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Abstract. Let Fy be a finite field and Fq((X 1)) the field of formal power series
with coefficients in Fq. The purpose of this paper is to exhibit a family of transcen-
dental continued fractions of formal power series over a finite field through some
specific irregularities of its partial quotients.

Key words and Phrases: Continued fraction, formal power series, transcendence,
finite fields.

1. INTRODUCTION

In [5, 1], Maillet and Baker studied the real number z = [ag,a1,...] where

(a;)i>0 is the sequence of partial quotients of z such that a, = apn41 = ... =
@pyr(n)—1, for infinitely many positive integers n where A(n) is a sequence of in-
tegers verifying some increasing properties. The authors showed that such an x is
transcendental and their proof is based on the theorem of Davenport and Roth [7]
and the consideration of the assumption on (a;);>¢ that it is bounded.
Later, Adamczewski and Bugeaud [3] suggested a new transcendence criteria for
continued fractions by using the Schmidt subspace Theorem given in [15] where the
author showed that if an irrational number is very well approximated by quadratic
numbers then it is quadratic or transcendental.

Unfortunately, in the field of formal series, we do not have similar theorems
to those of Roth and Schmidt. In 1976, Baum and Sweet [8] proved that the unique
solution in Fy((X 1)) of the cubic equation

X +a+X=0
has a continued fraction expansion with partial quotients of bounded degree.

They observed that no real algebraic number of degree > 3 has yet been shown to
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have bounded or unbounded partial quotients.

In 1986, Mills and Robbins [14] provided an example of algebraic formal series
over Fo(X) whose sequence of partial quotients is unbounded.

In 2004, Mkaouar [12] gave a similar result to the Baker one [1] concerning
the transcendence of formal series over a finite field.

In 2006, Hbaib, Mkaouar and Tounsi [10] proved a result which allows the
construction of a family of transcendental continued fractions over F,((X 1)) from
an algebraic formal series of degree more than 2.

In 2019, in collaboration with S. Driss [9], we showed that, if the contin-
ued fraction of a formal power series in F,((X~!)) begins with sufficiently large
geometric blocks, then f is transcendental.

In this work we give a new transcendence criteria which depends only on the
length of specific blocks appearing in the sequence of partial quotients.

This article is organized as follows: In the next section, we set up the problem
and we give some useful definitions and known results in the field of formal power
series and the continued fraction expansions over this field. In section 3, we treat
the objective of this paper and establish a new general result on a transcendence
criterion. Later, we give an example to illustrate the importance of our result.

2. FIELD OF FORMAL SERIES F,((X'))

Let Iy be a field with ¢ > 1 elements of characteristic p > 0. We denote by
F,[X] the ring of polynomials with coefficients in F, and F,(X) the field of rational
functions. Let F,((X 1)) be the field of formal series, i.e., for any f € F,((X 1)),
f can be written as,

f=> bx"

n>ngo

where b, € F,; and ng € Z. A formal series f = Z b,X ™" has a unique decom-
n>ngo

position as f = [f] + {f} with the polynomial part [f] € F,[X] and the fractional

part verifying |{f}| < 1. Here we define the non-archimedean absolute value as

follows:

_ [ gt it f#0,
|f—{0 if £ = 0. (1)
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Thus, |f + g| < max(|f|,|g]) and |f + g| = max(|f],|g]) if |f| # |g|- Let us also
recall that the continued fraction expansion of a formal series f is written as

1
f:aoJril:[ao,al,ag,...],
ar+
az + —

where ag = [f], and for i > 1, a; = [fi] € F4[X] with deg(a;) > 1 and f; = ﬁ
Here, (a;);>0 is called the sequence of partial quotients of f and we denote by
fn = lan, @ny1,...] the n-th complete quotient of f.

Remark 2.1. [4]

(1) If (deg(a;))i>o is bounded then f has a bounded continued fraction expan-
sion.

(2) The expansion is finite if and only if f € Fy(X).

(8) The sequence of partial quotients of f is ultimately periodic if and only if
f is quadratic over Fq(X).

Now, we define two sequences of polynomials (P,,)n>0 and (Qn)n>0 by
Po=ap, Qo=1, PL=aga1 +1, Q1 =a;

Py =anPyr 1+ Po2, Qn=0,Qn-1+ Qn—2, for n > 2. (2)
We can check that
PyQn-1— Po1Qn = (-1)"7", forn > 1,

P,
Q—n = [ag, a1,...,ay], for n > 0.
n
P
— is called the n'* convergent of f and it satisfies
n
. P
nh_{réo—n =f=lap,a1,...,an,...].

n

According to the properties of on-archimedean absolute value, we find the
following important equality

Pn PnJrl Pn — _ _
If—*IZIQ o 0. = |QuQunr1|™ = lanta|7HQnl >
n n n

Let f be an algebraic formal series of minimal polynomial P(Y) = A, Y™ +
Amilym—l + ...+ Ay where A; € Fq[X] We let H(f) = mMaxp<i<m |Az| and
o(f) = Am.
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3. RESULTS

Before giving the main result, we need to introduce some notation.
If K = uqyUay - - - Uq, is a finite block formed by n + 1 polynomials, we denote by
| K| the length of this block and by ¢(K) the maximal degree which appears in the
terms of K, which means that ¢(K) = Orgiaéxn(deg(uai)).

If U,, V,, are two finite blocks of polynom_iaTs, we write U,,V,, for the block resulting
by concatenation of these two blocks.

Definition 3. 1 We say that U is geometric of order s if there exists K; such that

U= KKqKq ~-Kiqs with K; = H() aY for each i > 0 being a block of
polynomzals

Now, we present the most important result, interesting in its own right, of
our paper which severs to provide a criterion for a given formal power series being
transcendental.

Theorem 3.2. Let f € F,((X™1)) such that f = [UgVo, U1 Vi, ..., Uy Vy,...] where
(Un)n>o and (Vi)n>0 are two sequences of finite blocks of polynomials such that

(1) U; is geometric of order A;.
(2) (M\i)i>1 is an increasing sequence of positive integers.

(8) The sequences (:g ||)n>0 and (‘)\n|)n>0 are bounded.
(4) sup [HP| < M Vi Vj
(5) (Vi) < o(U,), for alln > 0.
If f satisfies
-1
lim sup qi = 400,

n—too NAp_1g =1

then f is transcendental.

To prove Theorem 3.2 we will need the following lemmas.

Lemma 3.3. [10] Assume that f is an algebraic formal series of degree d such
that f = [a1,az2,...,as, h] where for any 1 <i <t, a; € Fy[X], h € F,((X1)). If
|f| > 1 and |h| > 1 then h is algebraic of degree d and

t
PITT sl
=1

Lemma 3.4. [?, Lemma 2.2] Let P(Y) = A,,Y" + Ay Y™ L+ ...+ Ag be a
reduced polynomial in Fy[X|[Y] with A; € Fo[X], A, # 0 and |Am—1] > |A;| for
alli #m —1. Then P admits a unique root f with |f| > 1 and [f] = [7%].
Moreover, P is irreducible. "
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Lemma 3.5. [13] Let f = [ag,a1,...] and g = [bo,b1,...] be two formal series
having the same first n + 1 terms of partial quotients. Then
1
f=9 <53
SR ORE

where (Qn)n>0 is a sequence of polynomials which is defined in (2).
Lemma 3.6. [10] Let f and g be two algebraic formal series of degree d and m
respectively. If g is reduced and f # g, then

1
— > .
|f g| = H(f)m‘g|d72|0(g)|mar(m71,m(d7m+2)71)

Proof. of Theorem 3.2 Assume that f is algebraic of degree d > 2 and U; =

2 A;—1 7 7
KKIKS - K{' for any i > 0, with K; = H{” .-~ H}) € F[X] of degree > 1.
Let us use the notation: K,, = H{") . Hgf) € Fy[ XK = Bn, [Val = sn,

n—1
|Un| = MpfBn for all m > 0 and a, = > (NS + 85).
i=0
Let g,, denote the continued fraction [U,, U, U,‘{z, ...,U% .. ]. An easy calculation
ensures that g, verifies the following equation
46,98 —Pp, 9% + s —19n — Dp,—1 =0, (3)
where (’;—")nzl is the sequence of reduit of g,. Hence Lemma 3.4 guarantees
Bn
that g, is algebraic of degree ¢ + 1 such that H(g,) = |ps,| = 11 |Hi(n)| and
i=1

Bn
o(gn)] = las, | = IL 1H"

Let fo, = [UnVi, Upns1 Vg1, - . -] denote the o complete quotient of f. Since
Sup|Hi(])| < M, Vi Vj, then for sufficiently large n, g, # fa,. On the other
hand, it follows from Lemma 3.3 that f, is algebraic of degree d > 2. Therefore,
according to Lemma 3.6, we can check, for sufficiently large n that:

1
an ~ Yn Z 5 - 4
o = 00l 2 G e Tg A 2o (gD )

So )
‘fan - gn‘ Z (5)

Ba :
H(fa, )1+ |gn|d=2| T] H |da+1)=a"
=2

QAn

Moreover, by using Lemma 3.3, we can check that H(f,,) < H(f)| [[ a:|9"2, where
i=1

(ai)i>0 is the sequence of partial quotients of f.

So )

(6)

|fom - gn| > o . .
H(H#| L al =Dy =2 T A D=
i=1 =2



120 R. GHORBEL AND H. KTHIRI

Furthermore, f,, and g, have the same first A, partial quotients, hence
Lemma 3.5 implies that

1

|fan - gn| < o . (7)
B RO
Combining (6) and (7), we get
[e20) Bn
H(f)q+1| H ai|(d72)(q+1)|H§n)|d—2| H Hi(n)|d(q+1),q2 > |H£”) o Hé’:)|2(q>l\lizl)'

i=1 i=2
Let M = sup |(HJ(Z))| for all 1 < j < n. Using the fact that o(V;) < ¢(U;) for
i>0
all ¢ > 0, we get deg(a;) < qunfrl, for all 0 < ¢ < «,. Then

oy, o o
) Ap_1-1 Ap_1—-1
|Hai| — qucgal < HMfI n — M )otn
i=1 i=1 i=1
So

28n (A —1)

H(f)rr M@= Dan(d=2)(a+1) pr(d=2) (B —D(dlat1)=a*) > =55
From this we get
2Bn (g™ —1)

H(f)aH MU Dan(@=2) (@4 ) +H(d=2)+Ba -1 (g +)=a")] 5 (=5

So

(g+1)log(H(£)+[(a " Han(d—2)(g+1)+(d—2)+(Bn—1)(d(g+1) —¢*)] log(M)

28n (g™ — 1
> %log(q).

Using the fact that |K,| = 8, is bounded and tend n to oo,
)\n J—
S 26n(g™ —1)

(¢ an(d = 2)(g + 1) log(M) = = ——log(a).
Therefore
An 1 (d—2)(q* — 1) log(M)
Lims < <C
nortot GpgOn D = 2log(q)Bn o
d—2)(¢*> —1)log(M
with ¢ — (4=2(¢" = D1og(M)
2log(q)
Since the sequence (M)izo is bounded, there exists ¢ > 0 such that s; < cA;

|Us|
|Un|

T)nzo is bounded, then there is a real & > 0 such that

for all 4 > 0. Also, since (
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Il){n‘ =B, <k, for all n > 0.
Thus

an < (e+DApo1nfn < k(c+ D)Ap—1n = hr,—1n
with h = (¢4 1)k. Hence, we conclude that

i q)\n -1
im sup

—_— < 00,
n—+oo n)\'rz—l(])\"_1

which contradicts our hypothesis.

We close this paper with the following application.

Example 3.7. Let f € F,((X™1)) for ¢ = p® (p a prime, a > 1 an integer) such
that f = [U()Vvo7 (]1‘/17 R ,Uvn‘/vn7 . ]

where U; = [H;, H?, H}, - - ,foi*l], with H; = [Pi(l),PZ.(?)’... ,Pi(s)] such that
Pi(j) =X/ +iandV; = [X, X% X, X%, X,X?] of length \; = (i + 1)2, for all
1> 0. Then f is transcendental because

(n+1)? _q
limsup ——5— = +o0.
n——+o0o n3 - qr
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