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Abstract. In this paper, we answer the question: for a € (0,1), what are the
greatest value p = p(a) and least value ¢ = g(a), such that the double inequality
Lp(a,b) < A%(a,b)H'(a,b) < Lq(a,b) holds for all a, b > 0? where Ly(a,b),
A(a,b), and H(a,b) are the p-th generalized logarithmic, arithmetic, and harmonic

means of a and b, respectively.
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Abstrak. Dalam paper ini, kami menjawab pertanyaan: untuk « € (0, 1), berapa
nilai terbesar p = p(a) dan nilai terkecil ¢ = g(«), sehingga ketidaksamaan ganda
Lp(a,b) < A%(a,b)H'~*(a,b) < Lq(a,b) dipenuhi untuk semua a, b > 0?7 dengan
Ly(a,b), A(a,b), dan H(a,b) secara berturut-turut adalah rata-rata logaritmik yang
diperumum, aritmatik, dan harmonik ke-p dari a and b.

Kata kunci: Rata-rata logaritmik yang diperumum, rata-rata aritmatik, rata-rata
harmonik.
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1. Introduction

For p € R the generalized logarithmic mean Ly(a,b) of two positive numbers
a and b is defined by

a, a=2>,
Gl _prt1 /P
L (a b): |:(p+1)(Z—b):| ) p#07p7é_laa7ébv
P 100" \1/(b—a) -
e(a“) ) p_07a7éb7
lnb:ilna’ p:717a7£b'

It is well-known that L, (a, b) is continuous and strictly increasing with respect
to p € R for fixed a,b > 0 with a # b. In the recent past, the generalized logarithmic
mean has been the subject of intensive research. In particular, many remarkable
inequalities for L, can be found in the literature [1, 8, 9, 13, 14, 19, 20, 22, 23].
It might be surprising that the generalized logarithmic mean has applications in
economics, physics and even in meteorology [10, 17, 18]. In [10] the authors study
a variant of Jensen’s functional equation involving L,, which appear in a heat
conduction problem.

Let A(a,b) = (a+b)/2, I(a,b) = 1/e(b®/a®)/ =) L(a,b) = (b —a)(Inb —
Ina), G(a,b) = Vab, and H(a,b) = 2ab/(a+b) be the arithmetic, identric, logarith-
mic, geometric, and harmonic means of two positive numbers a and b with a # b,
respectively. Then

min{a, b} < H(a,b) < G(a,b) = L_s(a,b) < L(a,b) = L_1(a,b)
< I(a,b) = Lo(a,b) < A(a,b) = Li(a,b) < max{a,b}.

In [7, 11, 21] the authors present bounds for L(a,b) and I(a,b) in terms of
G(a,b) and A(a,b).

Theorem 1.1. For all positive real numbers a and b with a # b we have
1 1 2
A3 (a,b)G3 (a,b) < L(a,b) < 5A(@.b) + G(a,b)

and

éG(a,b) + %A(a,b) < I(a,b).

The proof of the following Theorem 1.2 can be found in [5].

Theorem 1.2. For all positive real numbers a and b with a # b we have

V/G(a,b)A(a,b) < \/L(a,b)I(a,b) < %(L(a,b) + I(a,b)) < %(G(a,b) + A(a,b)).

For p € R, the p-th power mean M,(a,b) of two positive numbers a and b is
defined by

M

p

aP LbP 1/p
(a,b) — ( <2H7 ) y P 7é Oa
\/(Ea p: 0
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The main properties of these means are given in [5]. Several authors discussed
the relationship of certain means to M,(a,b). The following sharp bounds for L, I,
(IL)*/? and (I + L)/2 in terms of power means are proved in [2, 3, 6, 12, 15, 16].

Theorem 1.3. For all positive real numbers a and b with a # b we have

My(a,b) < L(a,b) < My 3(a,b), Myss(a,b) < I(a,b) < My2(a,b),

My(a,b) < I'?*(a,b)L?(a,b) < M, 5(a,b)
and
%[I(m b) + L(a,b)] < My 2(a,b).
The following Theorems 1.4-1.6 were established by Alzer and Qiu in [4].
Theorem 1.4. The inequalities
aA(a,b) + (1 — @)G(a,b) < I(a,b) < BA(a,b) + (1 — B)G(a,b)
hold for all positive real numbers a and b with a # b if and only if

a<2/3 and B>2/e=0.73575---.

Theorem 1.5. Let a and b be real numbers with a #0b. If 0 < a, b < e, then
[G(a, b)) < [L(a,)]" @ < [A(a, b))%
And, if a,b> e, then

[A(a, b)}G(mb) < [I(a, b)]L(a,b) < [G(a, b)]A(a’b),

Theorem 1.6. For all positive real numbers a and b with a # b we have
1
Mc(aa b) < 5([/(&, b) + I(a7 b))
with the best possible parameter ¢ =1n2/(1 +1n2) = 0.40938 - - - .

It is the aim of this paper to answer the question: for a € (0, 1), what are the
greatest value p = p(«) and least value ¢ = ¢(«), such that the double inequality

Ly(a,b) < A%(a,b)H* " *(a,b) < L,(a,b)

holds for all a, b > 07
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2. Main Results

Theorem 2.1. For a € (0,1) and all a,b > 0 we have
(1) Lga—s(a,b) = A%(a,b)H*"*(a,b) = L_1/4(a,b) fora =1/3 ora =1/2;
(2) L_y1/a(a,b) < A%(a,b)H*"*(a,b) < Lea—s(a,b) fora € (0,1/3)J(1/2,1)
and L_y/o(a,b) > A%(a,b)H'~*(a,b) > Lga—s5(a,b) for a € (1/3,1/2), with
equality if and only if a = b, and the parameters —1/a and 6 — 5 in either case
are best possible.

PROOF. (1) Ifa=1/3 ora =1/2, and a = b, then we clearly see that Lgo—5(a,b) =
A%(a,b)H'~*(a,b) = L_1/4(a,b) = a.
If « =1/3 and a # b, then we have

L6a_5(a, b) = L_l/a(a, b) = L_3((17 b)

21/3(ab)2/3

~ (a+Db)L/3

If « =1/2 and a # b, then we get

_ A1/3(a,b)H2/3(a,b) = Aa(a7b)H1—0¢(a7b)-

Lea—s5(a,b) = L_1/4(a,b) = L_3(a,b)

= (ab)*/? = AY2(a,b)H'?(a,b) = A%(a,b)H'~*(a,b).

(2) Ifa € (0,1) and a = b, then we clearly see that L_; /,(a,b) = A%(a, bYH'=(a,b) =
L¢a—5(a,b). Without loss of generality, we assume that ¢ = a/b > 1 in the following
discussion.

If o = 2/3, then one has

In Lgo—5(a,b) — In[A%*(a, b)) H' ~(a, )]
= InL_y(a,b) — In[A%/3(a,b)H/3(a,b)]

t—1 _
) —In[2 V3(1 4 1)1/3¢1/3], (1)

= In(

Let f1(t) = In(:=1) — In[27/3(1 + ¢)1/3t1/3], then simple computations lead

to
Jim fi(t) = 0, (2)
At = 6o 1%1((12 Dint’ ®)
where gy (t) = (> + 4t + 1) Int — 3(t> — 1).
g(1) = 0, (4)
g = 2 (5)
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where hy(t) = 2t(t +2)Int — 5t2 + 4t + 1.

(1) = (1) =0, (6)
Ri(t) = 4+ 1)Int—8(t—1),
hi(1) = 0, (7)
W) = Ju), (®)
where v (t) =tInt — ¢t + 1.
hi(1) = w(l)=0 9)
and
vi(t) =Int >0 (10)
for ¢t > 1.

From (1)-(10) we know that Lgo—5(a,b) > A%(a,b)H'~“(a,b) for a = 2/3
and a # b.
If « =5/6, then
In Lgo_5(a,b) — In[A%(a, b) H ~*(a, b)]
= InLy(a,b) — In[A%5(a,b)H/(a,b)]

= ln[ltﬁ] — In[272/341/5(1 4 £)2/3). (11)
e

Let fo(t) = ln[%tﬁ] — In[272/3¢1/6(1 + t)?/3], then elementary calculations
yield

Jm fo(t) =0, (12)
t

0 = G (13)
g(t) = (E+9* -9t —1)—6t(t+1)Int,
g2(1) = 0, (14)
gh(t) = 3t* 4+ 12t —6(2t +1)Int — 15,
9(1) = 0, (15)
Gt = halt) (16)
ho(t) = t*—2tInt—1,
g2(1) = ha(1) =0, (17)
ho(t) = 2(t—1Int—1),
hy(1) = 0 (18)

and

W) = 2(1—%) >0 (19)
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for t > 1.
From (11)-(19) we know that Le,_5(a,b) > A%(a,b)H'=%(a,b) for a = 5/6
and a # b.
If « € (0,1)\{2/3,5/6}, then
In Lgo—5(a,b) — In[A%(a,b) H ~*(a, )]
1 oot —1
In
6a—5  (6a—4)(t—1)

— In[2' 72Tt 4- 1) 1. (20)

(6a—4_q

Let f3(t) = == 1In G DT — In[2! ~22¢1=(¢ 4 1)22~1], then simple com-
putations lead to

0, (21)

) = t(t? — 1?2(313(62—4 -1y (22)

li t
Jm 150

where g3(t) = (1—a)t6a—2+wt6a—3—%tﬁa—%%t?_
4(17a)(173a)t i (1 o Oé).

6a—5
g3(1) = 0, (23)
, B a3 121 —a)(1 —3a)(2a — 1) go_
gt) = 2(1—a)Ba—1)t5>3 4 - {64
21 —20)(1 = 3a)(Ba — 2) 4505 = 2(1—20a)(1—3a)
a 6o — 5 P+ 6o — 5 t
4(1 — a)(1 — 3a)
- 6a-5
g5(1) = 0, (24)
gt) = 6(1—a)(l—2a)(1—3a)s*
Jr24(1 —a)(1 7623)_(157 3a)(2 — 3a) 4605
91— 2a)(1 — 30) (30 — 21020 4 2U _625)_(15_ 3a),
g5(1) = 0 (25)
and
g't) = —12(1 —a)(1 —2a)(1 — 3a)(2 — 3a)t577(t — 1)2. (26)
If o € (0,1/3)J(1/2,2/3), then
o=t 1 <0 (27)
and (26) implies that
g5 (t) <0 (28)

for t > 1.
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From (20)-(21) and (27)-(28) we know that Lgo—5(a,b) > A%(a,b)H*~%(a,b)
for a € (0,1/3)J(1/2,2/3) and a # b.
If o € (2/3,5/6)(5/6,1), then
et _1>0 (29)
and (26) implies that
g5 (t) >0 (30)
for ¢t > 1.
From (20)-(25) and (29)-(30) we conclude that Lg,—5(a,b) > A%(a,b)H'~%(a,b)
for a € (2/3,5/6)J(5/6,1) and a # b.
If @ € (1/3,1/2), then (27) and (30) again hold. From (20)-(25) and (27) to-
gether with (30) we know that Lg,_5(a,b) < A%(a,b)H'=%(a,b) for a € (1/3,1/2)
and a # b.

Next we compare the values of L_1,4(a,b) with A%(a,b)H*~(a,b) for « €
(0,1) and a # b. It is not difficult to verify that

InL_4(a,b) — In[A%(a,b)H'~*(a,b)]

(I-1/a)(t—1) 1—2a41-a 2a—1
Let f4(t) = aln % —In[21729¢1=2(1 4 ¢)2271] then elementary cal-
culations yield

Tim [ = 0, (52)
I o =t (33)
where g4(t) = (3o — Dt/ + (1 — a)t*/*=2 4 (o — 1)t + (1 — 30).
() = 0 (39)
gty = LmO D e Q200220 pacs gy,
) = 0. (35)
gy = UZUZ2E D ey gy (36)
If a € (0,1/3) J(1/2, 1), then(36) implics
gi(1) <0 (37)
for t > 1.

From (31)-(35) and (37) we know that L_;,(a,b) < A%(a,b)H'~*(a,b) for
a€(0,1/3)J(1/2,1) and a # b.
If o € (1/3,1/2), then (36) implies

gi(t) >0 (38)
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for t > 1. Therefore, L_14(a,b) > A%(a,b)H*~%*(a,b) for a € (1/3,1/2) and a # b
follows from (31)-(35) and (38).

Finally, we prove that the parameters —1/a and 6« —5 in either case are best
possible.

Firstly, we show that the parameter 6cx — 5 in either case is best possible. We
divide the proof into seven cases.

Case 1. oo =2/3. For any € > 0 and = > 0 one has

[A*(1,1 +2)H (1,1 + 2)]*" = [Loa_s5_c(1,1 +2)]*
[A23 (1,1 4+ 2)HY3 (1,14 2)]' T — [L_y_(1,1 4 z)]**
fi(z)

= — 39
(14+x)—1’ (39)
where fi(z) = [(1 + )¢ — 1)(1 + 2)3+9/3(1 + 2/2)0+)/3 —ex(1 + x)°.
Letting  — 0 and making use of Taylor expansion we get
2
1
filz) = 6(2%6)963 + o(z?). (40)

Equations (39) and (40) imply that for € > 0 there exists §; = d1(€) > 0, such
that Lea_5_c(1,1 +2) < A%(1,1 4+ 2)HO=) (1,1 +2) for @ = 2/3 and = € (0,4,).
Case 2. @« =5/6. For any ¢ € (0,1) and x > 0 we have

[A*(1,1 +2)H ™ *(1,1 4+ 2)]° — [Lea—s_c(1,1 + 2)]°
[AP/S(1, 14 2) HYO (1,1 + 2))° = [Loc(1, 1+ 2)]°
fa(@)
41
T (41)
where fo(z) = [(1 +2)'7¢ = 1)(1 + 2)/0(1 + 2/2)>/3 — (1 — €)x.
Letting x — 0 and making using of Taylor expansion we get

1-— .
folz) = %:ﬁ + o(z?). (42)
Equations (41) and (42) show that for € € (0,1) there exists d2 = d2(€) > 0,
such that Lea_5_c(1,1 +x) < A*(1,1 4+ 2)H~)(1,1 4+ ) for « = 5/6 and z €
(07 52)
Case 3. a € (0,1/3). For any € > 0 and = > 0 one has

[A%(1,1+ 2)H' (1,1 4 2)]57 % — [Loa_s_c(1,1+ z)]7<0@

fs(x)
= 43
[(1 + x)4+e—6a _ 1](1 + %)(1—2&)(5—}-5—6&)’ ( )
where fa(z) = [(1+2) 0% 1](1-) (=0 C+=60 _ (44 e Ga)a(1+a) 01+
x/2)(1—20¢)(5+6—6a).
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Letting x — 0 and making use of Taylor expansion we get
folz) = e(d+e 6012)4(5 + ¢ — 6a)
Equations (43) and (44) imply that for any o € (0,1/3) and € > 0 there exists
d3 = d3(e, ) > 0, such that Lga—5-(1,1 + ) < A%(1,1+ gz:)H(l_O‘)(l7 1+ z) for
x € (0,53)
Case 4. oo € (1/3,1/2). For any € € (0,4 — 6a) and = > 0 we get

3+ o(2?). (44)

[Loa—sre(l,1+2))°70%7¢ — [A*(1, 1+ 2)H' (1,1 + x)]> 0>
fa(z)
_ , 45
[(1 + z)476a75 _ 1](1 + %)(1720&)(5760&76) ( )
where fy(z) = (4 —6a — €)x(142)4700¢(1 4 1/2)(1-20)(6=6a=¢) _[(] 4 g)4-06a—c _
1}(1 +x)(17a)(576a76)
Letting  — 0 and making using Taylor expansion one has
_€(d4e—6a)(5+¢€—6a)
fa(@) = 24
Equations (45) and (46) imply that for any a € (1/3,1/2) and € € (0,4 —
6c) there exists d4 = ds(e,a) > 0, such that Lga—54c(1,1 + ) > A*(1,1 +
2)HO=) (1,14 z) for = € (0,6,).
Case 5. « € (1/2,2/3). For any € > 0 and = > 0 we have

23+ o(z?). (46)

[A“(1, 1+ 2)H' (1,14 2)]> 70" — [Lga_5_(1, 1 4 x)]°~0+e
f5(x)
= 4
(1 + x)4—6a+e -1’ ( 7)
where f5(:E) — [(1 _|_1,)476a+e _ 1](1 +z/2)(2a71)(576a+e)(1 _|_1.)(17a)(576a+5) _ (4_
6c + €)x(1 4 z)-bate,
Letting x — 0 and making use of Taylor expansion we get
(4 +e—6a)%(5+e—ba)
fo(@) = 21
Equations (47) and (48) imply that for any o € (1/2,2/3) and € > 0 there
exists 05 = d5(e, ) > 0, such that Lgo—5_(1,1+2) < A%(1,1 —|—J;)H(1_0‘)(1, 1+4x)
for z € (0, 5).
Case 6. a € (2/3,5/6). For any € € (0,6 —4) and > 0 one has

z3 + o(2?). (48)

[A%(1,1 + @) H'%(1,1 4 2)]5~09+€ — [Loa_s_c(1, 1+ )]56+e
fo(x)

(1 + x)6a—4—e —1’ (49)

where fo(x) = [(1+2)0 4= 1](14a/2)P*~DE=004) (1 4 7)(1=)G=6049) —(6a —

4—e)x.
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Letting x — 0 and making using Taylor expansion we obtain

foe) = IR0t 4 ofa) (50)

Equations (49) and (50) imply that for any « € (2/3,5/6) and € € (0,6a —4)
there exists dg = Jg(€, ) > 0, such that Lga_5_(1, 14+z) < A%(1, 14+2) HO=) (1, 1+
x) for x € (0, dg).

Case 7. ao € (5/6,1). For any € € (0,6 — 5) and = > 0 we have

[Aa(]., 1 4 .’E)Hlia(l, 1 + x)}6a7576 _ [L6a7575(17 1 4 1’)]6&7576
fa(x)
~ (6a—4—ox 51
(6o —4 —€)x’ (51)
where f7($) = (Ga —4 — e)x(l + ,7;/2)(20‘—1)(604—5—5)(1 4 x)(l—Oé)(ﬁOz—E')—e) _ [(1 +
x)60&7476 _ 1}
Letting £ — 0 and making use of Taylor expansion we get

fola) = 6(60&—5—;)4(604—4—6)1‘34_0(%‘3)- (52)
Equations (51) and (52) imply that for any o € (5/6,1) and € € (0,6a — 5)
there exists 07 = d7(e, ) > 0, such that Lea_5_c(1, 14+x) < A%(1, 14+2) HO=) (1, 1+
x) for z € (0,07).
Secondly, we prove that the parameter —1/c« in either case is the best possible.
The proof is divided into two cases.
Case A. o € (0,1/3)J(1/2,1). For any € € (0,1/a — 1) and t > 0, we have

Lijase(1,t) — A% (1L, )H' ~*(1,1)

o (A-1-e@1-1) . |90, <o Lign1

and

. (é - 1 - 6)( - %) _a 1—2a _ ea? 1 200—1
t_lg-s-moo{[ 1 t—(%—l—e) ] =2 t T (1 + ;) }
1 [e3
= (2 —1—¢€Tew@ >0. o4
Eo1-g 654)

Equation (53) and inequality (54) imply that for any « € (0,1/3)J(1/2,1
and € € (0,1/a — 1) there exists 71 = Ti(e,a) > 1, such that L_/44.(1,1)
A%(1,t)H'=2(1,¢) for t € (Ty, 00).

Case B. a € (1/3,1/2). For any € > 0 and ¢ > 0, we have

AL H " (1,t) — L_1/a-c(1,1)

(2 —1+90—7)
1 _t—(ﬁ—l-i-e)

~—

\%

e

ta{Ql—Qa(l + %)2&—1 — t 1fea [

Jre ) (55)

and
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1 w2 (F—1+e(1-1) .
: 12« “\2a—1 _ 4—7F5 o t P~
A {27 g) el 1 — ¢t (a—1+9) Jre=y

= 217 >0. (56)
From (55) and (56) we clearly see that for any o € (1/3,1/2) and ¢ > 0

there exists Tp = Th(e,a) > 1, such that L_y/q_.(1,t) < A*(1,t)H'~*(1,t) for
te (TQ,OO).
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