J. Indones. Math. Soc.
Vol. 30, No. 03 (2024), pp. 468-485.

BALANCED INDEX SETS OF GRAPHS AND
SEMIGRAPHS

NAGARJUN PraABHU!, DEVADAS NAYAK C2*

!Mangalore Institute of Technology & Engineering, Mijar, Moodbidri,
Karnataka, India-574225, nagarjunprabhu600@gmail.com
2Manipal Academy of Higher education, Manipal, India-576104,
devadas.nc@manipal.edu

Abstract. Let G be a simple graph with vertex set V(G) and edge set E(G). Graph
labeling is an assignment of integers to the vertices or the edges, or both, subject
to certain conditions. For a graph G(V, E), a friendly labeling f : V(G) — {0, 1} is
a binary mapping such that |v¢(1) —vs(0)] <1, where vg(1) and vy (0) represents
number of vertices labeled by 1 and 0 respectively. A partial edge labeling f* of G is
a labeling of edges such that, an edge wv € E(G) is, f*(uwv) =0 if f(u) = f(v) = 0;
f*(uwv) = 11if f(u) = f(v) =1 and if f(u) # f(v) then wv is not labeled by f*. A
graph G is said to be balanced graph if it admits a vertex labeling f that satisfies
the conditions, |vf(1) —vs(0)] < 1 and |ef(1) — ef(0)] < 1, where e¢(0),ef(1) are
the number of edges labeled with 0 and 1 respectively. The balanced index set of
the graph G is defined as, {|ef(1) — ef(0)| : the vertex labeling f is friendly}. A
semigraph is a generalization of graph. The concept of semigraph was introduced
by E. Sampath Kumar. Frank Harrary has defined an edge as a 2-tuple (a,b) of
vertices of a graph satisfying, two edges (a,b) and (a’,b’) are equal if and only if
either a = a’ and b = b’ or a = b’ and b = a’. Using this notion, E. Sampath Kumar
defined semigraph as a pair (V, X)) where V is a non-empty set whose elements are
called vertices of G and X is a set of n-tuples called edges of G of distinct vertices,
for various n > 2 satisfying the conditions: (i) Any two edges of G can have at most
one vertex in common; and (ii) two edges (a1,a2,as,...,ap) and (b1,b2,b3, ..., bq)
are said to be equal if and only if the number of vertices in both edges must be
equal, i.e p = g, and either a; = b; for 1 <i <pora; =bp_;jy1, 1 < i< p. In this
article, balance index set of T(Pyp), T(Wh), T(Km,n) and T(Sy) determined, and
the balance index set of semigraph is introduced. Additionally, the balanced index

set of semigraph Ch,m, Kn,m is determined.
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1. INTRODUCTION

Consider a simple graph G(V, E) consist of finite non- empty set V called
vertex set and a set E of 2-element subsets of V' called edges. For a binary vertex
labeling f of a graph G, a partial edge labeling f* of a graph G defined as: for all
edge wv € E(Q)

o [0 i F) = Fw) =0
fw) {1, i () = f(o) = 1.

If f(u) # f(v) then the edge uv is not labeled by f*. Let vs(¢) be the number
of vertices of G that are labeled by ¢ under f and ey (¢) is the number of edges
that are labeled by ¢ under f*, where ¢ = 0, 1[I].

The vertex labeling f is called friendly if |vs(0) — vs(1)] < 1 and friendly
labeling is called balanced if |es-(0) — e~ (1) < 1.

It is clear that every friendly labeling is not balanced. Therefore, Lee et al.
[2] introduced the balance index set of a graph G as,

BI(G) = {|ey~(0) — ef«(1)|,where f* is the partial edge labeling runs
over all friendly labelings f of G}.

Our objective is to assign a binary labeling to some substructure of graphs
G (e.g., the vertices) so that the assignment is balanced and induces a labeling on
some other substructure (e.g., the edges). We then attempt to classify the degree
of imbalance in the induced labeling of G. We hope that such an index set could
form an invariant that in some way can distinguish classes of graphs. In this paper,
we focus on the balanced index sets of various product graphs. The balance index
set of some families of graph forms an arithmetic progression, but not every graph.
Some balanced graphs are considered in citekong,Alhe kim,tan. In general, it is
difficult to determine the balance index set of a given graph. Most of the existing
research work is focused on some special families of graph with simple structure.
For the wonderful work one can see [2, [0 [7, [§].

Kwong and Shiu [9] developed an algebraic approach to find the balance
index set. It shows that the balance index set depends on the degree sequence of
the graph. It becomes a very powerful tool to deal with balance indices. Later, Lee
et al. [I0] proved the following lemma and corollary. In this article we have used
C.o.v in the table, it stands for ’Compositions of vertices’.

Lemma 1.1. [I0] For any graph G,

[
(1) 2e(0) + e (X) = X ooy deg(v).
(2) 2ep+(1) + €5+ (X) = Xpea) deg(v).

(3) 2|E(G)| = ZUEU(G deg(v) = Zvev(o) deg(v) +Zvev(1) deg(v),

where e« (X) is the subset of E(GQ) containing all the unlabeled edges.

o~ o~
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Corollary 1.2. [I0] For any friendly labeling f, the balance index is

ef(0) —ep( ‘— ‘Zdeg Zdeg ‘

vev(0) vewv(l)
2. BALANCE INDEX SET OF TOTAL GRAPHS

In this section balance index set of total graph of P,, K, », W, and S, are
discussed.

Theorem 2.1. The Balance index set of T(P,) is

{0,1,2,3}, when n = 3;
BI(T(P,)) =< {0,1,2,3,4}, when n = 4;
{0,1,2,3,4,5}, when n >5.

Proof. Let T(G) be a total graph of P,. It consist of 2n — 1 vertices and 4n — 5
edges. Since 2n —1 is odd, to satisfy friendly labeling, v¢(0) = n and vf(l) =n—1
or v¢(0) =n—1and v(1) = n. The graph T'(P,) has 2 vertices with degree 2, two
vertices with degree 3 and remaining 2n — 5 vertices with degree 4.

For friendly labeling, composition of degree 2, degree 3 and degree 4 vertices
are given in Table

TABLE 1. Composition of vertices of degree 2, degree 3 and degree
4, for friendly labeling

Case C.o.v of de- | C.o.v of de- C.o.v of degree 4
gree 2 gree 3
when (v;(0) = | when (vs(0) =n—
n,vp(l)=n—-1) | 1,v(1)=n)
1 0,2) (2-1,1) (n-2++1,0-3-1) (n-3-Hi,n-2-1)
2 (1,1 (21,0 (1-3+i,0-2-1) (n-d+i,n-1-1)
3 (2,0) (21,1) (n-4+i,n-1-) (n-5+i,0-1)

1) If the composition of degree 2 vertices is (0,2), then the possible compositions
of degree 3 and degree 4 vertices are given in Table

TABLE 2. Compositions of degree 3 and degree 4 vertices, when
composition of degree 2 vertices is (0, 2).

: (2—i,i) When vy (0) = | When v¢(0) = n —
’ n,up(l)=n—1 Lv(1)=n
(n-2+41,n-3-1) (n-3+i,n-2-1)
i=0 (2,0) (n-2,n-3) (n-3,n-2)
i=1 (1,1) (n-1,n-4),;n > 4 (n-3,n-2)
i=2 (0,2) (n,n-5),n>5 (n-1,n-4),n> 4
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a) If compositions of degree 2, 3 and 4 are (0,2), (2—14,7), (n—2+i,n—3—1)
respectively, then by Corollary

es-(0) ~ es-(1)|

2

2
=|3+i],i=0,1,2.

1
= [6—3i+4n—8+4z} . [4+3i+4n+12+42}

_L (32— i)+ 4(n —2+4)] - [2(2>+3i+4(n—3—i>]|

b) If compositions of degree 2, 3 and 4 are (0,2), (2—1i,i), (n—3+1i,n—2—1)
respectively, then by Corollary

5 (0) — s (1] =5

2
=|i—1],i=0,1,2.

1
—= [6—3i+4n—12+4z} — [4+3z'+4n—8—4z}

[3(2_i)+4(n—3+i)} . [2(2)+3¢+4(n_2—i)}|

2) If the compositions of degree 2 vertices is (1,1), then the compositions of degree

3 and degree 4 vertices are given in Table

TABLE 3. Compositions of degree 3 and degree 4 vertices, when

composition of degree 2 vertices is (1, 1).

; (2 — i) When  v;(0) When v;(0) = n —
’ n,up(l)=n—1 Lvg(l)=n
(n-3+i,n-2-1) (n-4+i,n-1-1)
i=0 (2,0) (n-3,n-2) (n-4n-1), n> 4
i=1 (1,1) (n-2,n-3) (n-3,n-2)
i=2 (0,2) (n-1,n-4),n>4 (n-2,n-3)

a) If compositions of degree 2, 3 and 4 are (0,2), (2—14,4), (n—3+i,n—2—1)
respectively, then by Corollary

e (0) — ef*(1)\ —

1
2

=|1+i|,i=0,1,2.

:% {2+6—3i+4n712+4z} _ [2+3i+4n—8—4z}

2+3@—i)+4n-3+i) - [2+3i+4(n—2—i)}‘
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b) If compositions of degree 2, 3 and 4 are (1,1), (2—1i,i), (n—4+i,n—1—1)
respectively, then by Corollary

es-(0) = e-(1)]

:% [@+3(2—0) +4(n —444)] - [2+3i+4<n—1—z‘>}‘

1
= [2+6—3i+4n—16+4z} . [2+3i+4n—4—4¢]

=|i—3],i=0,1,2.

3) If the composition of degree 2 vertices is (2, 0), then the compositions of degree
3 and degree 4 vertices are given in Table [4]

TABLE 4. Compositions of degree 3 and degree 4 vertices, when
composition of degree 2 vertices is (2,0).

: (2—ii) When  V§(0) = | When V§(0) = n —
’ n,Vi(l)=n—-1 1,Vp(1) =
(n-4+i,n-1-1) (n-5+i,n-1)
i=0 (2,0) (n-4,n-1),n> 4 (n-5,n), n>5
i=1 (1,1) (n-3,n-2) (n-4,n-1)n> 4
i=2 (0,2) (n-2,n-3) (0-3,0-2)

a) If compositions of degree 2, 3 and 4 are (2,0), (2—1i,i), (n—4+i,n—1—1)
respectively, then by Corollary

e (0) — ef*(l)‘

:% [(4+3(2—i)+4(n—4+i)} - [3i+4(n—1—i)]‘

:% [4+6—32’+4n—16+4z’] — {3i+4n—4—44

—|i—2,i=0,1,2.
b) If compositions of degree 2, 3 and 4 are (2,0), (2 —4,3), (n —5+i,n—1)
respectively, then by Corollary

5-(0) — es- ()| :% (4482 1) + 40 —5+1)]  [3i +4(n — 1)

:% [4+6—3z‘+4n—20+44 - [3i+4n—4¢]

=|i —5|,i=0,1,2.

Therefore from above cases,
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TABLE 5. Balance indices when vy(0) =n and vs(1) =1

i value 1 value i value

ep+(0) —ef-(1) when n = 3 when n = 4 when n > 5
13+ 1| i=0 i=0,1 i=0,1,2
T+ i=0,1 i=0,1 i=0,1,2
li— 2| =12 =12 i=0,1,2

TABLE 6. Balance indices v4(0) =n —1 and vs(1) =n

i value 1 value i value

ef*(O)—ef*(l) when n = 3 when n = 4 when n > 5
li— 1] i=0,1,2 i=0,1,2 i=0,1,2
li — 3| i=1,2 i=0,1,2 i=0,1,2
11— 5] =2 i=1,2 i=0,1,2

From Table [5] and [6]

{0,1,2,3}, when n =3
BI(T(P,)) =1¢1{0,1,2,3,4}, whenn=4
{0,1,2,3,4,5}, whenn>5

Theorem 2.2. Let W,, be a Wheel graph with n vertices, then

{

;(3n—n2+2m’—8i+4)‘ :i:O,l,...,n—l},

)

3 (70— + 2ni - 21— 18)

when 3n — 2 is even.

) b

3 (30— n? + 2ni - 8i - 2)

%(2ni—n—n2—8i+6>

) )

%(2ni—n—n2—8i+6>

i=0,1,..,n— 1},

when 3n — 2 1s odd.

3(2-n—n?+2ni - 8i)

Proof. Let T(W,,) be the total graph of wheel graph with 3n — 2 vertices. In which
one vertex has degree 2(n—1), n—1 vertices has degree n+2 and remaining 2(n—1)
vertices has degree 6. For friendly labeling the compositions of vertices of degree
2(n—1), n+2 and 6, when 3n — 2 is even and odd are given in Table[7] and Table
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respectively. We use the same technique as in Theorem ([2.1)) to find the balanced
index of T'(W,,).

Case 1) 3n — 2 is even.

TABLE 7. Compositions of vertices of degree 2(n—1), degree (n+2)
and degree 6, when ¢ =0,1,....,.n—1

C.o.v of degree 2(n—1) | C.o.v of degree n — 1 C.o.v of degree 6
(L,0) (i.n-1-) < iy )
(0,1) (i,n-1-) <3n22 —i,ns2 g z)

i) When compositions of vertices of degree 2(n—1),(n+2) and 6 are (1, 0),

)

(i,n —1—1), (3"2_4 —i, 5 + z) respectively, then ‘ef*(O) —ef+(1)
1 3n—4
ef*(o)—ef*(l)‘:5 [2(n—1)+i(n+2)+6< ”2 —iﬂ—

[(n—l—i)(n+2)+ (Z—l—z’)G]

1

=3 {2n—2+ni+2i+9n—12—6i]—

[n2—n+2n—2—2i—ni+3n—3+6]

1
2<7n—n2+2ni—2i—18)’

ii) When compositions of vertices of degree 2(n—1),(n+2) and 6 are (0, 1),
(i,n—1—1), (3"22 —i, 22 4 z) respectively, then ‘ef* (0) —eyp(1)

; [i(n+2)+6<3n2_2 zﬂ

e-(0) = e (1] =5

is,

{Z(nl)Jr(”li)(n+2)+6<7122+i>}|

1
. [ni+2i+9n—6—6i}—

[2n—2+n2—|—n—2—2i—m’+3n—6+6i]
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1
2‘2(3n—n2—|—2m’—8i+4>‘
Case 2) 3n — 2 is odd.

TABLE 8. Compositions of vertices of degree 2(n—1), degree (n+2)
and degree 6, when ¢ =0,1,....,.n —1

C.o.v of degree 2(n — 1) | C.o.v of degree n — 1 C.o.v of degree 6

(1,0) (i,n-1-) Snd) _ g nd g z>

(0.1) (i,n-1-0) ( P )
B-1) a1 Z)

i) When compositions of vertices of degree 2(n — 1),(n + 2) and 6 are

ef-(0) —

(0,1), (i,n—1—1), (3“‘21) — 1,251 4 | respectively, then

€= (1) iS,

‘ef*(O) —ef*(1)‘ :% [i(n+2)+6(3(n2_1) —z)} - {2(71—1)4—

(n—l—i)(n+2)+<n;1+i>H

{m+2i+9n—9—64—

[2n—2+n2+n72—2i—m'+3n—3+6i}

1
:‘2<3n—n2+2ni—8i—2)

ii) When compositions of vertices of degree 2(n—1),(n+2) and 6 are (1, 0),
(i,n—1—1), <3n2—5 —q, 2y z) respectively, then ’ef* (0) —ef«(1)

is,

r-(0) —e-(1)| =3 {Q(n— 1)) +i(n +2) +6<3”25 —zﬂ—

[(n—1—i)(n+2)+6(”;1+¢>}|
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1 9 . .
=§<3n—n —|—2m—8z—6)

iii) When compositions of vertices of degree 2(n—1),(n+2) and 6 are (1, 0),

(i,n—1—1), (3"2_1 -4, 253 4 Z) respectively, then ‘ef (0) —es«(1)

is,

e-(0) = e (1)] =

{2@-1) i(n +2)+6<3”21 _iﬂ_

1
T2
[n—l—z n+2)+6<23+z>H

2‘<2mnn 81+6>‘

iv) When compositions of vertices of degree 2(n—1),(n+2) and 6 are (0, 1),
(i,n—1—1), (3("2_1) -, L — z) respectively, then ‘ef* (0) —ef«(1)

i 2 o(2252 )

{z(nl)Jr(nli)( +2>+6<211>H

1
T2

is,

e-(0) = e (1)] =

‘(2—n—n2+2m’—8i>

Therefore from Case 1 and Case 2 the balance index set is,

{

;(3nn2+2m8z’+4)‘ :i—O,l,?,...,nl},

;(7n—n2+2m—2z‘—18)‘,

when 3n — 2 is even.

BI (T(Wy)) = {

3n—n2+2m'—82'—2>,

%(2ni—n—n2—8i+6),

Qm—n—n —82—1—6)

2—n—n2—|—2m'—8i) :

1
2

)

l\’)\»—l

1=0,1,2,....,n—1p, when 3n — 2 is odd.
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Theorem 2.3. Let K, ,, be the complete Bipartite graph, then

t

when m 4+ n + mn is even.

BI(T(Km,n)) = {;

2ni + 2myj — 2mi — 2nj — 2mn + m? + n?

b

i +2mj — 2mi — 2nj —2mn+m?2+n’+m+n

}i

Proof. Let T (K, ) be the total graph of complete bipartite graph with m+n-+mn
number of vertices. In which m vertices are of degree 2n, n vertices are of degree
2m and remaining mn vertices has degree m + n.

For friendly labeling, compositions of vertices of degree 2n, degree 2m and
degree m + n, when m + n + mn is even and odd are given in Table [9] and Table
respectively.

2ni +2mj — 2mi — 2nj — 2mn +m? +n? —m —n

1
2

when m +n + mn is odd.

1) m+n+ mn is even.

TABLE 9. Compositions of vertices of degree m, degree n and de-
gree mn, when ¢ =0,1,....m; 7=0,1,2,....n.

C.o.v of degree m C.o.v of degree n C.o.v of degree mn
(i,m-i) (i,n-j) MEER — (i 4 ), PR A (i)

If compositions of vertices of degree m, degree n and degree mn, are (i,m —
i), (i,n—j), DR (4 5), MR=MeR 4 (4 §) respectively, then by Corollary

mn+m-+n

e3-(0) = eg-(1)] =3 [20 + 2+ (PSS ) Y+ -

mn—m-—n

{(m —4)2n+ (n —j)(2m) + (2 + (i +j))(m + n)} ‘

1
:2‘ (zm' + 2mj — 2mi — 2nj — 2mn +m? + n2)

2) m+n+ mn is odd.
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TABLE 10. Compositions of vertices of degree m, degree n and
degree mn, when i =0,1,....m; j=0,1,2,....,n.

C.o.v of degree m C.o.v of degree n C.o.v of degree mn
mnt+mtnfl — (- N mn—m—n—1
(i,m-i) (in-j) (72' 3 (i +j), =A== +
ntm—!—rg—!—n—l _ (l +])7 7rm—7r2L—n+1 +
(i +J)

(a) If compositions of vertices of degree m, degree n and degree mn, are (i, m—
i), (i,n—j), modmintl _ (j 4 ) ma=m=n=l 4 (; 4 j) respectively, then
by Corollary

mn+m+n+1

e-(0) —ef*(1)‘ :% [2n+2jm+ (2 - (i+j))(m+n)}—

=2t (n = gyem) + (M )

<m+nﬂ|

:‘Q(Qni+2mj—2mi—2nj—2mn+m2+n2+m+n)

(b) If compositions of vertices of degree m, degree n and degree mn, are (i,m—
i), (i,n—j), modmin=l _ (j 4 j) mn=mentl 4 (j 4 j) respectively, then
by Corollary

mn+m-+n-—1

es-(0) —ef*(l)’ :% [2n+2jm+ <2 - (i+j)>(m+n)]—

mn—m-n+1

(= 20+ (0= (a4 (I )

()

. o omPn+miP4+mn—m . .
=3 2ni + 2mj + 5 —m(i+j)+
2 2
mn +mg+” +n—n(i+j)} - [2nm—2ni+2mn—2mj+
m2n —m? —mn+m . . mn?2 —mn—n?+n
3 +m(i+j)+ 5

n(i +j)] ‘
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1
:‘2(2ni—|—2mj—2mi—2nj—2mn+m2—|—n2—m—n)

s

2ni +2mj — 2mi — 2nj —2mn+m2+n+m+n

Therefore from above cases,

{1

when m +n + mn is even.

BI(T(Kp.,)) = {5

2ni + 2mj — 2mi — 2nj — 2mn + m? + n?

)

b

2ni + 2mj — 2mi — 2nj — 2mn +m? +n? —m —n

1
2

when m +n + mn is odd.

Theorem 2.4. If S, is a Star graph with n vertices, then

4i —n — 2ni + n?

)

BI T(S,) = {;

1
2¢—5n—2m‘+n2+4’ :i:O,l,...,n—l}

Proof. Consider a total graph of star graph T'(S,,) with 2n — 1 vertices. It has one
vertex with degree 2(n — 1), n — 1 vertices with degree 2 and n — 1 vertices with
degree n. Since 2n — 1 is odd, the compositions of vertices are given in Table [T1]

TABLE 11. Compositions of vertices of degree 2n —1, degree 2 and
degree n, when ¢ =0,1,...,n — 1.

?'O'V of degree 2n— C.o.v of degree 2 C.o.v of degree n
(1,0) (i,n-1-1) n—1—1,1
(0,1) (i,n-1-1) n—1—1i,1

Case 1) If compositions of vertices of degree 2n—1, degree 2 and degree n are (1,0),
(i,n —1—1), (n — 1 — i,14) respectively, then by Corollary

ef*(O)fef*u)’ :% [2(n71)+2i+(n—1—i)n] - {(nflfz')*Qan}

[(2n—2+2¢+n27n—m')] - [(2n—272i+m')}

4i —n — 2ni +n?
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Case 2) If compositions of vertices of degree 2n—1, degree 2 and degree n are (0, 1),
(i,n —1—1), (n — 1 —4,1) respectively, then by Corollary

ef-(0) —ef*(1)‘ :% [22‘4— (n—1 —i)n} - {2(n— 1)+ (n—1 —z‘)2+m}

[(2i+n2—n—m')} — {(2n—2+2n—2—2i+ni)]

1
2
I . 9

52zf5n—2m+n +4

Therefore BI set of T'(S,,) is,

4i —n — 2ni + n?

?

1 1
BIT(Sn):{2 2i—5n—2m‘+n2+4’;izo,l,...,n—1}

O

3. BALANCE INDEX SET OF SOME CLASSES OF SEMIGRAPH

A semigraph is a generalization of graph (Given in Fig. 1 ). The concept of
semigraph was introduced by E. Sampath Kumar[l1]. If E; = (u1,us,...,u;) and
Es = (ug, ug—1,...,u1) are two edges, then by SG — II, it is noted that F; = Fj.
The size of an edge is denoted by |E|, is the number of vertices in an edge E. Here
we introduce balance index set of semigraph G.

For a semigraph G(V, X), the binary labeling is a function fs : V(G) — {0, 1}.
If a binary labeling f, satisfies |vy, (1) — vy, (0)] < 1, where vy, (0) is number of
vertices labeled by 0 and vy, (1) is number of vertices labeled by 1 in a semigraph
G, then it is called friendly labeling.

Example 3.1. Consider a semigraph G with edges, F1 = {v1,v2,v3,v4}, Eo =
{vs,vs,v7,v8}, E3 = {vg,vi0,v11,v12}, B4 = {v1,v5,v9}, E5 = {v4,vs8,v12}.

End vertices: {V1,Vy, Vo, Via}, middle vertices: {Va, Vs, Vs, V7, Vi, Vi1}, and mid-
dle end vertices: {Vs, Vs}.

14 e Vi %
1 ( ) M) I
A\ i
Vs iy Vit Via
') —~
~ U

FIGURE 1. A Semigraph G.
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For each binary vertex labeling fs of a semigraph G(V, X), the partial edge la-
beling f defined as: for an edge E = v;, viy1, Vita, ..., v; € X(G),

F4(B) = 1, if vy, (1) > v5,(0) for the vertices vy, i <k < j
° 10, if vy (0) > vy, (1) for the vertices vg, i < k < j.

If vy, (0) = vy, (1), then E is not labeled.

In a semigraph G, fs is a vertex labeling and f is a partial edge labeling
then, a graph is said to be balanced if [vs, (0) —vy, (1)] < 1 and |ef=(0) —ey-(1)] < 1,
where e+ (0), efx(1) are the number of edges labeled with 0 and 1 respectively. In
a semigraph G, if vy, (0) = vy, (1)(or eg+(0) = es+(1)) then it is said to be strongly
vertex (or edge) balanced semigraph. For a given semigraph G,

BI(G) = {lef:(0) —es=(1)| : the vertex labeling fs of G is friendly}
is called the balance index set of semigraph G.

Theorem 3.2. The balance index set of semigraph K, ,,, is

{0,1,2,3, ..., |E|}, when m is odd and |E| is even;
BI(KS )= {1,2,3, ..., |E|}, when m is odd and |E| is odd;
o {0,1,2,3, ..., W}, when m is even and |E| is even;
{1,2,3, ..., @}, when m is even and |E| is odd.

Proof. Consider (m + 2) — uniform semigraph Ky, with (”t")m + n vertices.

Let Ey, Ea, ..., By, are the edges of K, . It contains n edges of (m +2) —uniform
Sn)

semigraph Cy, ,, and ("2‘%

Case 1) When m is odd, the vertices of K, ,, can be labeled as follows.
Label end vertices of K ,, by 1 and one middle vertex in each edge of C} ,,
in K ,, by 0. Since m is odd, m — 1 is even. To satisfy friendly labeling label

edges joining any two end vertices.

mT_l vertices in each edge of K7, ,, by 1 and remaining mT_l vertices in each edge

of K¢, by 0.

Remaining one vertex in each edge of (
can be labeled as follows.

n?—3n
2

) edges joining any two end vertices

2_3n

(a) If ”2;3" is odd, then - 2;+1 vertices are labeled by 1 and - 25 vertices

are labeled by 0 or vice versa. Thus it satisfies friendly labeling.
(b) If ”253” is even, to satisfy friendly labeling, "223" vertices are labeled by 1

and 22=3% Jabeled by 0.

It can be observed that, in each edge vy, (1) = 242 and vy, (0) = (vfs(l) =

mtl and vy, (0) = mTH) Therefore vy, (1) > vy, (0) (vy,(0) > vy, (1)) and highest
balance index is |E| with each edge label is 1. To find balance index set we use
following steps.
(a) If the number of edges is even, then interchange the label of one of the
vertex which is labeled by 1 in F; with one of the vertex which is labeled by

7L2—7L
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0in Bz ;. So that edge E; takes the label 0 and label of edge Ez 4; remains
1. Repeat this process for 1 <7 < . At each interchange, ey (1) decreases
by one and e« (0) increases by one or vice versa. So we get balance index set
as {0,2,4,...,|E|}.

(b) If the number of edges ”25 % is odd, then interchange the label of one of the
vertex which is labeled by 1 in E; with one of the vertex which is labeled

by 0in E,2_,., So that edge F; takes the label 0 and label of an edge
2

+i”

Enz,nﬂﬂ, remains 1. Repeat this process for 1 < i < % At each
2

interchange, ey« (1) decreases by one and ey:(0) increases by one or vice
versa. So we get balance index set as {1,3,5, ..., |E|}.

Case 2) When m is even, the vertices of K7, ,, can be labeled as follows.
Since each edge has even number of middle vertices then label 7 vertices of

n?—3n
2

vertices of each edge of (

each edge in ( ) edges joining any two end vertices by 1 and remaining %

n?2—3n

7o) edges joining any two end vertices by 0. The end
vertices of K7 ,, and first vertex of each edge in C), ., in K7 ,, are labeled by 1
and 0 respectively. Label the vertices v;, 2 < i < m — 1 in each edge of Cy, ,, in
K3 ., by alternative 0 and 1.The remaining one vertex in each edge of C7 , in
K3 ., are labeled as follows,

(a) If n is odd, then label WTH vertices by 1 and mTfl vertices by 0 or vice
n2 n2

versa. Therefore vy, (1) = (2_H)++HH zaund’ufs(())(Q_Tb)fmﬂli1

Therefore |vg, (0)| — |vy, (1)] = 1.
(b) When n is even, then label % vertices by 1 and % vertices by 0. Therefore

or vice versa.

nQ—n
up, (1) = 07, (0) = S5 Hence [ug, (0)] = oy, (1)] = 0.
Since each edge in (@) edges joining any two end vertices has mTH vertices
with label 1 and 3 vertices with label 0 then each edge will get a label 1.
The edges of Cf, ,, in K, ,, takes the label as follows.
(a) If nis odd, then TLTH edges has mTH vertices with label 1 and % vertices with
label 0. Also, "T_l edges has 3 vertices with label 0 and % vertices with label
1. Therefore 2 edges will get label 1. Since 251 edges has [V} (0)| = [V;(1)],
hence they are not labeled. Therefore highest balance index of K, ,,, when n

. . 2 2 1 2
is odd is, 2 23"+L+1fn 2nt1 _ (n—1)

2 2 7
(b) If n is even then T edges has |vy(1)] = [vy(0)] and 5 edges has |vs(1)| =

|vy(0)]. Therefore highest balance index of K7, ,, when n is even is, ”2_73” +

n o__ n?—2n _ n(n—2)

2 2 PR
To get the balance index set, we need to decrease the number of edges label by

1 or increase the number of edges label by 0. In each edge we have 73 zero’s

and 3 once’s. Therefore to decrease the number of edges label by 1, interchange

two 1’s of any edge with two 0’s with any other edge. Continue this process

until we get ’|ef;(1)| —legs (0)|‘ < 1. Therefore when |E| is odd, we get balance
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index set as {1,2,3,..., @} and when |E| is even, we get balance index set as
n(n—2
{0,1,2,3,..., M2y,
O

Theorem 3.3. The balance index set of CF ,, is

{1,3,5,...,n}, when m and n are odd,;
{0,2,4,...,n}, when m is odd and n is even;

BI(C}, ) =

{1,2,3, ..., "7“}, when m is even and n is odd;

{0,2,4,..., 5}, when m and n are even.

Proof. Let Cy ,, be a semigraph with n(m + 1) vertices and Ey, Eq, E3, ..., B, be
the edges.

Case 1) If m and n both are odd, then n(m+1) is even. To satisfy friendly labeling
v7,(0) =vp (1) = % The vertex labeling is done as follows.

All n end vertices and all first vertices in each edge are labeled by 1 and 0
respectively. Label mT’l vertices in each edge by 1 and mT’l vertices in each
edge by 0. Each edge contains % vertices labeled by 1 and mT'H labeled by 0.
Therefore highest balance index in Cf ,, is n.

To get balance index set of Cf ,,, interchange the label of one of the vertex

which is labeled by 1 in E; with the label of one of the vertex which is labeled
by 0 in Ean+i, 1<i< "7_1 At each interchange, vy, (1) is decreases by 1 and
v, (0) increases by 1. Since n is odd we get balanced index set as {1, 3,5, ..., |E|}.
Case 2) When m is odd and n is even, follow the labeling procedure when m and
n are odd. When interchanging the labels, continue up to, 1 < i < Z. Since n is
even we get balanced index set as {0,2,4,...,n}.
Case 3) When m is even and n is odd, the total number of vertices n(m+1) is odd.
Therefore, to satisfy friendly labeling, vy, (1) = % and vy, (0) = %
The vertex labeling is done as follows,

All the end vertices are labeled by 1 and first vertex in each edge is labeled by

0. Label mT_2 middle vertices of each edge by 0 and mT_2 middle vertices of each
edge by 1. There will be one vertex in each edge is remaining. Label ”T“ vertices

by 1 and "51 vertices by 0, in the remaining n vertices. Thus % edges have
vy, (1) > vy, (0) and 251 edges have vy, (1) = vy, (0). Therefore highest balanced
index is "T'H To get balanced index set use following steps.

Interchange the label of the vertex which has label 0 by 1 in E; with the label
of vertex which has label 0 in E EESHS 1< < "T_l At each interchange, number
of edges labeled by 1 increases by 1. Since n is odd, the balanced index set is
{1,2,.., 211}

Case 4) When m is even and n is even, n(m+1) is even. Then for friendly labeling
vy, (1) = vy, (0) = w To label the vertices of C¢ ,,, the labeling technique
n

can be done as in Case 3. The highest edge balanced index is 5. Using Case 3,
the balanced index set is {0,2,4, ..., 5 }.
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Therefore,
{1,3,5,...,n}, when m and n are odd,
BI(CE. )= {0,2,4, ...,ni,l when m zs odd and n zs even;
’ {1,2,3,..., %=}, when m is even and n is odd;
{0,2,4,..., 5}, when m and n are even.

4. SIGNIFICANCE IN NETWORK OPTIMIZATION

The concepts and results presented in this paper have significant applications
in the field of telecommunication networks. Specifically, the balanced index set
and friendly labeling of graphs and semigraphs can be utilized to optimize network
design, enhance routing efficiency, and improve fault tolerance in communication
systems. By ensuring a balanced distribution of labels and edges, network designers
can achieve more robust and efficient network structures.

Network Design Optimization: The balanced index set provides a frame-
work for designing network topologies that minimize the difference between different
types of connections. This can lead to more uniform and stable networks, which
are less prone to congestion and failure.

Routing Efficiency: In telecommunication networks, efficient routing algo-
rithms are crucial for minimizing latency and maximizing throughput. The friendly
labeling and balanced index set can be applied to develop routing protocols that
evenly distribute traffic, reducing the likelihood of bottlenecks and improving over-
all network performance.

Fault Tolerance and Reliability: A balanced network, as defined by the
balanced index set, can enhance the fault tolerance of a telecommunication system.
By maintaining a balanced structure, the network can better withstand node or
edge failures, ensuring continued communication and reducing the risk of network
partitioning.

Load Balancing: The concepts of friendly labeling and partial edge labeling
can be used to achieve load balancing in telecommunication networks. By evenly
distributing the load across different nodes and edges, the network can prevent
overloads and ensure more efficient utilization of resources.

Scalability: As telecommunication networks grow in size and complexity,
maintaining balance becomes increasingly important. The methods described in
this paper provide a scalable approach to network design and management, allowing
for the seamless integration of new nodes and connections while preserving network
balance.

By applying the balanced index set and friendly labeling to telecommunica-
tion networks, researchers and engineers can develop more efficient, reliable, and
scalable communication systems. The theoretical advancements presented in this
paper pave the way for practical implementations that can significantly improve
the performance and robustness of modern telecommunication networks.
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Cite or refer to your theorem using: Theorem (for example).

5. CONCLUSION

Labeled graph is the topic of current interest for many researchers as it has

diversified applications. We discuss here balanced labeling and balance index set of
T(P,), TW,), T(Km,n), T(Sn) are obtained and balance index set of semigraph
is introduced. Also, balance index set of semigraphs C7, |, and K7, ,, are obtained.
The derived labeling pattern is demonstrated by means of elegant illustrations
which provides better under-standing of the derived results.
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