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Abstract. The degree sum exponent distance matrix Mxq;s:(G) of a graph G is
a square matrix whose (7, )" entry is (d; + dj)dif whenever ¢ # j, otherwise it is
zero,where d; is the degree of i*" vertex of G and dij = d(v;,v;) is distance between
v; and v;. In this paper, we define degree sum exponent distance energy EXq;st(G)
as sum of absolute eigenvalues of Mx4;st(G). Also, we obtain some bounds on the
degree sum exponent distance energy of some graphs and deduce direct expressions
for some graphs.
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1. INTRODUCTION

The concept of graph energy was introduced by I.Gutman in 1978[1] having
direct correlation with the total m-electron energy of a molecule in the quantum
chemistry as calculated with the Huckel molecular orbital method. Here adjacency
matrix of a graph is considered. Later Laplacian energy [2, 4], signless Lapla-
cian energy [3], were introduced. Recently several results on energy related with
degree of a vertex and distance in a graph were studied such as distance energy
[5],degree sum energy of some graphs [6], degree square sum polynomial of some
graphs [8], degree sum energy [9],a survey on energy of graphs [7], complemen-
tary distance energy[10], degree sum distance energy [11], degree product distance
energy[12],degree exponent energy[13] and degree exponent sum energy[16].

For every pair of vertices in a connected graph there are, degree associated
each one of them and in addition there is distance between them (length of the
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shortest path). In continuation with this, in order to upgrade, we now introduce
concept of degree sum exponent distance energy of connected graph which is slight
generalization of degree sum energy since if exponent is made one, it coincides
with degree sum energy. The purpose of this paper is to compute the character-
istic polynomial, eigenvalues and energy of the new matrix associated with graph,
called degree sum exponent distance matrix, and compute bounds for degree sum
exponent distance energy and obtain expressions for some standard graphs.

2. DEGREE SUM EXPONENT DISTANCE ENERGY

Let G be a connected graph of order n with vertex set V(G) = (v1, v2, ..., Up).
We denote d(v;) as the degree of a vertex v; which is the number of edges incident
on it and d;; as the distance between two vertices v; and v;, the length of the
shortest path joining them. We define degree sum exponent distance matrix of G
as,

Mxaist(G) = [xi;] where,
Xij

(d(vi) + d(vy)) ™ if i # 5 (1)
= 0ifi=j
Example: For graph G given below,

DSED(G) =
0 5 5 4 \ Eigenvalues are, —11.1616,
5 0 4 9 | —4,-3.2007,18.3623, and en-
5 4 0 9 |ergyis Exast(G) = 36.7246.
Fig 2.1 4990

We note that,

(1) Mxuaist(G) is real symmetric, so that the eigenvalues of Mya;st(G) are
real. If oy, g, ..., a, are the eigenvalues of Myg;s:(G) then, they can be
arranged in a non-increasing order as a; > as > ... > Q.

) Y7 @i =0, since trace[Myist(G)]=0.

) The highest exponent term corresponds to diam(G).

) For any r-regular graph all the entries in the matrix are in powers of 2r.

) Two non-isomorphic graphs having same order, regularity as well as diam-
eter have same largest eigenvalue ;.

We define the degree sum exponent distance energy of a graph G as,

Exiist(G) = Z |ovil.
i=1
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3. BOUuNDS ON DEGREE SUM EXPONENT DISTANCE ENERGY AND EIGENVALUES

In this section, we obtain some bounds on degree sum exponent distance
energy and largest eigenvalue.

Lemma 3.1. Let G be a graph of order n, then we have,

n

Zai:() and Zaf:QM, here we define, M = Z ((di + dj)%9)?

i=1 i=1 i=1,i<j

Lemma 3.2. [15] Let ay,as, .., a, be non negative numbers. Then
RS 1/ )"
- P — "< - D)2 < 1) ; /n
" ; a H a;) 1 n Z a; Z Vai)? <n(n— l Z a; };[1

Lemma 3.3. The CauchySchwartz inequality: Let a; and b; , 1 < i < n be any

1€al numbe? S, lhen
1= 1=1 1=1

Lemma 3.4. [17] Let A, B,I(identity matriz) and J(matriz of all 1's are square
matrices of same order n then block determinant of order n,

|AL, + B(J, — I,)|] = |A = B|" YA+ (n — 1)B]

Theorem 3.5. If a; is the index (largest degree sum exponent distance eigenvalue)
of a connected graph G of order n, then

2M(n — 1)

oy <
where M is defined above, with d;; = d(v;,v;) the distance between v; and v;.

Proof. The trace of Myaist(G) being zero we have

z”: ; = 01.e, Zal—

=1

Further Z?zl af:tracedeiSt(G) = 2M, where M 1is as defined above. Using

Lemma 3.3, with a; =1 and b; = o; © = 2,3...,n substituting we get,

D a)’<(n-1)) af < (n-1)(2M — af)

i=2 i=2
Therefore, (—a1)? < (n—1)(2M —a?). Simplifying further,the bound for the index
« follows. O

For graph G in Fig 2.1, a3 = —11.1616, n = 4 and M = 244. We have,

L= 191312
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Theorem 3.6. If G is connected graph of order n and M is defined above,then
V2M < Exaist(G) < V2Mn

Proof. With a; =1 and b; = || and using Lemma 3.3 that is,
(X Jai)? <n >0 (a;)?. That is, Exaist(G)? < 2nM .
Hence, Exaist(G) < V2Mn.

Now for the other part,

Exaise(G)? = (O lai)® > D Jaul> = 2M
i=1 i=1

so that Exgist(G) > v2M. Combining these two,inequality follows. d

For graph G in Fig 2.1, we have v2M = 22.09072203 and v2Mn = 44.18144407.

Theorem 3.7. If G is any graph of order n and A is the absolute value of the
determinant of X4ist(G) then,

\/QM +n(n— 1)A% < Exaist(G) < V2Mn
where M is defined as above.

Proof. For lower bound consider,

n

Bxais (@) = (3 Jaal)? = S (@)* +2 3 Jaullay]
=1

i=1 i<j
Since Arithmetic Mean (AM) > Geometric Mean (GM) we have,

n n

LS faullal = ([Tladllogh =7 = [J(ou )77 = ([T laal?) = A%
n(n —1)
it itj i=1 i=1
using Lemma 3.2 .
2
therefore we have, [],_; [ailla;| = n(n — 1)Ax. ]
Combining we get, [Exaist(G)]? > 2M +n(n — 1)An

ie, Exaist(G) > \/2M +n(n — )AT (1)

For upper bound define,

X =33 (eal +1as)? =D (el +legl?) +2( > ailley)
i=1 j=1 i=1j=1 i,j=1,i#j
=nY (@)’ +nd ()*=2( > laillog))
i=1 i—1 b5=1,i]

=2nM +2nM — 2[Exdist(G)]2 =4nM — 2[Exdl-st(G)]2

Since X > 0 we get Exaist(G) < V2Mn
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Combining lower bound and upper bound, we arrive at the desired result. [l

For the graph G in Fig 2.1, A = 2624 and \/2M +n(n—1)A% = 26.20495997.

Theorem 3.8. Let G be a connected n vertex graph and A is the absolute value of
the determinant of degree sum exponent distance matric xq4;st(G), then

V2M 4 n(n— DA < Exgiu(G) < \/2(n — )M +nA?/n
where M is defined as above.

Proof. Let a; = o2, i = 1,2,...,n.. Then from Lemma 3.1 and Lemma 3.2 we
obtain

TL[% Zazg . (H 0122)1/“] < nzaf N (Z ai)z < TL(TL — 1)[% ZOK? - (H Ckzz)l/n]
i—1 i=1 i=1 1=1

i=1 i=1

1.e,
2M — nA?™ < 20 M — [Exaisi(G)]? < 2(n — 1)M — n(n — 1)A%"
Thus,
OM +n(n —1)A%"™ < [Exais(G))? < 2(n — 1)M 4 nA?/™
We get the desired result. O

For the graph G in Fig 2.1, \/2(n — 1)M + nA2/n = 40.85217223.

4. DEGREE SUM EXPONENT DISTANCE ENERGY OF SOME GRAPHS

Theorem 4.1. The degree sum exponent distance energy of K, is,
Exaist(Kpn)=4(n —1)2.

Proof. The complete graph K, is of diameter 1 and hence every pair of vertices are
at distance 1 so the degree sum exponent distance matrix of K, is a matrix with
zero diagonal and all non diagonal entries 2(n — 1) i.e,the degree sum exponent
distance matrix of K, is 2(n — 1) times the adjacency matrix of K,. Since the
adjacency energy of K, is 2(n — 1), the degree sum exponent distance energy of
K, will be 4(n —1)2. O

Theorem 4.2. The degree sum exponent distance energy of CP(n) is,
Exaist(CP(n)) = 32n(n — 1)2.

Proof. The cocktail party graph CP(n) denotes the (2n)-vertex regular graph of
degree (2n—2) (obtained by deleting n independent edges from the complete graph
Ks,). Using Lemma 3.4, where A = (2n — 2)2A(K3), B = (2n — 2)Jaxa, J is
matrix of all 1’s and A is the adjacency matrix. The degree sum exponent distance
polynomial of CP(n) is then given by,

|l — Mxaise(CP(n))| = [a+16(n—1)?]"[a —8(n —1)(2n — 3)]" o — 24(n — 1)?]
which gives, Exaist(CP(n)) = 32n(n — 1)2. O
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For example, in case of CP(4), eigenvalues are —64(3times), 48(2times) and
96 giving energy, Exqist(CP(3)) = 384.

Theorem 4.3. The degree sum exponent distance energy of crown graph S9 is,
Exaist(S%) = 16n(n — 1)3.

Proof. The crown graph is the graph obtained by removing a matching from the
complete equi-bipartite graph K, ,,. So the structure of the degree product distance
matrix of SY is,

Mxaist(S9) = ( 4 i ) where A is a matrix of order n with zero diagonal and

all non-diagonal entries as 4(n — 1)? and B is the matrix of order n with diagonal
entry 8(n — 1)® and off diagonal entry 2(n — 1).The eigenvalues of this matrix are
given by eigenvalues of A + B and eigenvalues of A — B see[18].
Separately evaluating characteristic polynomials of A + B and A — B and then
multiplying we get,degree sum exponent distance polynomial of crown graph,
ol — Mxaist(Sp)| =
[a+2(n—1)%(6n —5)][a—2(n—1)22n - 1)][a+2(n —1)(4n? — 6n + 1)]" o —
2(n —1)(4n% — 10n + 5)]" L.
Adding all the absolute eigenvalues, we get the theorem.

O

Lemma 4.4. [14] If a,b,c and d are real numbers, then the determinant of the form,

(a+a)l,, —ady, —CJny xny
—dJ g xn, (a+0)I,, — by,

of order ny + ny can be expressed in the simplified form as,
(a4 a)" " Ha+b)" " [a— (n1 — Da]la — (ng — 1)b] — ningcd)
Theorem 4.5. The degree sum exponent distance energy of the complete bipartite

graph Ko, n 18, Exaist(Kmn) =8n%(m — 1) +8m?2(n — 1).

Proof. In K,, », m vertices have degree n and n vertices have degree m.The dia-
meter being 2, the structure of the degree sum exponent distance matrix is,

MXdiSt(Kmﬁn) - |: (m—'—?’l)JnXm 4m2A(K’n)

where J is matrix of all 1’s and A is the adjacency matrix. The degree sum expo-
nent distance polynomial is then given by,

|OZI B MXdiSt(Kmyn” - _(m + n)Jnxm aly, — 4m2A(Kn)

al, —4n?A(K,,) —(m+n)Jmxn ‘

Using Lemma 4.4 we get the degree sum exponent distance polynomial,
|aI—MXdist(Km,n)| =
[+ 4n2]™ " Ha + 4m?]" a2 — 4(n?(m — 1) + m?(n — 1))a + 16m?n?(n — 1)(m —
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1) — (m + n)?*mn).

The quadratic equation above has [4(n?(m — 1) + m?(n — 1)]> > 4 x [16m?n?(n —
1)(m — 1) — (m + n)?mn| hence sum of absolute roots is 4(n?(m — 1) + m?(n — 1))
and on adding all absolute eigenvalues the theorem follows. ([l

For example, in case of K3 4, eigenvalues are —64(2times), 36(3times), 91.7702
and 144.2298 giving the energy , Exqisi(K3,4) = 472.

Corollary 4.6. The degree sum exponent distance energy of the star graph Ki ,
18,
EXdist(Kl,n) = 8(7’l — 1)

Proof. Put m =1 in Theorem 4.5. O

Corollary 4.7. The degree sum exponent distance energy of the equi-bipartite graph
K, s,
Exaist(Knn) = 16n%(n —1) .

Proof. Put m = n in Theorem 4.5. O

Theorem 4.8. If B,, (n > 3) is a book graph of order (n+2) with triangular pages
and size (2n+ 1), then Exaist of By s, Exaist(Bn)=36n — 28

Proof. The book graph B,, with triangular pages has two sets of vertices, a set with
n vertices of degree 2 and the remaining 2 vertices of degree (n+1). The structure
of the degree sum exponent distance matrix is,

2(n+1)A(Kz)  (n+ 3)Jaxn
MXd“t(B"):{ (n+3)Jnx2  16A(K,) }

where J is matrix of all 1’s and A is the adjacency matrix. The degree sum expo-
nent distance polynomial is then given by,

|CYI - MXdist(Bn>| =

als — 2(n+ 1)A(K2) —(n—|—3)J2><n
—(n+3)Jnx2 al, — 16A(K,,) |

Using Lemma 4.4 we get the degree sum exponent distance polynomial,

|l — MxXaist(By)| = [a+ 16]" Ha +2(n + 1)][a® — 2(9n — T)a + 2(16(n — 1) (n +
1) —n(n +3)%)].

The quadratic equation above has [2(9n —T7)]2 > 4 x 2(16(n —1)(n+1) —n(n+3)?)
hence sum of absolute roots is 2(9n — 7) and the theorem follows on adding all
absolute eigenvalues. (I

Let K,, — e and K,, + e denote the graph obtained from complete graph K,
by deleting an edge, adding an edge respectively.
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Theorem 4.9.
EXdist (Kn - 6)

44.3606 if n = 4 (2)
4(n—1)(n—3)+2(n—2)%if n>4

Proof. The graph K,, — e is of diameter 2 and has two vertices with distance two
and remaining at distance one.
For n = 4, using Matlab we have Eyq;st(K4 — €) = 44.3606
The degree sum exponent distance matrix of K,, — e has the form,
0 4(n —2)? (2n — 3)J1xn—2
MXdist(Kn — 6) = 4(n - 2)2 0 (27L - 3)J1><n_2
(QTL — 3)Jn,2><1 (2n — 3)Jn,2><1 2(71 — ].)A(KH,Q)
So that the degree sum exponent distance polynomial of K,, — e is given by,
|OéI - MXdist(Kn - 6)‘
a —4(n — 2)? —(2n — 3)Jixn-2
= —4(n — 2)? o —(2n — 3)J1xn—2
—(2n — 3)Jn,2><1 —(2n — 3)Jn,2><1 OzIn,Q — 2(n — 1)A(Kn,2)
Using Lemma 4.4 we get the degree sum exponent distance polynomial,
|l — Mxgist(Kn —€)|= [a+4(n —2)?][a+2(n — 1)]"3[a® = 2((n — 1)(n — 3) +
2(n — 2)%)a + 2(n — 2)(4(n — 1)(n — 3)(n — 2) — (2n — 3)?)] for n > 4. Since
2(n—1)(n—-3)+2(n—-2)?)2>4x2(n-2)(4(n—1)(n—3)(n—2) — (2n — 3)?),
the sum of absolute roots of the quadratic is (2((n — 1)(n — 3) + 2(n — 2)?).
Hence the theorem.

Theorem 4.10. Exgist (K, +€)=2(n —1)(n —2) + |az| + |az| + |as],

where ay,as and ag are roots of the equation,

[@®—=2(n—1)(n—2)a? - (2n—1)2(n—1)+n*(n—1)+ (n+1)?)a+2(n+1)(n—
D((n+1)(n—2)—n%2n—1))] =0.

Proof. In K,, + e there is one vertex with degree n, one vertex with degree 1 and
remaining n — 1 have degree n — 1. Thus we get the degree sum exponent distance
matrix with suitable labeling as,
0 (n+ 1) (2717 1)J1><n—1
MXdist(Kn + 6) = (n + ]—) 0 anlxnfl
(2?’L — 1)Jn,1><1 n2Jn,1><1 2(n — 1)A(Kn,1)
So that the degree sum exponent distance polynomial of K,, + e is given by,
|O{I - MXdist(Kn + 6)‘
a —(n+1) —(2n —1)J1xn-1
= —(n+1) o —n2J 1 xn_1
—(2’11 — l)Jn—lxl —’I’LZJn_lxl OéIn_l — 2(’/7, — 1)A(Kn_1)
Using Lemma 4.4 we get the degree sum exponent distance polynomial,
|al — Mxgist(Kn +€)| =[a+2(n—1)]""2[a®—-2(n—1)(n—2)a® — ((2n —1)%(n —
D4+ntn—1)+mn+1)Ha+2(n+1)(n—1)((n+1)(n—2) —n?(2n —1))].
On extracting eigenvalues and taking the absolute sum, we get the theorem. O

For example, in case of K5+e, eigenvalues are —40.5244, —8(3times), —3.5991,
68.1235 giving the energy as, Exqist(Ks +¢e) = 136.247 .
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Definition 4.11 (Vertex Coalescence). If G1 and G2 are any two graphs then the
graph obtained by gluing G1 and G2 at a point is v called vertex coalescence denoted
by G1 OU GQ.

Definition 4.12 (Edge Coalescence). If G1 and Gs are any two graphs then the
graph obtained by merging G1 and G2 on an edge e is called edge coalescence denoted
by G1 OeGQ.

Now we consider the degree sum exponent distance energy of vertex coales-
cence and edge coalescence of complete graphs of same order. Let K, be a complete
graph of order n then the vertex coalescence of K, with K, will be denoted by
K,O,K, and the edge coalescence by K,O.K,.

K, O,K, has 2n — 1 vertices and 2 x ( "C3) edges whereas K,O.K,, has
2n — 2 vertices and 2 x ( "Cy — 1) edges.

Lemma 4.13. [19] Let a and b be two arbitrary constants, I is the identity matriz
and J is nxn matriz whose all entries 1’s. If A = (a—b)I+bJ then the characteristic
polynomial of A is, [N — Al =[N —a+b""A—a— (n—1)b.

Theorem 4.14. The degree sum exponent distance energy of the vertex coalescence
of two complete graphs K,, for n > 3 is given by,
EXaist(KnOuKy) =2(n—1)(2n% —5n+8)+2(n—1)1/(2n2 — 5n + 8)% + 18(n — 1).

Proof. The graph K,,0,K,, has two sets of vertices one at a distance 2 from each
other and other at 1, being of diameter 2. With suitable labeling the degree sum
exponent distance matrix of K, 0, K, takes the form,
0 S(n— 1)J1><n,1 3(71— 1)J1><n,1

MXdist(KnOvKn): 3(” - 1)Jn—1><1 2(” - 1)A(Kn—1) 4(” - 1)2Jn—1><n—1

3(71 - 1)Jn_1><1 4(71 - 1)2Jn—1><n—1 2(n - I)A(Kn_l)
So that the degree sum exponent distance polynomial of K,,0, K,
|aI—MXdist(KnOvKn)| =

@ —3(71— 1)‘]1><7L—1 —3(7’L— 1)J1><n—1
73(’”’ - I)Jn—lxl aI7L—1 - 2(77/ - 1)A(Kn_1) *4(” — 1)2Jn—1><n—1
—3(TL - 1)Jn,1><1 —4(7’L - 1)2Jn71><nfl O[In,1 - 2(n — 1)A(Kn,1)

Using Lemma 4.11 we get the degree sum exponent distance polynomial,
|aI—MXdist(KnOvKn)| =

[a+2(n—1)2(n—1)2 —n+2)][a+2(n—1)]?""*a? —2(n — 1)(2n% — 5n + 8)a —
18(n — 1)3].

On extracting eigenvalues and taking the absolute sum, we get the theorem. O

For example, in case of K50, K5, eigenvalues are —232, —8(6times), —4.0555,
284.0555 giving the energy as, Exaist(K50,K5) = 568.111.

Theorem 4.15. The degree sum exponent distance energy of the edge coalescence
of two complete graphs K,, for n > 3 is given by, EXaist(K,O K, )=4(2n — 3) +
4n—=1)(2n* —Tn+7)+8(n—1)(n - 3).
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Proof. The graph K, O.K, has two sets of vertices one at a distance 2 from each
other and other at 1, being of diameter 2. There are two vertices of degree (2n — 3)
and remaining (2n — 4) of degree (n — 1). With suitable labeling the degree sum
exponent distance matrix of K,,O.K,, takes the form,
2(277, — 3)A(K2) (377, - 4)J2><n_2 (3Tl — 4)J2><n_2
MxXaist(KnOcKyp)= | (B3n—4)Jp_0x2  2(n—1)A(K,—2)  4(n—1)%Jp_oxn_2
(37’L — 4)Jn,2><2 4(n — 1)2Jn72><n72 2(7’L — 1)A(Kn,2)
So that the degree sum exponent distance polynomial of K,O.K, is given by,
|al - MXdist(KnOeKn)|:

OéIQ — 2(2n — 3)A(K2) —(3n — 4)J2><n,2 —(3n — 4)J2><n72
—(371 — 4)Jn,2><2 OzIn,Q — 2(TL — 1)A(Kn,2) —4(n - 1)2Jn72><n72
—(3’11 — 4)Jn_2><2 —4(n — 1)2Jn—2><n—2 Oz]n_g — 2(n — 1)A(Kn_2)

So that the degree sum exponent distance polynomial of K, O.K,, is given by,

|l — Mxaist(KnOeKy)|= [+ 2(2n — 3)][a + 2(n — 1)(2n% — Tn + 7)][a + 2(n —
)] 5[a? —2(2n3 — Tn? +8n—4)a+4(2n - 3)(n—1)((2n—1)(n — 3) +2n — 2) —
4(3n —4)%(n — 2)].

On extracting eigenvalues and taking the absolute sum, we get the following theo-
rem. ([l

For example, in case of K50.K5, eigenvalues are —176, —14, —8(4times),
—6.7839,215.2161 giving the energy as, Exaist(K50.K5) = 444.003.

From Theorem 4.2 and Theorem 4.3 we see that both SJ and C'P(3) have
same Exgist = 384, although C'P(3) has 12 edges and S has 6 edges. We call such
graphs as degree sum exponent distance equi-energeic.

Definition 4.16. Two non isomorphic graphs on same number of vertices are
said to be degree sum exponent distance equi-energeic if they have same degree sum
exponent distance energy.

5. CONCLUSION

We discussed the degree sum exponent distance energy of graphs. Also, we
discussed bounds on the energy of degree sum exponent distance energy. There
is scope to investigate degree sum exponent distance energy of graphs with higher
diameter,trees,unicyclic graphs etc and also to construct degree sum exponent dis-
tance equi-energetic graphs.
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