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Abstract. Let R be a commutative ring with multiplicative identity and C be a

coassociative and counital R-coalgebra with the α-condition. A clean comodules

defined based on the cleanness on rings and modules. A C-comodule M is a clean

comodule if the endomorphism ring of C-comodule M is clean. A clean R-coalgebra

C is a clean comodule over itself i.e., if the endomorphism ring of C as a C-comodule

is clean. For an idempotent e ∈ R, there are relations between the cleanness of eRe

and R. It’s motivated us to investigate this condition for coalgebra. For any C,

we can construct the R-coalgebra e ⇀ C ↼ e where e is an idempotent element of

dual algebra of C. Here, we show that the clean conditions of C implies the clean

property of e ⇀ C ↼ e and vice versa.
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1. INTRODUCTION

Throughout R is a commutative ring with multiplicative identity, (C,∆, ε) a
coalgebra over R, which we assume to be coassociative and counital over multipli-
cation. In the beginning, we need to recall some notions in ring theory, i.e., clean
rings, which is introduced by [1]. A ring R is said to be clean where any element of
R can be expressed as a sum of e and u, where e is an idempotent and u is a unit
in R. The examples of clean rings are Von Neumann regular rings and fields. The
clean rings is a subclass of the exchange rings. Some authors studying the property
of being clean or the exchange property are [1, 2, 3, 4, 6, 7, 8, 9].

Any R can be considered as a module over itself. Furthermore, the endomor-
phism ring of R over R (i.e., EndR(R)) isomorphic to ring R. Consequently, R is
clean if and only if R is also a clean module over R. Some researchers have been
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developed the cleanness concept of modules from rings by investigated the clean-
ness on the endomorphism ring of M [10, 11]. Motivated by this, clean modules
as a generalization of clean rings have been introduced by [12, 13]. Let M be a
module over R. The module M is said to be clean if the endomorphism ring of M
over R (denoted by EndR(M)) is clean.

In [14], Sweedler introduced the dualization of the algebra over a field. He
has introduced the theory of coalgebra over a field. The concept of a coalgebra
over a field can be generalized to the concept of a coalgebra over a ring [15]. In
[15] reversing the scalar multiplication between M and R, we also have comodules
over a coalgebra as a dualization of module. In this paper, the homomorphisms
R-module C to R denoted by C∗, i.e., C∗ = HomR(C,R). Here, C∗ is an algebra
(ring) over a convolution product

f ∗ g = µ ◦ (f ⊗ g) ◦∆ (1)

where µ is a multiplication of R and ∆ is the comultiplication of C. It is interesting
since any right C-comodule M , then M is a left module over the dual algebra C∗

by the following multiplication:

⇀: C∗ ⊗R M →M,f ⊗m 7→ (IM ⊗ f) ◦ %M (m) =
∑

m0f(m1). (2)

Hence the category of right C-comodule is a subcategory of left C∗-module, since
every C-comodule morphism is a C∗-module morphism [15]. Analog for the left
side, the category of left C-comodule is the subcategory of right C∗-module.

Moreover, to guarantee that the right C-comodule category (denoted by MC)
to be a full subcategory of the category of left C∗-module (denoted by C∗M), we
need to study the α-condition. Following [15] the R-coalgebra C satisfies the α-
condition provided for any R-module L, the following map is injective, i.e.,

αL : L⊗R C → HomR(C∗, L), x⊗ c 7→ [f 7→ f(c)x].

The α-condition of C implies that the ring of right C-comodule endomorphisms of
M is isomorphic to the ring of left C∗-module endomorphisms of M . As the special
case when we consider any C is a (right and left) comodule over itself, we have a nice
relationship i.e., EndC(C) ∼= C∗End(C) ∼= C∗ and CEnd(C) ∼= EndC∗(C) ∼= C∗

[15]. In this paper, we assumed that C satisfies the α condition such that these
fact would be used to get our goal.

For any ring R, we can consider R as a trivial coassociative and counital
coalgebra over itself by comultiplication ∆T : R → R ⊗R R, r 7→ r ⊗ 1 and counit
εT = IT (the identity map of R). Moreover, any R-module M can be considering as
a comodule over R-coalgebra R by trivial coaction %MT : M →M⊗RR,m 7→ m⊗1.
Based on this fact, we have that ring R is clean if and only if the endomorphism
ring of R-coalgebra R is a clean ring and the R-module M is clean if and only if the
endomorphism ring of R-comodule M is clean. Hence, [16, 17] bring the cleanness
concept of the category RING and the category of modules (MR) to the category
of C-comodule (MC).
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The clean comodules also can be considered as a generalization of clean mod-
ules since any module is a trivial R-comodule. Clean comodules are defined as
below:

Definition 1.1. [16, 17] Let (C,∆, ε) be R-coalgebra (coassociative and counital).
A right (left) C-comodule M is said to be clean if endomorphism ring of C-comodule
M (denoted by EndC(M)) is clean.

Definiton 1.1 means that for any f ∈ EndC(M), f = u + e where e ∈
EndC(M) is an idempotent and u ∈ EndC(M) is a unit. In this paper, since
we assume that C satisfies the α-condition, then EndC(M) ∼= C∗End(M). Thus,
M is clean as a comodule over C if and only if M is a clean C∗-module.

Let C with comultiplication ∆ : C → C ⊗R C. We can consider ∆ as a
coaction of C. As on the ring theory, we have that C is a comodule over itself [15].
In special case, take M = C (in Definition 1.1). On the following, we introduce a
clean coalgebra. On the other hand, clean comodules is a generalization of clean
coalgeras by taking M = C.

Definition 1.2. [16, 17] Let R be a ring. An R-coalgebra C is called a clean
coalgebra if C is a clean comodule over itself.

Definition 1.2 means that C is a clean coalgebra if C is clean as a C∗-module.
Recall the properties of coalgebras in [15]. Any R-coalgebra C can be consider as
a right and left comodule over itself. Therefore, C is a left and right C∗-module.
Since we assume that C satisfies the α-condition, we have that C is a clean R-
coalgebra if EndC∗(C) ∼= C∗End(C) ∼= C∗ is a clean ring. In some article, the
cleanness concept corner ring has been studied, i.e., R is clean if and only if eRe is
clean for e an idemotent element of R.

For any ring R and an idempotent e ∈ R, eRe is called a corner ring. Mo-
tivated by the corner on the category RING, we introduced the analogous notion
of corner coalgebra under the multiplication ” ⇀ ” and ” ↼ ” between C and C∗

on Equation 2. Consider an R-coalgebra (C,∆, ε) and an idempotent e ∈ C∗, we
can construct the R-coalgebra e ⇀ C ↼ e based on the Equation 2 (right and left
multiplication) and comultiplication ∆.

Definition 1.3. Let C be a coassociative and counital coalgebra and an idempotent
e ∈ C∗. The R-coalgebra e ⇀ C ↼ e is called a corner R-coalgebra.

It is interesting to investigate the cleanness properties of corner coalgebra
e ⇀ C ↼ e for e ∈ C∗, and for proving the main results of this paper, here we need
to use the Morita Theorem.

In the Morita context, we have already known there is a relationship between
the structure of P, P ∗, R and S = EndR(P ) [18]. The following theorem explains
the relationship between P and its dual, in which it is essential to prove our main
result.

Theorem 1.4. [18] Let R be a ring, P is a right R-module, S = EndR(P ) and
Q = P ∗ = HomR(P,R). If P is a generator in R−MOD, then
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(1) α : Q⊗S P → R is an (R,R)-isomorphism;
(2) Q ' HomS(SP,S S) as (R,S)-bimodules;
(3) P ' HomS(QS , SS) as (S,R)-bimodules;
(4) R ' End(SP ) ' End(QS) as rings.

Theorem 1.5. [18] Let R be a ring, P be a right R-module, S = EndR(P ) and
Q = P ∗ = HomR(P,R). If P is finitely generated projective in R−MOD, then

(1) β : P ⊗R Q→ S is an (S, S)-isomorphism;
(2) Q ' HomR(PR, RR) as (R,S)-bimodules;
(3) P ' HomR(RQ,RR) as (S,R)-bimodules;
(4) S ' End(PR) ' End(RQ) as rings.

On our main result, we are going to use the Theorem 1.5 and Theorem 1.4 to
prove our main theorem. The main theorem of this article is to give the necessary
and sufficient condition of clean e ⇀ C ↼ e where e is an idempotent of C∗.

2. MAIN RESULTS

Given a coassociative and counital R-coalgebra (C,∆, ε) with the α-condition
and e be an idempotent element of C∗. The relationship between the clean ring of R
and eRe motivate us to investigate the condition such that R-coalgebra e ⇀ C ↼ e
is clean. In their article, [9] showed that I is an ideal if and only if their exist
idempotent set {e1, e2, · · · , en} such that eiRei is a clean ideal of eiRei, for all i.
In trivial cased I = R, we have R is clean if and only if eiRei is a clean ring, for
all i. We will observe this condition for coalgebra cases and find the sufficient and
necessary condition of clean R-coalgebra ei ⇀ C ↼ ei, i = 1.

Theorem 2.1. If C is a cocommutative clean R-coalgebra and e is an idempotent
in C∗, then R-coalgebra e ⇀ C ↼ e is also clean.

Proof. Let C be a clean R-coalgebra. The ring C∗End(C) ∼= EndC(C) ∼=
C∗ is clean. Since C is locally projective, from [15], e ⇀ C ↼ e is also locally
projective and implies

End(e⇀C↼e)∗(e ⇀ C ↼ e) ∼= (e ⇀ C ↼ e)∗ ∼= e ∗ C∗ ∗ e.
This means, the cleanness of R-coalgebra e ⇀ C ↼ e can be determined by the
structure of ring e ∗ C∗ ∗ e.
The R-coalgebra C is cocommutative if and only if the dual algebra C∗ is commu-
tative (by [15]). Since C∗ is a clean ring and commutative, C∗ is a strongly clean
ring. By [9], e ∗ C∗ ∗ e is also strongly clean. Hence, (e ⇀ C ↼ e)∗ ∼= e ∗ C∗ ∗ e is
a clean ring. Consequently, e ⇀ C ↼ e is a clean R-coalgebra. For the converse,

the following condition must be added in order to get the sufficient and necessary
condition of the clean coalgebra e ⇀ C ↼ e.
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Theorem 2.2. Let C be a cocommutative R-coalgebra and e is a full idempotent
in C∗ (i.e., e ∗ e = e and C∗ ∗ e ∗ C∗ = C∗ where ∗ is the convolution product of
C∗). If e ⇀ C ↼ e is a clean R-coalgebra, then C is clean.

Proof. Suppose that e ⇀ C ↼ e is a clean R-coalgebra. Then by [15],

End(e⇀C↼e)∗(e ⇀ C ↼ e) ' (e ⇀ C ↼ e)∗ ∼= e ∗ C∗ ∗ e
is a clean ring. We will use the Morita Context and Morita Equivalences to prove
that C∗ is a clean ring (see Example 18.30 page 490 on [18] ).
Given the ring C∗ with full idempotent e then e ∗ C∗ is a progenerator (finitely
generated projective generator) C∗-module. Put P = e ∗ C∗ = {e ∗ f |f ∈ C∗},
Q = HomC∗(P,C∗) ∼= C∗∗e and EndC∗(P ) ∼= e∗C∗∗e. In [18], the Morita context
associated with P is (e ∗ C∗, C∗, C∗ ∗ e, e ∗ C∗ ∗ e, α, β), with the isomorphism

α : C∗ ∗ e⊗e∗C∗∗e e ∗ C∗ → C∗, f ∗ e⊗ e ∗ f ′ 7→ f ∗ e ∗ f ′

β : e ∗ C∗ ⊗C∗ C∗ ∗ e→ e ∗ C∗ ∗ e, e ∗ f ⊗ f ′ ∗ e 7→ e ∗ ff ′ ∗ e.
By Morita Theorem, there is mutually inverse category equivalences:

F = −⊗C∗ (C∗ ∗ e) :C∗ M→e∗C∗∗e M and

G = −⊗e∗C∗∗e (e ∗ C∗) :e∗C∗∗e M→C∗ M.

Therefore, the ring C∗ is Morita equivalence with ring e ∗ C∗ ∗ e, denoted by
C∗ ≈ e ∗ C∗ ∗ e. Since C is a cocommutative coalgebra, C∗ is commutative.
Thus, e ∗ C∗ ∗ e is also commutative. By consequences of Morita context, since
C∗ ≈ e ∗ C∗ ∗ e and C∗, e ∗ C∗ ∗ e is commutative, the ring C∗ ≈ e ∗ C∗ ∗ e. By
consequences of Morita context and Theorem 1.5, we have an isomorphism ring as
below:

e ∗ C∗ ∗ e = Ende∗C∗(C∗)

= Ende∗(C∗∗e∗C∗)(C
∗ ∗ e ∗ C∗), (since e is a full idempotent)

= EndC∗∗e∗C∗(C∗ ∗ e ∗ C∗), (by commutativity of ∗)
= EndC∗(C∗)

= C∗.

Therefore, the ring e ∗ C∗ ∗ e ∼= C∗. As a consequence the fact that e ∗ C∗ ∗ e
is a clean ring, C∗ is also clean and C is a clean R-coalgebra. The conclusion of

the Theorem 2.1 and Theorem 2.2 yields the sufficient and necessary condition of
R-coalgebra e ⇀ C ↼ e to be clean. Assume that C satisfies the commutativity
property in coalgebra theory and e ∈ C∗ is a full idempotent. If C is clean, then
e ⇀ C ↼ e is also clean and true for the converse.

3. CONCLUDING REMARKS

This paper yields the condition for guarantee the R coalgebra e ⇀ C ↼ e
related to R-coalgebra C. Hence, from the assumption that R-coalgebra C is
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cocomutative and e ∈ C∗ is a full idempotent, C is clean if e ⇀ C ↼ e is a clean
R-coalgebra and e ⇀ C ↼ e is clean if C is a clean R-coalgebra.
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