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Abstract. A dominating set D of a graph G = (V, E) is a split dominating set if
the induced graph (V — D) is disconnected. The split domination number vs(G) is
the minimum cardinality of a split domination set. A graph G is called vertex split
domination critical if vs(G—v) < vs(G) for every vertex v € G. A graph G is called
edge split domination critical if vs(G + €) < vs(G) for every edge e in G. In this
chapter, whether for some standard graphs are split domination vertex critical or
not are investigated and then characterized 2-vns-critical and 3-yns-critical graphs
with respect to the diameter of a graph G with vertex removal. Further, it is shown
that there is no existence of vs-critical graph for edge addition.

1. INTRODUCTION

The graphs considered in this paper are finite, connected, undirected and
without loops or multiple edges. Terminology not defined here will conform to that
in [4]. Let P,,Cp, K1 n, Kpn, Ky, Wn,Dr(Lm) denote the path, cycle, star, complete
graph, bipartite graph, wheel graph, and dutch wind mill graph. An end vertex of
a graph G is a vertex of degree 1 and an support vertex of a graph G is a vertex
adjacent to an end vertex.

The neighborhood of a vertex v in G is denoted by N(v) and is given by
N@w) = {u € V(G)/u is adjacent to v in G}. The diameter of the graph G is a
measure of the length of the longest minimal path and is denoted by diam(G).

The graph with n+1 vertices labeled uy, ug, us, uy, . .., upy1 and edges ujug,
UgUs3, U3Uyg, - . . , UpUn4+1 18 called a path of length n, denoted by P,4+1. We call uq
and u,4+1 the end-vertices of the path. The cycle of length of n, C,,, is the graph
with n vertices ug, uy, ug,us, ..., uy,—1 and the edges upuy, uius, Usus, . . . , Up_1Ug-
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A simple graph of order n with all possible edges is called a complete graph of order
n, denoted by K, .

A graph G = (V, E) is said to be r-partite (where r is an positive integer) if
its V(G) can be partitioned as V = V3 UV,oU, ..., UV, such that if wv is an edge of
G then w is in some V; and v is in some other Vj; that is, everyone of the induced
subgraphs (V;) is an empty graph. The graph obtained from G by subdividing each
edge of G exactly once is called the subdivision graph [1] of G and it denoted by
S(G).

A set of vertices S is said to dominate the graph G if for each v ¢ S, there is
a vertex u € S with v adjacent to u. The minimum cardinality of any dominating
set is called the domination number of G and is denoted by v(G). For complete
review on domination refer [5]. The concept of split domination has been studied
by V.R. Kulli and B. Janikiram [6]. A dominating set D of a graph G = (V, E)
is a split dominating set if the induced graph (V — D) is disconnected. The split
domination number vs(G) is the minimum cardinality of a split domination set.

A graph G is called vertex split critical if vs(G—v) < v5(G) for every vertex v
in G. Thus, G is k-vs-critical if v5(G) = k, for each vertex v € V(G), vs(G—v) < k.
A graph G is called edge split critical if vs(G + €) < 75(G) for every edge e in G.
Thus, G is k-v,-critical if v,(G) = k and for each edge e € G, v5(G +¢) < k.

Let us consider the two terrorist groups say A and B which are intercon-
nected with each other with group members as the vertices and the edges as the
communication between them. Among these two groups, their are minimum num-
ber of people who had the communication with all the members of the two groups
called domination members, among them few may have communication between
two groups. Since the two terrorist groups are connected their terrorist activity
may increase. Suppose the military people wants to make the terrorists activity
to be inactive, it is better to destroy the domination members and also the groups
members in such a way that the two groups gets separated so that there is no
communication between the groups and also between the members of the groups.
This is the motivation for studying split domination.

The domination vertex and edge critical graphs studied extensively in [7, 2,
8, 3, 9]. Since the dominating members are more strong, instead of dominating
members, we can destroy the others members along with the dominating members
in such a way that, no communication between the two groups. The numbers
of people to be destroyed will be less than or equal to the domination members.
This motivated us to study split domination vertex and edge critical graphs. First
we discuss whether some particular classes of graphs are ~ys-vertex critical or not,
2 —ys-vertex critical and 3 —y,-vertex critical graphs are characterized with respect
to diameter of the graph G for vertex removal and then we had shown that there
is no ~ys-critical graph for edge addition.
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2. SPLIT DOMINATION VERTEX CRITICAL GRAPHS

In this entire section, the graph G # K,, considered should be a simple
graph and G — {v},v € V(G) having n components, either contains a non-complete
component or at least two non-trivial components.

Theorem 2.1. (Kulli and Janakiram [6]) For any cycle Cy,, v5(Cpn) = [§1],n > 4.

Theorem 2.2. (Chelvam and Chellathurai [10]) vs(Pn) = [§1,n > 2, where P, is
a path of length n — 1.

Theorem 2.3. (Kulli and Janakiram [6]) For any connected graph G with an
end-vertez, vs(G) = v(G). Furthermore, there exists a vs-set of G containing all
vertices adjacent to end-vertices.

Theorem 2.4. For any connected graph G,
Ys(G) — 1 < 75(G — v) < 75(GQ) + deg(v) — 1,v € V(Q).

PROOF. Let G be a connected graph and v € V(G). Since the domination number
will increase by more than one and decreases by at most one when a vertex is
removed from G, thus v5(G) — 1 < v5(G — v). For the upper bound, let H be a
vs-set of G.

Case 1. Let v ¢ H, then v4(G — v) < 74(G).

Case 2. Let v € H, and let B = {v;/v; € N(v),v; ¢ N(H —v)}.

(i) If |B| = ¢, then v5(G — v) = |H| — |v|. Hence v5(G —v) < v5(G).

(i) I | B| # 6, then 7,(G — v) < |H| + |B| - [{v}|=7(G) + |B| 1.

Since |B| < deg(v), vs(G —v) < 75(GQ) + deg(v) — 1.

Hence the proof.

Theorem 2.5. The graph G = C),, n > 3 is ys-vertex critical forn =3p+1,p>1
and is not ~ys-vertex critical for n # 3p + 1.

Proor. By Theorem 2.1, v,(Cy) = [5] and in G — {v}, v € V(G) will be a path
with n — 1 vertices and by Theorem 2.2, for n — 1 vertices, vs(G —v) = vs(Pp—1) =
(51

Ca?ée 1. Whenn=3p+1,p>1.

Then, v4(G —v) = v5(Pr—1) = [%1 = [p]. Since [p] < [p+ 3] for any p > 1.
Thus 75(G — v) < 7s(G). Hence G = C,, is 7s-vertex critical for n =3p + 1,p > 1.
Case 2. Whenn #3p+1,p > 1.

Since [2] = [251] for n =3p+2orn=3p+3, p > 1. Thus 7,(G — v) = 75(G).
Hence G = C,, is not ys-vertex critical for n # 3p+ 1,p > 1.

Theorem 2.6. The path P,, n > 5 is not vys-vertex critical.

PROOF. Case 1. If v; is not an end-vertex, then P, — {v;} is disconnected into two
components G; and Gy with |[V(G1)| = ny and |V (G2)| = ng such that ny+na+1 =
n. For a disconnected graph, v5(G) = v(G), thus vs(P, —v;)= v(G1) +7(G2). Since
G1 and G5 are paths.

Subcase 3.1. When (ny # 3r and ng # 3r) or (n; # 3r and ng = 3r) or (n; = 3r
and ng # 3r,r > 1),
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Vs (Pn —0i) = [ ] + [5]
i)

{n1+n§17nlw

(2511 =[31
Thus vs(Pp — v;) > vs(Py)-
Subcase 3.2. When ny; = 3r and ny = 3r,7r > 1,
— nitno

3
_ ni+n—1—ny

AVARAVARAY,

n—1
Since 2+ < [2]. Thus vs(P, — v;) < 7s(Pn). P, in not ~ys-critical because
Vs (Pr, — v;) < vs(Py,) only if v; is not an end-vertex and ny = 3r,ny = 3r not for
any vertex v; € V(P,)
Case 2. Suppose v; is an end-vertex of P, and n = 3p+ 1,p > 2. By Theorem 2.2,
VS(PTL) = [%—‘ = |—p+ %—‘ Thus st(Pn - Ui) = 'YS(Pnfl) = |—nT_1-| = ’—%—' =
[p]. Since [p] < [p+ 3] = [%] for p > 2. Hence v(P, — v;) < ¥s(Py). Py, in not
vs-critical because vs(P, — v;) < vs(Py,) only if v; is end-vertex not for any vertex
v; € V(Pn)
Case 3. Suppose v; is an end-vertex and n # 3p 4+ 1,p > 2. By Theorem 2.2,
VS(PH) = |—%-| Thus VS(Pn - Ui) = Vs(Pn—l) = [%] Since |—%-| = [%] for
n=3p+2orn=3p+3, p>1 Hence vs(P, —v;) = vs(FPy).
From all the cases above, P,,,n > 5 is not ~ys-vertex critical.

Theorem 2.7. If a graph G is 2-vys-vertex critical, then diam(G) = 2.

PROOF. Let G be a connected 2-v4-vertex critical graph and suppose G has diame-
ter at least 3. Assume that P = vy, v9,...,v4 be the longest diametrical path with
the distance equal to the diam(G). Let D! be a vs-set of G — {v},v € diametrical
path. Since G is 2-vys-vertex critical graph, then (G — v) = 1 for any vertex
v € V(G) and |D!| = 1. If vy € D' N P, then there exists at least one vertex
say v; € diametrical path in G — {v} which is not covered by vj. Thus v; is not
dominated by any vertex of D!, which is a contradiction. If diam(G) is one, then
G is not ys-vertex critical.

Theorem 2.8. If a connected graph G is 3-vs-vertex critical, then diam(G) < 4.

PROOF. Let G be a connected 3-y4-vertex critical graph and suppose G has diam-
eter at least 5. Assume that P = v;,7 = 1,2,3,...,d be the longest diametrical
path with its distance equal to the diam(G). Let D; be a vy4-set of G — {v},v €
diametrical path. Since G is 3-y4-vertex critical, then v4(G — v) < 2 for any vertex
v € V(G). The set Dy contains at most two vertices say v; and vs.

Case 1: If both v; and vy are in D1, then there exists at least one vertex say v, €
diametrical path in G — {v} which is not adjacent to v1 or vy and hence a contra-
diction.

Case 2: If either of v; or vy is in Dy, then there exists at least one vertex say vy in
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G — {v} which is not covered by vy or vy, which is a contradiction.
This completes the proof.

Theorem 2.9. No tree T,n > 4 is ys-vertex critical with respect to split domina-
tion.

PROOF. Let D be a ~,-set of tree T, A = {v;/v; is a support vertex of T}, then by
Theorem 2.3, the set D will not contain an end-vertices, A C D. Now consider the
graph T — {v},v € A. The graph T — {v} is disconnected into k > 2 components
and let C' = {vy,/vm € N(v), v ¢ N(D —v)}.

Case 1. If |C] = 1, then (T —v) = |D| = [{v}| + |C| = |D| = vs(T).

Case 2. if |C] # 1, then v5(T — v) = |D| — |[{v}| + |C| > |D| = ~s(T).

Hence the tree T is not vys-vertex critical.

Proposition 2.10. For any Wheel graph W,,, vs(W,) = 3.

Theorem 2.11. The graph G = W, is ys-vertex critical for n = 5,6,7 and not
vs-vertex critical for n > 8.

PROOF. Let v; € V(G) such that deg(v;) = n—1 and let D be a y,-set of G = W,,.
Case 1. n=5,6,7.

Let v € V(G),v # vj, then v,(G —v) = {v;} U{vr}| = 2, ¢ N(v) in G. By
Proposition 2.10, 75(G —v) < 75(G). If v = v;, then G — {v;} will be a cycle Cy4
or C5 or Cg and ~,(Cy4 or Cs or Cg) = 2. By Proposition 2.10, v5(G — v) < v5(G).
Hence G = W, is ~ys-vertex critical for n = 5,6, 7.

Case 2. n > 8.

Let v € V(G),v # vj, then v,(G —v) = {v;} U{vr}| = 2, ¢ N(v) in G. By
Proposition 2.10, v5(G — v) < 7s(G). If v = vj, then G — {v;} will be a cycle
Cp,n > 7 and v5(C,) > 3. By Proposition 2.10, v:(G — v) > ~5(G). Hence
G = W, is not ~ys-vertex critical for n > 8. This completes the proof.

Definition 2.12. The Dutch wind mill graph D%m) is the graph obtained by taking
m copies of the cycle C,, with a vertex in common.

Proposition 2.13. For any Dutch wind mill graph D,(Z’”L), m>2n>4, v (D,Sm)) =

m[252] + 1.

Theorem 2.14. The Dutch wind mill graph G = D%m),m >2,n >4, is vs-vertex
critical forn =3p+1,p > 1 and not vs-vertex critical for n # 3p+1,p > 1.

PROOF. Let vy € V(Dq(zm)) with deg(vg) = 2m.

Case 1. If v = vy, then G — {v;} is disconnected into m components, where each
component is of P,_1. By Theorem 2.2, v,(G — vi) = m[251].

Subcase 1.1. If n = 3p+ 1,p > 1, then mf%} = mf"T*ng > 2,n > 4. Hence
by Proposition 2.13, v5(G — vi) < v5(G).

Subcase 1.2. If n # 3p+ 1,p > 1, then m[%‘lw > m[%‘zﬂ,m > 2,n > 4. Hence
by Proposition 2.13, v5(G — vi) > vs(G).

Case 2. If v # vy, then G —v = G1 UGy, where G; = DSmel) and Go = P,,_1 with
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V(G - {’U}) = V(Gl - {’Ul}) U V(GQ - {Ug}) Uwvs, v = vg = 03,01 € V(Gl),vg S
V(G2) and E(G — {v}) = E(G1) U E(G2). Let A and B be a v4-set of G; and Gs.
Subcase 2.1. If n =3p+1,p > 1.

The set B has to contain a vertex vg or N(vg), v € V(D,(lm))7 then

75(G1) = |A] = (m = 1)7s(Pa-1) = m["53]. Thus %(G —v) = [A] + |B| =
m[%] + [%1 = m(”T’l] Thus v5(G — v) = m(”T*l] < m[”T*l] +1=(G).
Hence G = Dém) is ys-vertex critical for n =3p+ 1,p > 1.

Subcase 2.2. If n #3p+1,p > 1.

The set B has to contain a vertex vy, then

%(G1) = |A] = (m — DD Y) = (m — D[252] + 1. Thus 7(G — v) =
Al +|B| = (m — 1)[252] + 1 + [253] = m[252] + 1. Thus by Proposition 2.13,
vs(G —v) = v5(G). Hence G = D™ is not ~s-vertex critical for n # 3p+1,p > 1.
The result follows from the cases above.

Theorem 2.15. If G is vys-vertex critical, then there is no support vertex in G
which is adjacent to one or more end-vertices.

PROOF. Suppose v; is a support vertex which is adjacent to at least one end-vertex,
say 1 of a graph G and let G; = G — {v1}. Let D; be a v4-set of G. Now consider
the graph Gy, since v is a support vertex in G by Theorem 2.3, v; € D; and the
graph G, is disconnected. Let A1 = {vy, /v € N(v1),0m ¢ N(D1 —v1)}.

Case 1. If |A1| = 1, then v5(G1) = |D1| — [{v1}| + | A1| = |D1|. Thus v5(G1) =
vs(G). Which contradicts our assumption.

Case 2. If |A1| > 1, then v,(G1) = |D1|—|{v1 }|+]A1| > |D1]. Thus vs(G1) > vs(G).
Which contradicts our assumption.

Hence the proof.

Corollary 2.16. If G is ys-vertex critical, then no two support vertices are adja-
cent.

Proposition 2.17. For any subdivision graph of K, vs(S(K,)) =n—1,n > 3.
Theorem 2.18. The graph G = S(K,,) is not vs-vertex critical for n > 3.

PROOF. Let us assume that G = S(K,,) is ys-vertex critical, then for each vertex
v € V(G), 75(G —v) < 75(G). Let us consider the graph G — {v}, v € V(K,,)
and B = {v;/v; is a support vertex in G — {v}} with |B| =n — 1 and by Theorem
2.3, B belongs to vs-set of G — {v} and (G — {v} — B) is disconnected. Thus
vs(G —v) = |B| = n — 1. By Proposition 2.17, vs(G — v) = ~vs(G). Which
contradicts our assumption. Hence the proof.

Theorem 2.19. The graph G = S(ng)) is ys-vertex critical forn =3p+2,p>1
and not ys-vertex critical forn #3p+2,p>1,m>2,n > 4.

ProoF. Case 1. When n=3p+2,p > 1.

The graph S(Dflm)), n = 3p+2,p > 1is the graph which is obtained by a subdivision
of Dém) forn =3k +2,k > 1. By Theorem 2.14, G = S(Dy(lm)) is ys-vertex critical
form=3p+2,p>1.,
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Case 2. Whenn #3p+2,p > 1.

The graph S(D£L7'L)), n # 3p+2,p > 1is the graph which is obtained by a subdivision
of D%m) for n # 3k + 2,k > 1. By Theorem 2.14, G = S(Dslm)) is not ~ys-vertex
critical for n # 3p+2,p > 1.

The result follows from the cases above.

Proposition 2.20. For any subdivision graph of Ky, »,
VS(S(Km,n)) =m+n—1lm=>nm,n2>2.

Theorem 2.21. The connected graph G = S(K,,n) is not ys-vertex critical for
m>n,m,n > 2.

PROOF. Let us assume that the graph G = S(K,, ) is vs-vertex critical, then
for each vertex v € V(G), 75(G —v) < v5(G). Let V(K,,n) = Vi U Vy where
Vil =m,|Va| =n, A=V (S(Kmn)) —V(Emn). Let us consider the graph G—{v},
v € Vo and E = {v /vy is a support vertex in G — {v}} with |E| = m and by
Theorem 2.3, E belongs to vs-set of G—{v} and (G—{v}—F) is disconnected. Thus
vs(G—v) = |E|+|Va| —|{v}| = m+n—1. By Proposition 2.20, 75(G —v) = v5(G).
Which contradicts our assumption. Hence the proof.

Proposition 2.22. For any subdivision graph of W,
Y (S(Wn)) = 2] 41,0 > 4,
Theorem 2.23. The graph G = S(W,,) is not vs-vertex critical for n > 4.

PROOF. Let us assume that G = S(W,,) is ~s-vertex critical, then for each
vertex v € V(G), 75(G —v) < vs(G). Let us consider the graph G — {v}, v €
V(W,,),deg(v) =n—1 and let B = {v;/v; is an end-vertex € G — {v}} with |B| =
n—1 and by Theorem 2.3, N(B) belongs to v,-set of G—{v} and (G —{v}—N(B))
is disconnected. Thus v4(G —v) = |B] =n—1 and [M] +1>n—1forn >4,

3
by Proposition 2.22, (G — v) > vs(G). Which contradicts our assumption. Hence
the proof.

3. SPLIT DOMINATION EDGE CRITICAL GRAPHS

Definition 3.1. A graph G is called edge split critical, if vs(G + €) < vs(G) for
every edge e in G. Thus G is k-v,-critical if v5(G) = k for each edge e € E(G),
vs(G +e) <k.

In this entire section, the graph considered should be a connected non-
complete graph.

Lemma 3.2. For any connected graph G, the cardinality of the cut-set will remain

equal or increases, if an edge ey is added to a graph G, where e; € E(G), (n > 4).

PROOF. Let V(G) = V(G) = {v11,v12,...,v1,} and C be a minimum cut-set of a
graph G. Then the graph G — C is disconnected into at least two components say
Gl and G2 with V(Gl) = {’1121, V22, ... ,’Ugn} and V(GQ) = {’U31,’U32, ey Ugn}. Let
us consider the graph Gy = G + e, where e; = (v2;,v25) € E(G) for i # j. Then
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the graph G is disconnected and hence the cut-set remains same. Otherwise if
e1 = (ve;,v35) € E(G), then the graph G; is connected and thus we need a vertex
of G to make the graph G disconnected. Hence the cardinality of the cut-set will

remains same or increase, if an edge e; is added to a graph G, where e; € E(G).
This completes the proof.

Lemma 3.3. FEvery minimum split domination set must contains the cut-set of a
graph G.

Theorem 3.4. There is no edge critical graph with respect to split domination.

PROOF. Let D; be a ~y,-set of G. Let us consider the graph G + e, where e € E(G).
By Lemma 3.1 and Lemma 3.2, v,(G + e) > |D; + 1|. Hence with respect split
domination, G is not edge critical.

Theorem 3.5. For any connected graph G,
7s(GQ) < 75(G +e) <v(Q) + 1,e € E(G), (n > 4).

PROOF. Let D and D; be a 7,-set of G and G + e,e € E(G). From Lemma 3.1
and 3.2, v5(G) < vs(G+e). Let A be a minimum cut-set of a graph G. By Lemma
3.2, A C D. The graph G — A will be disconnected into & number of components
G1,Go,G3,...,Gg.

Case 1. If e = vjv9 € E(G), {v1,v2} € V(G1), then v4(G) = v5(G + e).

Case 2. If e = viv2 € E(G),v1 € V(G1),v2 € V(G2), then at least one of {v;} or
{v2} must belong to D; to make the graph G + e disconnected. Thus v5(G +¢) =
[D1] = D] + [{o1} or {e2}] = 75(G) + 1. Hence (G +€) < 745(G) + 1.

This completes the proof.

4. CONCLUSION

In this paper, it is verified that some standard graphs along with any con-
nected graphs are split domination vertex critical or not. In the military network
database, they will have an idea what type of network they can have in such a way
that the network or part of the network is critical. In the network if any of the
domination members is not available, they can reduce the domination members by
at least one.
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