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Abstract. We first introduce quasi bi-slant Riemannian maps and study such Rie-
mannian maps from Lorentzian para Sasakian manifolds into Riemannian manifolds.
We give necessary and sufficient conditions for the integrability of the distributions
which are involved in the definition of the quasi bi-slant Riemannian map and in-
vestigate their leaves. We also obtain totally geodesic conditions for such maps.
Moreover, we provide some examples for this notion.
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1. INTRODUCTION

In differential geometry, there are so many important applications of Rie-
mannian maps in Mathematics and Physics [22]. The properties of slant Riemann-
ian maps became an interesting subject in differential geometry, both in complex
geometry and contact geometry. Differentiable maps between Riemannian mani-
folds are important in differential geometry. There are certain types of differentiable
maps between Riemannian manifolds whose existence influence the geometry of
source manifolds and target manifolds. The geometric structures defined on both
manifolds are compared by differentiable maps between Riemannian manifolds.
Basic maps in this manner are isometric immersions and Riemannian submersions.
Isometric immersions between Riemannian manifolds are characterized by their Ja-
cobian matrices and the induced metric which is symmetric positive definite bilinear
form. The theory of isometric immersions is an active research area and it plays an
important role in the development of modern differential geometry. On the other
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hand, the Riemannian submersions are also useful to compare geometric structures.
The theory of Riemannian submersions is also a very active research field for recent
developments.

In 1966, the theory of Riemannian submersions was initiated by O’ Neill
[14] and in 1967, A. Gray [8] extended this theory. Later, this theory was widely
studied by several geometers. Riemannian submersions are interesting and very
important in several areas of Riemannian geometry. In particular, the Riemann-
ian submersions have several important applications both in Mathematics and in
Physics because of their applications in supergravity and superstring theories [1],
Kaluza-Klein theory [3] 0], Yang-Mills theory [4] etc.

In 1992, the notion of Riemannian maps between Riemannian manifold was
introduced by Fischer [6] as a generalization of isometric immersions and Riemann-
ian submersions. Let F : (M, gn) — (N, gn) be a smooth map between Riemann-
ian manifold such that 0 < rankF < min{m,n}, where dim M = m and dim N = n.
Let we denote the kernel space of F, by ker F,, at p € M. The tangent space of M
at p € M is given by

TpM = ker F., ® H,

where H is orthogonal complementary space and H = (ker F.,)" to ker F,,, in 7, M.

We denote the range of F, by rangeF,, at p € M and consider the orthogonal
complementary space (rangeF.,)" to rangeF,, in the tangent space TF@p)N of N.
As we know that rankF < min{m,n}, we always have (rangeF.,)* # {0}. Thus
the tangent space Tx(,) N of N has the following decomposition

TrpN = (rangeF.,) & (rangeF.p)*"

Now, a differentiable map F : (M, gp) — (N,gn) is called Riemannian map at
p € M if the horizontal restriction FI, : (ker Fip)t — (rangeF.,,) is a linear
isometry between the inner product spaces ((ker Fup)®, gar(p) | (ker Fip)t) and
((rangeFip), gy (F(p)) | (rangeF,,)). Therefore, Fischer defined in [6] that a Rie-
mannian map is a map which is isometric as it can be. It also follows that F.
satisfies the equation

for U,V € H.

It follows that isometric immersions and Riemannian submersions are partic-
ular cases of Riemannian maps with ker 7, = 0 and (rangeF, )" = 0, respectively.
Since the Riemannian map is subimmersion, the rank of the linear map Fi, :
TpM — Trp) N is constant for p in each connected component of M.

We note that a remarkable property of Riemannian maps is that a Riemann-
ian map satisfies the generalized eikonal equation ||F,||? = rankF, which is bridge
between geometric optics and physical optics. Riemannian maps have been also
studied in spacetime geometry under some regularity conditions [7].
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The theory of Lorentzian submersions was introduced by Magid [13] and
Falcitelli et al. [5]. In 2013, Gunduzalp and Sahin studied paracontact semi-
Riemannian submersions [9]. Recently, S. Kumar et al. [I1] defined and studied
conformal semi-slant submersions from L P—Sasakian manifolds onto Riemannian
manifolds and R. Prasad et al, introduced quasi bi-slant Lorentzian submersions
from LP—Sasakian manifolds which generalizes hemi-slant, semi-slant and semi-
invariant Riemannian submersions [I§].

Inspired from the good and interesting results of above studies, we introduce
the notion of quasi bi-slant Riemannian maps from LP—Sasakian manifolds into
Riemannian manifolds as a generalization of bi-slant Riemannian maps, quasi hemi-
slant Riemannian maps [16], slant Riemannian maps, semi-slant Riemannian maps
(2, [15], [12], [I7) and hemi-slant Riemannian maps.

In this research paper we tackle our work as follows: In the second section, we
present several main informations related to quasi bi-slant Riemannian maps. In
the third section, we give definition of L P—Sasakian manifolds and discuss certain
interesting outcomes on quasi bi-slant submersions from LP—Sasakian manifolds
into Riemannian manifolds. In the section [4 the geometry of leaves of distributions
that are involved in the definition of considered maps is studied and in section [5
we give a necessary and sufficient condition for quasi bi-slant Riemannian maps to
be totally geodesic. Finally, in the last section [6] we construct some non-trivial
examples for considered maps.

2. QUASI BI-SLANT RIEMANNIAN MAPS

Let (M, gn) and (N, gn) be Riemannian manifolds and let F : (M, gpr) —
(N, gn) be a smooth map. The differential map F, of F can be viewed as a section
of the bundle Hom(TM,F~'TN) — M, where F TN is the pullback bundle
with fibers (F7'TN), = TrN, p € M. Hom(TM,F'TN) has a connection

V induced from the Levi-Civita connection V¥ and the pullback connection. In
addition, the second fundamental form of F is given by

(VFIU, V) =VEF.(V) = F(VMV), (2)

for U,V € T(TM).

The second fundamental form is symmetric [I] and Sahin in [I9] showed that
the second fundamental form (VF,)(U,V), VU,V € T'(T M), of a Riemannian map
has no components in rangeF,.

Lemma 2.1. [2I] Let F : (M,gm) — (N,gn) be a Riemannian map between
Riemannian manifolds. Then

an (VFNU, V), F.(W)) = 0,YU, V,W € T'((kerF.)™b).
As an outcome of Lemma 23] we get

(VF)(U,V) € I((rangeF.)*b).
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Let F : (M,grm) — (N,gn) be a Riemannian map between Riemannian
manifolds. The fundamental tensors 7 and A defined by O’Nill’s [14] for vector
field E and F on M such that

ApF = HVY . VF + VYL HF, (3)
TeF = HVYRVE + VY HE, (4)
where V is the Levi-civita connection on gjs, V and H are the vertical and
horizontal projections, respectively. On the other hand, from equations and
, we have
VxY = TxY + VxY, (5)
VxU =HVxU + TxU, (6)
VX =ApX + VVp X, (7)
VoV =HVV + Ay, (8)
for all X,Y € D(ker F,) and U,V € T(ker F,)*, where VVxV = VxY. If U is
basic, then AyY = HVyY.
It is easily seen that for p € M, Y €V, and U € H,, the linear operators
Ty, Av : T,M — T,M,
are skew-symmetric, that is
IM(AVE, F) = —gu(E, Ay F) and gy (Ty E, F) = —gu (E, Ty F), 9)

for all £, F' € T,M. We also see that the restriction of 7 to the vertical distribution
T is the second fundamental form of the fibres of f. Since Ty is skew-symmetric,
we get F has totally geodesic fibres if and only if 7 = 0.

Definition 2.2. Let (M, ¢,&,1m,90m) be an almost contact metric manifold and
(N,gn) be a Riemannian manifold. A Riemannian map F : (M, d,&,n,9m) —
(N, gn) is called a quasi bi-slant Riemannian map if there exist four mutually or-
thogonal distributions D, D1, Dy and < & > such that

ker F, =D ® D1 P Doy < f >,¢(D) = D,d)(Dl) L Dg,d)('Dg) 1 Dy.

The angle 61 between ¢X and the space (D1), is constant and independent of the
choice of the point p € M and X € (D1),, for any non-zero vector field X € (D1),.
Similarly, the angle 0o between ¢Z and the space (Dz)4 is constant and independent
of the choice of the point ¢ € M and Z € (Dz), for any non-zero vector field
Z € (D).

We give some examples of quasi bi-slant Riemannian maps.

Example 2.3. Every quasi bi-slant submersion from an almost Hermitian manifold
to a Riemannian manifold is a quasi bi-slant Riemannian map with (rangeF,)* =

{0}



ON QUASI BI-SLANT RIEMANNIAN MAPS 311

Example 2.4. Every quasi hemi-slant submersion from an almost Hermitian mani-
fold to a Riemannian manifold is a quasi bi-slant Riemannian map with (rangeF,)* =
{0} and 03 = 7.

We say that quasi bi-slant Riemannian map F : (M, $,&,m,9m) — (N, gn)
is proper if 61,02 # 0, 5.

Throughout in forthcoming sections of this paper, we take F : (M, $,£,1,9m) —
(N, gn) be a quasi bi-slant Riemannian map where (M, ¢, €, 1, gar) be an LP—Sasakian
manifold and (N, gn) be a Riemannian manifold i.e., from now on we will de-
note a quasi bi-slant Riemannian map from a Lorentzian para Sasakian manifold
(M, ¢,¢,1m,9Mm) onto a Riemannian manifold (N, gn) by F.

3. QUASI BI-SLANT RIEMANNIAN MAPS FROM LORENTZIAN PARA SASAKIAN
MANIFOLDS

In this section we study the notion quasi bi-slant Riemannian maps from
LP-Sasakian manifolds onto Riemannian manifolds.

Definition 3.1. A (2m + 1) dimensional differentiable manifold M admitting a
(1,1) tensor field ¢, a contravariant vector field §, a 1—form n is called a Lorentzian
para Sasakian manifold with Lorentzian metric gaq if they satisfy:

¢’ =I1+n®E&poE=0,n0&=0, (10)

n(§) = =1, gm(X, €) = n(X), (11)

gm (DX, 0Y) = g (X, Y) +n(X)n(Y), grm(0X,Y) = gm(X, 0Y),  (12)
Vx&=¢X, (13)
(Vx@)Y =n(Y)X + gm(X,Y)E + 2n(X)n(Y)S, (14)

where V represents the operator of covariant differentiation with respect to the
Lorentzian metric gar. In a Lorentzian para Sasakian manifold, it is clear that

rank ¢ = 2m. (15)
Now, if we put
P(X,Y) =2(Y,X) = gm(X,9Y) = gm(oX,Y), (16)

then the tensor field ® is symmetric (0,2) tensor field, for any vector fields X and
Y.
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Example 3.2. [11] Let B> = {(21, 22, oo, Ty Y1, Y25 - - - s Yy 2) & TiyYin 2 €
R,i=1,2,...,m)}. Consider R*™*1 with the following structure:

= 0 0 0 i 0 i 0 i 0

i=1

1 m
Grem+1 = —(n@mn) + 1 ;(dl'i ® dx; + dy; ® dy;),
_ ! dz — i idx;
77 - 2 — Yi 2 i
0
=2—.
¢ 0z

Then, (R>™+Y ¢, €. m, grem+1) is a Lorentzian para-Sasakian manifold. The
vector fields E; = 28%“, Epti = 2(8%1_ +yia%) and & form a ¢—basis for the contact
metric structure.

Let F: (M, 9,€,m,9Mm) — (N,gn) be a quasi bi-slant Riemannian maps.
Then we have

TM =ker F, @ (ker F,)*. (17)
Now, for any vector field X € I'(ker F,), we put

X = PX + QX + RX — n(X)¢, (18)

where P, and R are projection morphisms of ker F, onto D,D; and D,, respec-
tively.
For any vector field X € T'(ker F..), we set

pX =X +wX, (19)
where X € I'(ker ) and wX € I'(wD; @ wDs).
From and , we get
X = YP(PX)+w(PX)+9(QX)+w@X)+¢Y(RX)+w(RX).
Since ¢D = D, therefore wPX = 0. Hence we obtain
X =P(PX) + QX + w@QX + yRX + wRX. (20)
Thus, we have
oker F,) = D @ (VD1 @YD) ® (wD1 @ wDs), (21)

where & denotes orthogonal direct sum.

Further, let V € T'(D;) and W € T'(D3), then ga(V, W) = 0. Now from the
Definition [2.2] we obtain gr(¢V, W) = gm(V, ¢W) = 0.
Let Z € I'(D), Y € I'(Dy) and X € I'(D3). Then, we have
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gm@Y,Z) =0,
So, we can write ¥ Dy N Dy = {0}, wD1 NwDy = {0}.
If 6o = Z, then R = 0 and D is anti-invariant, i.e., ¢(D2) C (ker F,)*. In
this case we denote Dy by D*.
We also have
p(ker F,) = D @ D1 ® wD; ® ¢D*. (22)

Since wD; C (ker F,)*, wDy C (ker F,)+, so we can write

(ker )& = wD; @wDy &V,
where V is orthogonal complement of (wD; @ wD>) in (ker F,)*.
Also for any V € I'(ker )+, we have

oV =CV + BV, (23)

where CV € T'(V) and BV € I'(ker F.,).
Lemma 3.3. Let F be a quasi bi-slant Riemannian map. Then we have

V*V + BwV =V +n(V)E,

wyYV 4+ CwV =0,

wBW + C*W =W,
YBW + BCW =0

for all V € T'(ker F.) and W € T'(ker F,)*.

Proof. By making use of the equations , and , Lemma follows. O
Lemma 3.4. Let F be a quasi bi-slant Riemannian map. Then, we have
(i) ¥*V; = (cos® 0:;) Vi,
(i) gr(Vi, ¥Wi) = cos? O gaa(Vi, Wi),
(iii) gm(wVi,wW;) = sin O;ga(Vi, Wy), for all Vi, W; € T(D;) and i = 1,2.

Proof. The proof of the above Lemma is the same as Lemma 3.2 of [18], therefore,
we omit its proof. O

Lemma 3.5. Let F be a quasi bi-slant Riemannian map. Then, we have
VVx0Y + TxwY —YVVxY — BTxY = g (X, Y)E+n(Y) X + 2n(X)n(Y)E,
TxYY + HVxwY = wVVxY 4+ CTxY, (24)
VVuBV 4+ AyCV — g (CU,V)E = p Ay V + BHV GV, (25)
AyBV +HVyCV = wAyV + CHV GV, (26)
VVxBU + TxCU =¢TxU + BHV xU, (27)
TxBU + HVxCU = wTxU + CHV xU, (28)
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VWi X + AywX = BAy X + Y VVy X, (29)
.Av’(/JX + HVywX — T](X)V =CAy X +wVVy X (30)
for any X, Y € T'(ker F,.) and U,V € T'(ker F,)= .

Proof. By using the equations — , , and , we can easily get the
equations — . (I

Now, we define

(Vv)W = VVy W — VYV W, (31)
(Vyw)W = HVywW — wVVy W, (32)
(VxC)Y = HVxCY — CHV Y, (33)
(VxB)Y = VWxBY — BHVxY (34)

for any V,W € I'(ker F,) and X,Y € I'(ker F,)= .
Lemma 3.6. Let F be a quasi bi-slant Riemannian map. Then, we have

(Vvo)W = BTy W = TvwW + gm(V, W)E 4+ 2n(V)n(W)E +n(W)V,
(Vyw)W = CTy W — TyypW,

(on)Y = wAXY — AxBY,

(VxB)Y = AxY — AxCY + gm(X,Y)E,

for any V,W € T'(ker ) and X,Y € I'(ker F,)= .

Proof. By using the equations — and — Lemma 3.6 follows. O

Now, if the tensors ¢ and w are parallel with respect to V on M, then
BTvW =TvwW — gum(V,W)& = 2n(V)n(W)§ — n(W)V,

CTyW = TyypW, for al VW € T(TM) .

4. INTEGRABILITY CONDITIONS

In this section, we obtain necessary and sufficient conditions for quasi bi-slant
Riemannian maps to be integrable:

Theorem 4.1. Let F be a proper quasi bi-slant Riemannian map. Then the in-
variant distribution D is integrable if and only if

IMm(Tx Y = Ty X, wQZ + wRZ) = —gm(VVx oY = VVy o X, YQZ + Y RZ),
for all X, Y € T'(D) and Z € T'(D1 ® D2® < £ >).
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Proof. For X Y € T'(D) and Z € T(D; @ D@ < £ >), using equations ,
. . and (| ., we have
MX, Y], Z) = gm(Vx oY, 02) — gm(Vy ¢ X, 0Z) —n(Z)n(VxY) + n(Z)n(Vy X),
= gm(Tx Y — Ty X, wRZ + wQZ)
+ gm(=VVy X + VVx oY, ¥QZ + YRZ),
which completes the proof. (I
Theorem 4.2. Let F be a proper quasi bi-slant Riemannian map. Then the slant
distribution D1 is integrable if and only if
IMm(TwwpZ — TzwpW,U) = g (TzwW — TwwZ, PU + ¢ RU)
+ gm(HV zwW — HVwwZ,wRU)
for all ZZW € T'(D1) and U € T'(D @ Da® < £ >).

(35)

Proof. For all Z,W € T'(D;) and U € T(D @ Da® < £ >), we have
M([Z,W],U) = gm(VZzW.U) = gu(Vw Z,U).

By using the equations , (@, — , and and Lemma we have
MZ,W],U) = gm(dV2zW, 0U) — gm(dVw Z, $U),
= gm(VzoW,0U) — gm(Vw o Z, ¢U),
= gMm(Vz2yW,0U) + gm(VzwW, 9U) — gmu(Vwip Z, ¢U)
—gm(VzwW, ¢U),
= 08?01 gm(VzW,U) — cos? 01gm(Vw Z,U)
+ g (TrtbW — Towi 2, U)
+ gM(HV z0W + TzwW, ¢PU + pRU + wRU)
—gMm(HVwwZ + TwwZ,pPU + pRU + wRU).

M
M

Now, we have
sin? 019 ([Z, W), U) = gm(TzwW — TwwZ, pPU + ) RU)

+ gm(HV zwW — HVwwZ,wRU) + ga(TzwyW — Tww Z,U),
which completes the proof. (]

In a similar way, we have the following;:

Theorem 4.3. Let F be a proper quasi bi-slant Riemannian map. Then the slant
distribution Do is integrable if and only if

IMm(Tywp X — TxwY, Z) = g (HV xwY — HVywX,wQZ)
+ gM(TXwY — TywX,pPZ + QﬁQZ),
for all X, Y € T'(D2) and Z € T'(D & D1® < £ >).

(36)
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5. TOoTALLY GEODESIC CONDITIONS

In the present section, we obtain necessary and sufficient conditions for quasi
bi-slant Riemannian maps to be totally geodesic:

Proposition 5.1. Let F be a proper quasi bi-slant Riemannian map. Then the
vertical distribution (ker F,) does not define a totally geodesic foliation on M.

Proof. Let X € T'(ker ) and Z € I'(ker F,)*, by using equation we have

gM(VXfa Z) = gM(¢X7Z)7

as gm (90X, Z) £ 0, so gm(VxE, Z) # 0. Hence, (ker F) does not define a totally
geodesic foliation on M. O

Theorem 5.2. Let F be a proper quasi bi-slant Riemannian map. Then the dis-
tribution (ker F,)— < & > defines a totally geodesic foliation on M if and only
if
gm(Tu PV + cos® 0, Ty QV + cos? 0, Ty RV, X)
= —gm(HVywpQV + HVywip PV + HV ywyp RV, X)) (37)
= gm(TowV, BX) — gm(HVywV, CX)
for all U,V € T'(ker F,)— < & > and X € T'(ker F,)*.

Proof. For all U,V € I'(ker F,,)— < £ > and X & I'(ker F,)*, using the equations
(1), and we have
gm(VuoV. X) = gum(VudPV,¢X) + gm(VudQV, ¢ X) + grm(VuoRV, ¢ X).
Now, using equations (7), (3), (12), and (19), Lemma [3.4] we have
gMm(VuV, X) = gm(Tu PV, X) + cos® 01gm(TuQV, X) + cos® Oagm (Tu RV, X)
4 g (HVywp PV + HV pwipQV + HV ywib RV, X)
+ gm(Vu(wPV +wQV +wRV), ¢ X).
Now, since wPV 4+ wQV + wRV = wV and wPV = 0, thus we have
Im(VuV, X) = gm(Tu PV + cos® 0, Ty QV + cos? 0Ty RV, X)
+ g (HVywyp PV + HV gwyQV + HV ywy RV, X))
+ gm(TowV, BX) + gm(HVywV, CX),
which completes the proof. O

Theorem 5.3. Let F be a proper quasi bi-slant Riemannian map. Then the hori-
zontal distribution (ker F.)* does not define a totally geodesic foliation on M.

Proof. Let Z,V € I'(ker F.)*, using equation , we have

Im(VzV,8) = —gm(V,V2E) = —gm(V, 02),

as gm(V, ¢Z) # 0, therefore ga(VzV, &) # 0. Hence, (ker F.)* does not define a
totally geodesic foliation on M. ([l
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Proposition 5.4. Let F be a proper quasi bi-slant Riemannian map. Then the
distribution D does not define a totally geodesic foliation on M.

Proof. For all U,V € I'(D), using equation (13, we have

gm(VuV, &) = —gm(V,oU),
since gy (V,0U) # 0, so gm(VuV,€) # 0. Hence D does not define a totally
geodesic foliation on M. O

Theorem 5.5. Let F be a proper quasi bi-slant Riemannian map. Then the dis-
tribution D® < £ > define a totally geodesic foliation if and only if

gm(Tx¢PY,wRZ + wQZ) = —gm(VVxOPY YQZ + yRZ), (38)

and
gm(Tx¢PY,CV) = —gm(VVx¢PY, BV), (39)
forall X, Y e T(DD < € >),Z=QZ+ RZ € T(D; @ Dy) and V € T'(ker F,)*.

Proof. For all X|Y € F(DEB <& >),Z = QZ + RZ € T(D1 ® D3) and V €
I'(ker F.)*, using equations (5| . ., and ., we have
= gm(VxoPY,9QZ + ¢RZ),
= gm(Tx9PY,wRZ +wQZ) + gu(VVxoPY, YQZ + Y RZ).

Now, again using equations , — , and , we have
Im(VxY, V) =gm(Vx oY, oV),
— gm(Vx$PY, BV + CV),
= gm(VVxoPY,BV) + gm(Tx¢PY,CV),
which completes the proof. O

Proposition 5.6. Let F be a proper quasi bi-slant Riemannian map. Then the
distribution D; does not define a totally geodesic foliation on M, where i = 1,2.

Proof. For all Z,V € I'(D;), using equation we have

QM(VZV, g) = _gM(Zv (bv)v
since gpm(Z, V) # 0, so gm(VzZV,€) # 0. Hence D; does not define a totally
geodesic foliation on M, where i = 1, 2. Il
Theorem 5.7. Let F be a proper quasi bi-slant Riemannian map. Then the dis-
tribution D1@ < € > define a totally geodesic foliation if and only if

Im(TzwpW, X) = —gm(TzwW, 9PX + YRX) — gm(HV z0W, wRX) (40)
+1(W)gm(Z,pPX + Y RX),

and
MHY zwpW, V) = —gsm(HV 20W, CV) — g (TzwW, BV)

- 0(W)gai(Z. BV). (4D
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for all ZZW € T(D1® < € >), X € (D@ D3) and V € I'(ker F,.) L.

Proof. For all Z,W € T'(D1® < £ >),X € I'(D & Ds) and V € I'(ker F,)*, using

equations @ . . . ., and Lemmawe have
IM(VzW, X) = grm(VzoW, 0 X) — n(W)gm(Z, ¢ X)
= gMm(V2YW,0X) + gm(VzwW, 9 X) —n(W)gm(Z, 9P X + Y RX),
= cos” 1 gm(VzW, X) + gm(TzwypW, X)
+ gm(TzwW, 9PX +YRX) + grm(HV zwW,wRX)
—n(W)gm(Z,oPX + pRX).
Now, we have
sin? 01g(V2W, X) = g (TzwoW, X) + g (TzwW, pPX + pRX)
+ gMm(HY zwW,wRX) — n(W)gm(Z,9pPX + ¢y RX)
Next, from equations @, - , , , and Lemma we have
IM(VZW, V) = g (VzoW, V) —n(W)gm(Z, ¢V),
= gm(V29W, V) + g (V 20W, V) — n(W)gm(Z, 8V),
= cos® 1gm(V2W, V) + g (HV 20y W, V)
+ gM(HvaVV, CV) + gm (TZwV[C BV) — n(W)gM(Z, BV).

Now, we have

sin® 019 (V2zW, V) = gm(HV 200 W, V) + g (HV 20W, CV) + gaa(TzwW, BV)
—n(W)gm(Z, BV),

which completes the proof. O

In a similar way, we can easily prove the following:

Theorem 5.8. Let F be a proper quasi bi-slant Riemannian map. Then the dis-
tribution Do < € > define a totally geodesic foliation if and only if

IM(TxwY, Z) = gm(TxwQY, 9P Z + $RZ) 4+ g (HV xwQY, wRZ)
+0(Y)gm(X,9PZ +yRZ),
IMHVxwpY, V) = —gm(HV xwY, CV) — grm(TxwY, BV) +n(Y)gm(X, BV),
for all X,Y € T(Doy® < £ >),Z €T(D® Dy) and V € T'(ker F,.)*.

By using Proposition and Theorem one can give the following theo-
rem:

Theorem 5.9. Let F be a proper quasi bi-slant Riemannian map. Then the map
F is not a totally geodesic map.
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6. EXAMPLE

Example 6.1. Let R° be a LP-Sasakian structure (as in Exvample and F :
R — R* be a map defined by

.7:(1‘1, ey LAy Y1eeeny Ya, Z) = (CL, cos 013 + sin @14, sin ggyg — COoS 92y3, b)

where a,b € R. Then F is quasi bi-slant Riemannian map such that
0 0 0
D =<2 2—
< (a 1 + Y1 6Z> ) ayl >7
0 0 0 0 0
Dy =< 2 |si - p
1 =< [511191 (8 +y33Z> cos 6, (3 4+y4az>} S >,

0 0 0 0
Dy —<2<a +y282> {cosﬁgﬁy —|—sm926y3} >,

<E>S=<2— >
¢ 0z

0 0 0 0
L_ _ ; 9 9
(ker F)m =< Vp =2 [00501 <(’9x3 +y382) + sin 6 (8904 +y4az>} ,

Vo =2 [sinﬁga — C08028:| >,
0ya

Oy
with bi-slant angles 61 and 0. Also by direct computations, we obtain
0 8
F Vi =2—  F.Vo= .
LT 00, 2= 250,

Hence, we get
gro(V1,V1) = gpa(FuV1, FiVi), gro (V2, V) = gpe(FiVa, FiVa).

Example 6.2. Let RY be a LP-Sasakian structure (as in Example ) and F :
R? — R* be a map defined by

3 _
F(x1, . oy Ta, Y1,y Ya, 2) = (a, V3a2 + 3 b Y2 y4>

2 Y \/5

where a,b € R. Then F is quasi bi—slant Riemannian map such that

D <a -‘v-y1aza >,

0 0 0
< 7~ (e - 3z) ) o >
0 0
D N
2= a +y4az (8y2+8y4)>’
<§>:<2% >,

with bi-slant angles 61 = % and 0 = =

It can be easily seen that Theorem is satisfied by the Examples and
2
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