study its relations with other forms of connectedness.

Definition 3.1 (Scl-Scl separated sets). Let A and B are two non-empty subsets
of the space X are called Scl-Scl separated sets if Scl(A) ∩ Scl(B) = ∅.

Theorem 3.2. Every Cl-Cl separated sets are always Scl-Scl separated, but not
conversely.

Proof. Let A and B are non-empty Cl-Cl separated set so Cl(A)∩Cl(B) = ∅ Since
for any subset C of X, then Scl(C) ⊂ Cl(C). This implies that Scl(A)∩ Scl(B) =
∅. Hence A and B are Scl-Scl separated.

Converse, let X = {1, 2, 3} with topology τ = {∅, {1}, {1, 2}, X}. Semi-open
subsets of X are ∅, {1}, {1, 2}, {1, 3} and X. Take A = {2} and B = {3} then
Scl(A) = {2} and Scl(B) = {3}. But Cl(A) = {2, 3} and Cl(B) = {3}, then
Scl(A) ∩ Scl(B) = ∅ and Cl(A) ∩ Cl(B) = {3}. Hence A and B are Scl-Scl
separated but not Cl-Cl separated. �

Theorem 3.3. Every Scl-Scl separated sets are always semi-separated, but not
conversely.

Proof. Given A and B are non-empty Scl-Scl separated sets, so Scl(A)∩ Scl(B) =
∅. Since for any subset C of X, then C ⊂ Scl(C). This implies that A∩Scl(B) = ∅
and Scl(A) ∩B = ∅. Hence A and B are semi-separated.

Converse, take R with usual topology. A = {(−1)n 1
2n |n ∈ N} and B =

{(−1)n 1
3n |n ∈ N}, then Scl(A) = {0}∪A = Cl(A) and Scl(B) = {0}∪B = Cl(B).

Therefore Scl(A)∩Scl(B) = {0} and Scl(A)∩B = ∅ = A∩Scl(B). Hence A and
B are semi-separated but not Scl-Scl Separated. �



Quasicontinuous Function on Strong Forms of Connected Space 109

A Scl-Scl separation have no relation with separation. Let X = {1, 2, 3} with
topology τ = {∅, {1}, {1, 2}, X}. Semi-open subsets of X are ∅, {1}, {1, 2}, {1, 3}
and X. Then set A = {2} and B = {3} are Scl-Scl separated but Cl(A)∩B = {3},
hence A and B are not separated.

Consider R with usual topology, A = {(−1)n 1
2n |n ∈ N} and B = {(−1)n 1

3n

|n ∈ N}, then A ∩ Cl(B) = ∅ = Cl(A) ∩ B, but Scl(A) ∩ Scl(B) = {0}. Hence A
and B are separated sets but not Scl-Scl separated.

Definition 3.4 (Scl-Scl connectedness). A subset A of X is said to be Scl-Scl
connected if A cannot be represented as union of two Scl-Scl separated sets in X.

Theorem 3.5. A space X is Scl-Scl connected if and only if it is not possible to
express X as union of two non-empty and disjoint semi clopen sets.

Proof. Firstly, assume that X be Scl-Scl connected. If possible, let us assume
X = A ∪B such that A and B are non-empty disjoint semi clopen sets. Therefore
Scl(A) = A and Scl(B) = B, then Scl(A) ∩ Scl(B) = ∅, which is contradiction
to X is Scl-Scl connected. Hence it cannot be expressed as disjoint union of two
non-empty semi clopen sets.

Conversely, let us assume X is not Scl-Scl connected space. Therefore there
exist two non empty sets A and B such that X = A∪B and Scl(A)∩Scl(B) = ∅.
Then X = Scl(A)∪Scl(B). Both sets U = Scl(A) and V = Scl(B) are non-empty
disjoint semi clopen sets and X = U ∪V , this is a contradiction. Hence X is Scl-Scl
connected. �

Theorem 3.6. Every Scl-Scl connected space is always Cl−Cl connected, but not
conversely.

Proof. As X Scl-Scl connected if there are no two Scl-Scl separated subsets A and
B such that X = A ∪ B. Then by Theorem 3.2 there are no two Cl-Cl separated
subsets A and B such that X = A ∪B. Hence X is Cl-Cl connected.

Converse, let X = {1, 2, 3} with topology τ = {∅, {1}, {2}, {1, 2}, X}. Take
A = {1} and B = {2, 3}, then A and B are disjoint semi clopen sets with X =
A ∪B. Therefore by Theorem 3.5 space X is not Scl-Scl connected space but it is
connected. �

Theorem 3.7. Every semi-connected space is always Scl-Scl connected, but not
conversely.

Proof. Let X be a semi-connected space, then there does not exists two semi-
separated subsets A and B such that X = A ∪ B. By Theorem 3.3, there are no
two Scl-Scl separated subsets A and B such that X = A ∪ B. Hence X is Scl-Scl
connected. Conversely it need not be hold, by example in the proof of the Theorem
3.3. �

We found that Scl-Scl connected space has no relation with connected space.
This can be verify with an example. Let X = {1, 2, 3} with topology τ = {∅, {1},
{2}, {1, 2}, X}. The semi-open subsets of X are ∅, {1}, {2}, {1, 2}, {1, 3}, {2, 3}, X.
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Let A = {1} and B = {2, 3} are non-empty semi clopen sets and X = A∪B, then by
Theorem 3.5, X is not Scl-Scl connected but it is connected. Take R with the usual
topology is connected but not Scl-Scl connected because R = (−∞, 1]∪ (1,∞) both
are disjoint and Scl-Scl separated sets. From the all results, we have the following
diagram:

Figure 1. Relationship between different connected spaces

4. Preservation under the Qc-map

In this section, we are going to study the preservation of some strong forms of
connectedness of the space under a Qc-map. At the end, we prove the intermediate
value theorem for a Qc-map. All the stronger forms of Qc-map are denoted by
QS-map and it is understood that any QS-map is also Qc-map but its converse
need not be true, for example, continuous maps and SQc-map both are stronger
then Qc-map.

Theorem 4.1. If P property is preserved under a Qc-map, then P preserved under
a QS-map.

Proof. Given that property P is preserved under a Qc-map, that is for any Qc-map
: X → Y if X has P property then f(X) also has P property. To prove P is
preserved under a QS-map. Let g : X → Y be any QS-map and X has P property.
We must prove g(X) has P . Since every QS-map is a Qc-map. So g is Qc-map.
Therefore g(X) has P property. Hence QS-map preserves P property. �

Corollary 4.2. If P property is preserved under a Qc-map, then P preserved
during a continuous map, but not conversely.

Proof. Since continuous map is stronger then Qc-map. Hence it preserve property
P . Conversely, let X = {1, 2, 3} with topologies τ1 = {∅, {1}, {2}, {1, 2}, X} and
τ2 = {∅, {1}, {2, 3}, X}. Then, identity map f : (X, τ1)→ (X, τ2) is a Qc-map. As
(X, τ1) is connected space but (X, τ2) is not a connected space. �
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Theorem 4.3. The image of semi-connected space under a Qc-map is semi-connected.

Proof. Given X is semi-connected and f : X → Y is a Qc-map. If possible, assume
f(X) is not semi-connected, so by Definition 2.3 there exist two non-void sets
A and B such that f(X) = A ∪ B and A ∩ Scl(B) = ∅ = Scl(A) ∩ B. Then
X = f−1(A) ∪ f−1(B). Firstly, A ∩ Scl(B) = ∅ implies f−1(A ∩ Scl(B)) = ∅ and
since f is a Qc-map, so by using Theorem 2.2, we get

f−1(A) ∩ Sclf−1(B) ⊂ f−1(A ∩ Scl(B)) = ∅

Similarly

Sclf−1(A) ∩ f−1(B) ⊂ f−1(Scl(A) ∩ (B)) = ∅
This contradicts the semi-connectedness ofX. Hence f(X) must be semi-connected.

�

Remark 4.4. The image of α-connected space under a SQc-map is α-connected.

Corollary 4.5. The image of semi-connected space under a Qc-map is connected.

Proof. By above Theorem 4.3 the image of semi-connected space under Qc-map is
semi-connected, then by Theorem 2.4 every semi-connected is connected. �

In a similar way we can prove.

Remark 4.6. The image of α-connected space under a SQc-map is connected.

Corollary 4.7. [[18], Theorem 5.4] The image of semi-connected (resp. α-connected)
space under a Qc-map (resp. SQc-map) is Cl-Cl connected.

Proof. By above Corollary 4.5, the image of a semi-connected space under Qc-map
is connected, then by Theorem 2.9, a connected space is Cl-Cl connected. �

Corollary 4.8. The image of semi-connected space under a Qc-map is β-connected,
α-connected, αβ-connected [9].

Proof. By using Theorem 4.3. �

Theorem 4.9. The image of half semi-connected space under a Qc-map is half
semi-connected.

Proof. Given X is half semi-connected and f : X → Y is a Qc-map. Let us assume
that f(X) is not half semi-connected so by Definition 2.5 there exist two non-empty
sets A and B such that f(X) = A∪B and A∩Scl(B) = ∅ or ∅ = Scl(A)∩B. By
hypotheses X = f−1(A)∪f−1(B). If A∩Scl(B) = ∅ implies f−1(A∩Scl(B)) = ∅
and since f is a Qc-map so by using Theorem 2.2 we get

f−1(A) ∩ Sclf−1(B) ⊂ f−1(A ∩ Scl(B)) = ∅

On the other hand, if Scl(A)∩B = ∅ implies Sclf−1(A)∩f−1(B) ⊂ f−1(Scl(A)∩
(B)) = ∅. This contradicts the half semi-connectedness of X. Hence f(X) must
be half semi-connected. �
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Remark 4.10. The image of half α-connected space under a SQc-map is half α-
connected.

Corollary 4.11 ([18], Theorem5.4). The image of half semi-connected space under
a Qc-map is Cl-Cl connected.

Theorem 4.12. The image of semi-connected space under a SQc-map is semi-
connected.

Proof. From Theorem 4.3, the image of semi-connected space under Qc-map is
semi-connected. Since the SQc-map is stronger then Qc-map, so by Theorem 4.1,
the image of semi-connected space under SQc-map is semi-connected. �

Remark 4.13. The image of half semi-connected space under a SQc-map is half
semi-connected.

Theorem 4.14. The image of Scl-Scl connected space under a Qc-map is Scl-Scl
connected.

Proof. Given f : X → Y be a Qc-map, X be Scl-Scl connected and Y be any
topological space. If possible, assume that f(X) is not Scl-Scl connected, there
exist two non-empty disjoint subsets of f(X) such that f(X) = A∪B and Scl(A)∩
Scl(B) = ∅. Then X = f−1(A) ∪ f−1(B). As Scl(A) ∩ Scl(B) = ∅ implies

f−1(Scl(A) ∩ Scl(B)) = ∅
f−1(Scl(A)) ∩ f−1(Scl(B)) = ∅

by Theorem 2.2 we have Sclf−1(A) ⊂ f−1(Scl(A)) so

Sclf−1(A) ∩ Sclf−1(B) = ∅
therefore, the sets f−1(A) and f−1(B) a form Scl-Scl separation which contradicts
that X is Scl-Scl connected. Hence f(X) is Scl-Scl connected. �

Theorem 4.15. The image of Scl-Scl connected space under a SQc-map is Scl-Scl
connected.

Proof. From Theorem 4.14, the image of Scl-Scl connected space under Qc-map is
Scl-Scl connected. Since the SQc-map is stronger than Qc-map, so by Theorem 4.1
the image of Scl-Scl connected space under a SQc-map is Scl-Scl connected. �

Theorem 4.16. The image of b-connected space under a Qc-map is semi-connected.

Proof. Given X is b-connected space and f : X → Y is a Qc-map. Let us assume
that f(X) is not semi-connected, so by Definition 2.3 there exist two non-empty
set A and B such that f(X) = A ∪ B and A ∩ Scl(B) = ∅ = Scl(A) ∩ B. Then
X = f−1(A)∪f−1(B). Firstly, we take A∩Scl(B) = ∅ implies f−1(A∩sCl(B)) =
∅ and since f is a Qc-map, so by using Theorem 2.2 we get

f−1(A) ∩ Sclf−1(B) ⊂ f−1(A ∩ Scl(B)) = ∅
Since we know bcl(A) ⊂ Scl(A) then, f−1(A) ∩ bclf−1(B) ⊂ ∅. In a similar way
from Scl(A) ∩ B = ∅, we get bclf−1(A) ∩ f−1(B) ⊂ ∅. This shows that X is
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not semi-connected, a contrary to our assumption. Hence f(X) must be semi-
connected. �

Remark 4.17. The image of β-connected space under a SQc-map is semi-connected.

Theorem 4.18. The image of b-connected (resp. β-connected [5]) space under a
SQc-map is semi-connected.

Proof. By Theorem 4.16 the image of b-connected space under a Qc-map is semi-
connected. Since SQc-map is stronger then Qc-map. So by Theorem 4.1 the image
of b-connected space under a SQc-map is semi-connected. �

Theorem 4.19. The image of half b-connected space under a Qc-map is half semi-
connected.

Proof. Given X is half b-connected space and f : X → Y is a Qc-map. Let us
assume that f(X) is not half semi-connected so by Definition 2.5 there exist two
non-empty sets A and B such that Y = A ∪ B and A ∩ Scl(B) = ∅ or ∅ =
Scl(A) ∩ B. By hypotheses X = f−1(A) ∪ f−1(B). If A ∩ Scl(B) = ∅ implies
f−1(A ∩ Scl(B)) = ∅ and since f is a Qc-map so by using Theorem 2.2 we get

f−1(A) ∩ Sclf−1(B) ⊂ f−1(A ∩ Scl(B)) = ∅

by using bcl(A) ⊂ Scl(A), we get f−1(A) ∩ bclf−1(B) = ∅. On the other hand, if
Scl(A) ∩B = ∅, in similar way we get

bclf−1(A) ∩ f−1(B) = ∅

this shows that X is not half semi-connected which is a contradiction. Hence f(X)
must be half semi-connected. �

Remark 4.20. The image of half β-connected space under a Qc-map is half semi-
connected.

Theorem 4.21. The image of half b-connected (resp. half β-connected) space under
a SQc-map is half semi-connected.

Proof. From Theorem 4.19, the image of half b-connected under a Qc-map is half
semi-connected. Since SQc-map is stronger then Qc-map. By Theorem 4.1, the
image of half b-connected space under a SQc-map is half semi-connected. �

The main consequence of the intermediate value theorem of calculus is the
study of real valued continuous functions on closed intervals [a, b] of real line, where
we consider the closed interval as a subset of R. When we consider this closed
interval as a topological space, then this theorem does not depend only on the
continuity of function but on properties of the space also. Now the connectedness
as a topological property inherited by the space comes into picture, which gives the
general form of this theorem. In the next result, we see how the intermediate value
theorem of calculus is generalised using topological approach as :
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Theorem 4.22. (Intermediate value theorem)[10] Let X be a connected space, Y
be an ordered topological space and f : X → Y is a continuous map. If a, b ∈ X
and r ∈ Y such that r ∈ (f(a), f(b)). Then there exist c ∈ X such that f(c) = r.

Now the question arises from the general form of the intermediate value theo-
rem: Is it possible that the theorem also holds for a more general form of continuous
map that is Qc-map? Unfortunately, we can see from the below example that it
does not hold good for Qc-map.

Example 4.23. Let X = [0, 2], Y = R be topological space with usual topology and
f : X → Y is a map defined as follows:

f(x) =


3 if 0 ≤ x ≤ 1/2

1 if 1/2 < x ≤ 1

−x if 1 < x ≤ 2

The map f is a Qc-map. Take r = 2 ∈ Y , then r lies between f(1/2) = 3 and
f(1) = 1. But there is no c ∈ X such that f(c) = r. Hence the intermediate value
theorem is not hold when we replace continuous by a Qc-map.

Now we can find that the general intermediate value theorem is not possible
for Qc-map. But in the case of semi-connected space, it works.

Theorem 4.24 (Intermediate value theorem for Qc-map). Let X be a semi-connected
space, Y is an ordered topological space and f : X → Y is a Qc-map. If a, b ∈ X
and r ∈ Y s.t. r ∈ (f(a), f(b)). Then there exist c ∈ X such that f(c) = r.

Proof. Given X is a semi-connected space, Y is an ordered topological space and
f : X → Y be a Qc-map. The sets A = f(X) ∩ (−∞, r) and B = f(X) ∩ (r,∞)
are non-empty and disjoint because f(a) ∈ A and f(b) ∈ B. Both sets are open in
f(X) because both rays are open in Y . If there is no c ∈ X such that f(c) = r,
then f(X) would be the union of A and B. Then A and B form a separation of
f(X), this contradicts that the image of semi-connected space under Qc-map is
connected. Hence there exists a c ∈ X such that f(c) = r. �

Remark 4.25. If X be a α-connected space and f be a SQc-map, then intermediate
value theorem also hold.

5. CONCLUSION

Throughout this paper, we studied the preservations of different forms of
connectedness under a quasicontinuous map.
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