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Abstract. The concept of n-bounded and n-continuous operators is discussed as
an extension of the concept introduced in [12]. The equivalence of three statements
on n-continuity and n-boundedness of a linear operator from a normed space into
an n-normed space is also proved. This newly introduced concept is proved to be

identical to one type of n-continuity introduced in [12].
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1. INTRODUCTION

Let X be a real linear space of dimension greater than 1 and ||., .|| be a real valued
function on X x X satisfying the following conditions:

(2Ny) ||z, y|| = 0 if and only if  and y are linearly dependent.
(2N2) ||z, yll = lly, |-

(2N3) laz,y| = laf[|z,yl| Vz,y € X and @ € R.

(2Ny) [l +y, 2| < ||z, 2| + |y, 2[| V=z,y,2 € X.

Then, ||.,.|| is called a 2-norm on X and (X, ||, .||) is called a linear 2-normed space.
2-norms are non-negative and ||z, y + ax| = ||z, y| for every z,y € X and a € R.

The concept of 2-normed spaces was initially investigated and developed by
Gdhler in 1960s and has been extensively developed by Diminnie, Gédhler, White
and many others[1, 2, 13].

Let X be a real vector space with dimX > n where n is a positive integer.
A real valued function ||., ..., .|| : X™ — R is called an n-norm on X if the following
conditions hold:

(1) ||z1,...,2n|| =0iff 21,...,x, are linearly dependent.
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(2) ||@1,...,2n|| remains invariant under permutations of x1, ..., z,.
(3) oz, oy ..., znll = la|||lz1, - -, 20| V1, .. .y 2n € X and a € R.
(4) H'IO + 21,22, ... aan < Hﬁo, s azn” + ||ZE1, cee ,In” for all L0y T1y--+3Tn €
X.
The pair (X, ||.,...,.]|) is called an n-normed space.

Let X be a real vector space with dimX > n, n is a poitive integer and be equipped
with an inner product (.,.).Then the standard n-norm on X is given by

|z, ... 7anS = y/det[(z;, z;)].

A standard example of an n-normed space is X = R" equipped with the Euclidean
n-norm:

Ti1 - Tin
|21, ..., zn||¥ = abs
Tl Tom
where z; = (41, ..., %) € R™ for each i = 1,2, ..., n.
Note that the value of ||z, ..., 7, || represents the volume of n-dimensional
parallelepiped spanned by x1, ..., Z.

Géhler was the first to develop theories of n-normed spaces in 1960s [3, 4, 5]
and later, Misiak [10] developed the theory more extensively . Notion of bounded-
ness in 2-normed space was then introduced by White [13].

Gozali et al. also introduced the notion of bounded n-linear functionals in
n-normed spaces in [6]. Zofia Lewandowska introduced notions of 2-linear operators
on 2-normed sets in [9]. Soenjaya then introduced the notions of continuity and
boundedness of n-linear operators in [12].

2. PRELIMINARIES

From the work of Soenjaya in [12], we have the following definitions and the-
orem.

Let (X,|.]) and (X,|.,...,.||) be respectively a normed space and an n-normed
space.
Definition 2.1. An operator T : (X, |.]) = (X, ||, .-, .||) is n-bounded of type-A if

there is a constant K such that for all x1,xs,...,x, € X,

|Tz1, @2y ooy @ || + |21, T2y oy T || + -+ + |21, T2y ooy T || < K@) || 20 ]]-
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Definition 2.2. If T is an n-bounded operator of type-A, define |T|Z by

T Tz, ... vy T
||TH;;1 _ sup{ || L1, L2, 7xn|| + ||II?1, L2, 7xn|| + + Hxlvm% ) {I,'n”
[E3Y (P | B
P21, 89, T € X, [l [l | # OF
Definition 2.3. An operator T : (X, ||.||) = (X, ||, .-, -||) is n-continuous of type-A

at x € X if for all e > 0, there is a § > 0 such that

| Txy —Tx, 20 —x,...yxn — || + |21 — 2, T22 — T,y .0y — X[+
ot |z —x, e —xy ., Ty, — Tx|| <€
whenever ||x1 — z||||x2 — z|...||zn — z|| < 0, where 1, x2,..., 2, € X.

T is n-continuous of type-A if it is n-continuous of type-A at each z € X.

Let (X, |-, ..., .]]) and (Y}]|., ..., .||) be n-normed spaces.
Definition 2.4. An operator T : (X, ||.,...,.|[) = (Y ||, -, -||) is n-bounded of type-
B if there is a constant K such that for all z1, - ,x, € X,
I T, Tl < K1, - 2]l

Definition 2.5. If T is an n-bounded of type-B, define | T||Z by

Tar oo T
TP = sup  IETTLo Ta|
oy, nlz0 (215 Tl

Definition 2.6. Let T : X — Y be an operator. T is n-continuous of type-B at
x € X if for e >0, there is a § > 0 such that

| Txy — Te,Tag — Tz, - ,Tx, —Tx| <€

whenever
|y — 2z, — 2, Jxp — ]| <6

T is n-continuous of type-B on X if it is n-continuous of type-B at each z € X.

When n = 1, it is reduced to usual notion of continuity in normed space.

Definition 2.7. An operator T : (X, |.,...,.||) = (X,|.,...,.]|) is n-bounded of
type-C' if there is a constant K such that for all x1,xs,...,z, € X,

T2y, o, .oy @n || + |21, T2y oy || + -+ + |21, 22y ooy Ty || < K21, oy 20|
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Definition 2.8. T is an n-bounded operator, define | TS by

Txy,x9,...;xn|| + |21, Tao, ooy xp|| + -+ - + ||21, 22, ..., TT
lZ1, ey x|
PX1,Z2, . Ty € X, |21, 20| £ 0}
Definition 2.9. An operator T : (X, |, .., .|l) = (X, ||.s -, -|) is n-continuous of

type C at x € X if for all € > 0, there is a § > 0 such that
|Txy —Tx, 20 — 2, ...,z — || + |21 — 2, Tx0 — T\ ...y — ||+
o 21 — 222 —x, o Ty, — Tl <€
whenever ||x1 — xz, 29 — x,...,xy, — x|| < §, where x1,x9,...,z, € X.
T is n-continuous of type-C if it is n-continuous of type-C at each x € X.

Using this concept, we extend the following works on n-boundedness and n
continuity.

3. MAIN RESULTS

In this work, we discuss the notion of n-boundedness and n-continuity of lin-
ear operators as an extension of the work of Soenjaya in [12].
We insert a new type of n-continuity by defining an n-bounded operator from a
normed space into an n-normed space and duscuss its relationship with the previ-
ously defined n-bounded operators in [12].

Let (X, |.]]) and (Y], ..., -||) be respectively a normed space and an n-normed
space.

Definition 3.1. An operator T : (X, ||.||) = (Y, ||, ..., .||) is n-bounded of type-D if
there is a constant K such that for all x1, -+ ,x, € X,
[Ty, Tan|| < Kz - flzall.

Definition 3.2. If T is n-bounded of type-D, define ||T||2 by

Tgy - . T
e = sp Moo Tl
i €X,||24]|#0 z1]l - - |2nl

Example 3.3. Let X be an inner product space equipped with standard n-norm
lleyoors |I¥ and T2 (X, |I.]) = (X, |-, ..., .||°) be an operator such that Tx = cx ¥ = €
X and c € R.

Then T is n-bounded of type-D.
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Example 3.4. Let X = R2 be a normed space equipped with Euclidean 2-norm
Il 1E and T : (X, ].]]) = (X,]|.,.II®) be an operator such that Tx; = (xi2, 1),
where T; = (x;1,T2) € R? fori = 1,2,... and ||z;|| = /22, +22,. Then, T is
2-bounded of type-D.

Definition 3.5. T : X — Y be an operator. T is n-continuous of type-D at x € X
if for given € > 0, there exists a d > 0 such that

| Txy —Tx,Tag — Tz, -, Ta, — Tzl <€
whenever ||z — z||||lx2 — x| - - - |on — x|| < 0, where z1,--- ,x, € X.

T is n-continuous of type-D if it is n-continuous at each x € X.

When n = 1, this notion of n-continuity of type-D becomes the notion of continuity
in a normed space.

Example 3.6. The operator T in example 3.3 is n-continuous of type-D

Example 3.7. The operator T' in example 3.4 is 2-continuous of type-D

Theorem 3.8. LetT : X — Y be a linear operator. Then, the following statements
are equivalent.

(1) T is m-continuous of type-D.

(2) T is m-continuous of type-D at 0 € X.

(3) T is n-bounded of type-D.

PROOF. It is obvious that (1) implies (2).
(2) = (3) : Suppose T is n-continuous of type-D at 0 € X. By definition, there

is a 6 > 0 such that
HTul,...,TUQH <1

whenever
[ua[fluz]l - - [[unll < 6.
Let (z1,...,x,) € X™.
If ||z1||||2||..-||zn]| = O, at least one of 1, ...,x, is 0. Then by linearity of T,

at least one of Tx1,Txo,...,Tx, is 0. It implies that Tz, Txs, ..., Tz, are linearly
dependent. Hence, ||Tz1, ..., T2,| = 0.

If |z1|[|z2]]--[|znll # 0O, let u; = (g)% i i=1,2,...,n.

[EAK
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Clearly,

0
[ [[[|uzl].. Junl| = 1< 5

Then, we have

0.1 I1 0.1 o 0.1 Tp
I Tu, Tug, ... Tu,|| = |T(=)r —,T(=)» ——, ..., T(=)» ——]||
47 47 e 47 |l

) 1
= Ty, Ts, ..., Tz

4zl ]l

4
= ||Tz1,Tx2,...Tx,| = nglH...HanHTul,Tu27...7TunH

< el feal -1
5 T1||..-||Tn

= T is n-bounded of type-D.

(3) = (1) : Suppose T is n-bounded of type-D.

Then for x € X,

| Tz, — Tz, Txy — Tx, ..., Tz, — Tx|| < ||T)|2 (|21 — 2]|...|| 20 — 2]|.

Let € > 0 be given.

Let 6 = W with ||z — z||||ze — z||...|xn — z|| <.

Then,
| Tz, — Tz, Txy — Tx, ..., Tz, — Tx|| < | T2 |21 — 2||...][zn — |
<|ITI-
€
= Tl% 715
L+ T
< €.

Thus, for given € > 0, there exists § > 0 such that

| Txy — Ta,Txs — Tz, -+ ,Tx, — Tzl <€

whenever ||zq — z||||ze — x| - - - ||xn — x| <9, where z1,--- ,z, € X.

Therefore, T' is n-continuous of type-D.
This completes the proof.
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Proposition 3.9. Let X be a real vector space with dimension > n, n being a
positive integer and be equipped with a norm ||.|| and an n-norm ||., ..., .||. Also, Let
(Y, ||, ...y .]|) be an n-normed space and T : X — 'Y be a linear operator.

If T is n-bounded of both types-B and D, then ||T||5 = ||T||2.

PROOF. If T is n-bounded of type B,

Txy, -+, Tx
TN = s T T
lz1,,zn||#0 ||LU1,--~ 7-'If‘nH
If T' is n-bounded of type D,
Txq, -, Tx
712 = sup T Tl
wiexJzlzo Tl llznll

Let z; € X with ||a;|| #0 fori =1,2,...,n.

Define
il
T; = n”¢, Y; € X and Hyla 7yn|| 7& 0
yla"'ay’ﬂH
Cwillye Sl
- ca= Yyl
«
Now,

Tz, ..., Tx,|| = || T( ||33101|y1 )y T [2n][yn

(07

1] [zl
= THHTyh“wTynH
Tz, ..., Tz, _ 1Ty, ..., Tynl
21| |lznl (515 o Yl

(3.9.1)

Taking supremum of the right side of (3.9.1) over {(y1,...,¥n) € X™ : |y1, .., Yn|l #

0} , we have

Txq,..,T
[zl |zl

It is true for all (z1,...,z,) € X™ and each x; # 0.
Therefore,

T2y, ..., Txy||

sup —
zi€X, ||z ||#0 [zl |72

= |7l <77

<715

Again, Taking supremum of the left side of (3.9.1) over {(z1, ...

|z || # 0,4 =1,2,...,n}, we have

,Ty) € X7
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”Tyl»"'va ”
7|5 > ==
||y17,yn||
It is true for all (y1,...,yn) € X™ and ||y1, ..., yn|| # 0.
Therefore,
Ty, ..., T
”THE > sup ” Y1y ey ynH
z; €X,||x;]|#0 ||y1,~~-,yn||
— ITI2 = 7.

This completes the proof. O

Proposition 3.10. Let X be an inner product space equipped with standard n-
norm |-, ...,.||° and (Y, |., ...,.||) be an n-normed space. If T : X — Y is n-bounded
of type-B, then T is n-bounded of type-D.

PROOF. Since T is n-bounded of type-B,

Tz, ..., Tz, || < K21, ...,:L'nHS.

But,
21, .oy 20 ||® = y/det(x;, z;)
< VzlPllz2|2 2.2
(Hadamard’s determinant theorem)
= llz1llllz2]-..[[zn]-
Therefore,
[Tz, ..., Ty || < Kz [lf|z2]-.. ||zl
= T is n- bounded of type-D.
This completes the proof. O
Proposition 3.11. Let X be a real vector space equipped with a norm ||.|| and an
n-norm ||., ..., .||. Also, Let T : X — X be a linear operator.

If T is n-bounded of both types-A and C, then ||T||2 = ||TS.

PROOF. If T is n-bounded of type-A,

— sup{ | Tx1, 2oy ooy @ || + (|21, T2y ooy T || + - + |21, T2y oony T |
22 ][---[|zn |
D1, T2y, Ty € X ||z ]| l2n ]| # O}

And, if T is n-bounded of type-C,

1717
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p{ HTxl,:L'Qa 7xn|| + ||£C1,T£L’2, ,l'nH +ee ||£C1,$2, 7Txn||
H.Z'l,...,.’l,‘nH
DXL, T2, e, Ty € X, Hxla ’wnll # O}

c
[Tl = su

Let xz; € X with ||a;|| # 0 for i = 1,2, ..., n.

Define
il
rim e X and s, il £ 0
91>+l
el o
= = ol
Now,

T2y, o, .oy xn|| + |21, T2y ooy || + -+ - + |21, T2y ooy Ty |

T1 T2 x X1 To X
=zl Ml Nl el el
Q o «o o Q o
T1ll|x2]|.--||T
= B2l Wl gl s Tl + 4 g Tl
Therefore,

T2y, o, .oy @n || + |21, T2y ooy || + -+ - + ||21, T2y ooy Ty |

@1 [lf|z2]l---l|znll
_ ITy1,y2, ooy Unll + Y1, T2, oo Y|l + -+ [|y15 Y2, oo, Tyl
91, o Yl
Consequently,
”T‘lﬁ > ||Ty1,y2, 7yn|| + HylaTy% 7yn|| +- ||y17y27 7Tyn||

”yl»vyn”
It is true for all y1,ya, ..., yn € X with ||y1, y2, ..., Ynl|| # 0.

Therefore,
Y1,Y2, 7il/nH + ||y17Ty2u ) yn” + 4+ ||y173/2, 7Tyn||

Y1, s ynll
SYL, Y25 Yn € X, Hylv ’ynH 7& 0}

T
1712 > sup( !

=TIz > IT15-
Also,
T2y, oy .y @nl| + |21, T2y ey || + - - + |21, T2y ooy Ty |

< |7l
1 [[[lz2]--.[Jz] "
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It is true for all 1, za, ..., 2, € X with ||z1]|||2z2]|...||zx] # O.

Therefore,

sup{ | Tz1, z2, ..., xn|| + ||z1, Tz2, ooy Tp]| + - + |21, 22, oo, Ty ||
1.2
L@y, T,y ey T € X, |||l £ OF < |ITII

= [Tz < ITII5-
This completes the proof. Il

Proposition 3.12. Let X be an inner product space equipped with standard n-
norm ||, ..., .|°. If T : X — X is n-bounded of type-C, then T is n-bounded of
type-A.

PROOF. T : X — X is n-bounded of type-C. It implies that there exists a constant
K such that
for all x1,zs,...,z, € X,

Ty, @2, ooz ||® + |21, Ty ooy 0|5 + -+ - + |21, 22, oo, Tn || < K|, oy 20|
But,
|21, ..., zn]|® = det(z;, z;)
Applying Hadamard inequality,

1, o 2nll® < Jlzalllla]l...)|za

Therefore, for all x1, xs, ..., T, € X,
T2, 22, ...,a:nHS + |lz1, Txo, ...,anS + - |z, 2o, ...,Txn||S < Kljzq||..-l|zn]l-

It implies T is n-bounded of type-A. This completes the proof. O
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