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Abstract. In this paper, we introduce the notion of a strongly associative hyperop-
eration that we call SASS and obtain a new class of (semi)hypergroups. Moreover,
we study this concept in the context of K z-semihypergroups, complete hypergroups,
polygroups and Rosenberg hypergroups.
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Abstrak. Pada makalah ini kami memperkenalkan ide suatu hiperoperasi asosi-
atif kuat yang kami nyatakan dengan SASS dan mendapatkan suatu kelas baru
(semi)hipergrup. Lebih jauh, kami mempelajari konsep di atas dalam konteks Kp-
semihipergrup, hipergrup lengkap, poligrup dan hipergrup Rosenberg.

Kata kunci: Hiperoperasi asosiatif kuat, poligrup, semihipergrup dapat dikomple-
men, hipergrup Rosenberg.

1. INTRODUCTION

Hyperstructures state a natural extension of classical algebraic structures and
they were introduced in 1934 by the French mathematician Marty [11]. A set H
endowed with a mapping o : H x H — P*(H), named hyperoperation, is called
hypergroupoid, where P*(H) denotes the set of all non-empty subsets of H. The
image of a pair (z,y) is denoted by z oy or zy. If x € H and A, B are non-empty
subsets of H, then by Ao B, Aoz and x o B we mean Ao B = U{abla € A,b €
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B}, Aox = Ao {z} and x o B = {a} o B, respectively. A semihypergroup is a
hypergroupoid (H, o) such that for all z,y and z in H we have (zoy)oz = xo(yoz)
and a hypergroup is a semihypergroup which satisfies the reproductive axiom. i.e.,
forallx € H, Hox = x o H = H. Resent decades numerous papers and books on
algebraic hyperstructures have been published that surveys of the researches can
be found in the books of Corsini [4], Corsini and Leoreanu [3], Vougiouklis [13],
Davvaz and Leoreanu [6] and Davvaz [8, 7]. We know that the quotient of a group
with respect to an invariant subgroup is a group. Marty states that the quotient of
a group with respect to any subgroup is a hypergroup. Generally the quotient of
a group with respect to any partition (or equivalently to any equivalence relation)
is an H,-group. This is the motivation to introduce the H,-structures [14]. H,-
structures for the first time introduced by Vougiouklis at the Fourth AHA congress
(1990) [14]. The concept of H,-structures constitutes a generalization of the well-
known algebraic hyperstructures (hypergroup, hyperring, hypermodule and so on).
Actually some axioms concerning H,-structures such as the associative law, the
distributive law and so on are replaced by their corresponding weak axioms. Some
basic definitions and theorems about H,-structures can be found in [13]. Let (H, o)
be a hypergroupoid. The hyperoperation “o "on H is called weak associative
(WASS) if for all z,y,2 € H, (xoy)ozNzo (yoz) # . The hyperstructure
(H,o) is called an H,-semigroup if “o ”is weak associative. An H,-semigroup is
called an H,-group if for all a € H, ao H = H oa = H. For more definitions and
applications on H,-structures, see the books [3, 4, 6] and papers as [2, 9, 15, 16, 17].
A semihypergroup H is regular if it has at least one identity and each element has
at least one inverse. A regular hypergroup (H,o) is called reversible if it satisfies
the following conditions, for all (z,y,a) € H® :

(1) If y € aox, an inverse a’ of a exists such that z € a/ oy,
(2) If y € z oa, an inverse a” of a exists such that = € yoa”.

If H is regular and a € H, we denote by E the set of bilateral identities and by
i(a) the set of inverses of a. A semihypergroup H is complete if it satisfies one of
the following equivalent conditions:

(1) Y(x,y) € H?Va € xoy,C(a) = x oy, where C(a) denotes the complete
closure of a,

(2) ¥(z,y) € H* C(zoy) =z oy,

(3) V(n,m) € N2, m,n >2,V(z1,...,x,) € H",Y (Y1, ..., Ym) € H™, the follow-
ing implication is valid:

Iz NIy, # 0= 102 = 72 y;.

In this paper, we introduce the notion of a strongly associative hyperoperation
called SASS hyperoperation and obtain a new class of (semi)hypergroups which we
call strongly associative (semi)hypergroups. Our first aim is to investigate this con-
cept for some semihypergroups such Kg-semihypergroups, complete hypergroups,
polygroups, complement hypergroups and Rosenberg hypergroups. Moreover, we
introduce a class of non-strongly associative hypergroups which are derived from
groups.
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Theorem 1.1. ([3], 188) A semihypergroup (H, o) is complete if it can be written
as a union H = Useg Ay of its subsets, where S and As satisfy the conditions:

(1) (S,) is a semigroup;
(2) for all (s,t) € S?, where s # t, we have As N Ay = 0);
(3) if (a,b) € Ay x Ay, thenaob = A;.

Theorem 1.2. ([3], 141) If H is a complete hypergroup, then H is reqular and
reversible.

2. ON STRONGLY ASSOCIATIVE HYPEROPERATIONS

In this section, we present some definitions and examples on strongly asso-
ciative hyperstructures and we introduce strongly associative semihypergroups.

Definition 2.1. Let H be a non-empty set and o: H x H — P (H) be a hyper-
operation. Then

(1) o is called left strongly associative if for all x,y,z € H and for allt € yo z,
there exists s € x oy such that xot = so z,

(2) o is called right strongly associative if for all x,y,z € H and for allt € xoy,
there exists s € yo z such thattoz =z o s,

(3) o is strongly associative or for simplicity SASS if it is left and right strongly
associative.

Definition 2.2. A hypergroupoid (H,o) is called left (right) strongly associative
if the hyperoperation o is left (right) strongly associative. (H,o) is called strongly
associative if o is strongly associative.

Remark 2.1. The group operation is strongly associative.

Example 2.3. Let H be a hypergroup, defined as follows:

. ‘ e a b

e | {e,a} {e,b} {e b}
al|{eb} {e,a} {e,a}
b | {eb} {ea} {e,a}

is strongly associative and H is a strongly associative hyper-

@ »

The hyperoperation
group.

Example 2.4. Let H be a hypergroup defined by the following table:

T T {z,y,2} {=z,y,2}
y | {zy, 2} Ay, 2 {y, 2}
z | {z,y,2y {y,2} {2}

“o»

Then the hyperoperation 18 not a left strongly associative mor a right strongly
associative and so H is not a strongly associative hypergroup.
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Example 2.5. Consider H = {a,b,c} and define - on H with the help of the
following table:

: ‘ a b c
a|a {ab} H
b|la {ab} H

c|H H H

H is a right strongly associative hypergroup and it is not a left strongly associative
hypergroup.

Proposition 2.6. If the hyperoperation o is strongly associative on H, then (H, o)
is a semihypergroup.

Proof. Let o be a SASS hyperoperation on H and (z,y,z) € H>. Then we have
{zrotlteyoz}t={soz|s€xoy}. Hence (xoy)oz=z0(yoz). O

Proposition 2.7. If H is a strongly associative hypergroup and there exists x € H
such that for ally € H, yox = H, then H is a total hypergroup.

Proof. Suppose that a,y € H. According to the strongly associativity of H, for all
teyox, aot = H, since for all s € a oy, we have s o x = H. Therefore H is a
total hypergroup. O

Similarly, if H is a strongly associative hypergroup and there exists v € H
such that for ally € H, xoy = H, then H is a total hypergroup.

Example 2.8. Let H = {e,a,b}. We define the following hypergroup structure on
H:

e a b
{e,;a} H H

H {e,a} {ea}

H {e,a} {e,a}

Then H 1is a strongly associative hypergroup which is not a total hypergroup.

SR |0

Proposition 2.9. Let (H,o) be a strongly associative hypergroup and x,y,z € H.
Ifyoz={t} and {u,v} Cxoy, thenuoz=wvoz.

Proof. Since H is e strongly associative, z ot = so z for all s € x oy. Therefore
uoz=uvoz. g

Corollary 2.10. If (H,o) is a hypergroup and there exist x,y,z € H such that
yoz={t} and xoy = H, then H is not a strongly associative hypergroup.

Proof. Let (H,o)be a hypergroup. By the previous proposition, for all a € H,
a oz = H and by proposition 2.7. H is a total hypergroup, a contradiction. [l

According to [4], [3], a Kg-semihypergroup is a semihypergroup constructed
from a semihypergroup (H, o) and a family {A(x)},ecn of non-empty and mutually
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disjoint subsets of H. Set Ky = Uyen A(z) and define the hyperoperation * on
Ky as follows:

Y(a,b) € Kij;a € A(z),b € A(y), a*b=U,cropA(2).

Theorem 2.11. [3] (H,o) is a hypergroup if and only if (K, *) is a hypergroup.

Theorem 2.12. If His a semihypergroup, then K = Ky is a strongly associative
semihypergroup if and only if H is a strongly associative semihypergroup.

Proof. Let H be a strongly associative semihypergroup and {a,b,c} C K. Then
there exist {z,y, 2} C H such that a € A(x),b € A(y),c € A(z). Let t € bxc. There
exists a € yoz such that t € A,. Since H is strongly associative, there exists r € xoy
such that toa =roz. Let s € A,.. We have a *t = Ujczoadi = Uicro 4] = S * ¢
and so K = Kp is a strongly associative semihypergroup.

For the converse, let K = Ky be a strongly associative semihypergroup and
{z,y,z} € H. Let {a,b,c} C K be such that a € A(x),b € A(y),c € A(z)
andt € yoz. Thus Ay C Ujcyo. A =bxc. Let t’ € Ay C bxc. There exists s’ € axb
such that axt' = s’ * ¢ and thus UgegorAg = UresorAr, where s € H and s’ € A,.
So x ot = so z, since the family {A(z)}zen contains mutually disjoint subsets of
H. O

Corollary 2.13. If (H,o) is a complete semihypergroup, then it is strongly asso-
ciative.

Notice that there are semihypergroups that are not complete, but they are
strongly associative. Example 2.3. presents such a semihypergroup.

Let (Hy,-) and (H2,0) be two hypergroups. On H; x Hy we can define a
hyperproduct as follows: (z1,y1) * (z2,y2) = {(z,y)|z € 1 - 22,y € y1 o y2}. This
is the direct product of H; and Hs and it is clearly a hypergroup.

Theorem 2.14. If H; and Hs are two strongly associative hypergroups, then Hy X
Hy is a strongly associative hypergroup.

Proof. Let {(x1,22), (y1,92), (21,22)} € Hy x Hy and (t1,t2) € (y1,y2) * (21, 22).
Therefore t1 € y; - z1 and t9 € yo 0 z5. Since H, and Hs are strongly associative,
there exist s1 € x1-y1 and sy € x50y, such that x1-t1 = s1-21 and xg0ty = 59025.
Thus (t1,t2) € (y1,Y2) * (21, 22) and (x1, z2) * (t1,t2) = (s1, $2) * (21, 22). Therefore
H, x Hs is a left strongly associative hypergroup.

Similarly, it can be checked that H; X Hs is a right strongly associative
hypergroup and this completes the proof. O

3. ON STRONGLY ASSOCIATIVE COMPLEMENTABLE (SEMI)HYPERGROUPS

In this section, we show that the complement hypergroup of a complete hy-
pergroup is strongly associative and a polygroup is strongly associative if and only
if it is group.
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Let (H,o) be a semihypergroup such that z oy # H, for all (z,y) € H>.

According to [1], the complement of (H, o) is the hypergroupoid (H, o) en-
dowed with the complement hyperoperation: z oy = H —xoy.

The semihypergroup (H, o) is complementable if its complement (H,o€) is a
semihypergroup too.

(H,o°) is called the complement semihypergroup of (H, o).

Theorem 3.1. ([1], 5.2.) The hypergroup Ky is complementable if and only if H
is complementable.

Proposition 3.2. All groups of order at least 2 are complementable.

Proof. Let (G,-) be a group. If |G| = 2 then (G, -¢) is a group, too. Now suppose
that |G| > 3 and z,y,z € G. We have

(x-Cy) 2= U u-zu;-“zUuy ‘2
uex-y
where uy # ug and up,us € x-y. Since (G, -) is group, u; - zUwus ¢ 2 = G. Hence
(x-°y)-°z =G and similarly z -° (y -° z) = G, whence (z-°y)-cz=12-°(y-°2). O

Corollary 3.3. All non-total complete hypergroups of order at least 2 are comple-
mentable.

Proof. Tt follows by the previous proposition and Theorems 1.1 and 3.1. O

Theorem 3.4. The complement of a complete hypergroup is a strongly associative
hypergroup.

Proof. Let (H,o) be a non-total complete hypergroup. If |H| = 2 then (H,0°) is a
group and so, it is strongly associative.

Now suppose that {z,y,2} C H andt € yo®z,s0t ¢ yoz If s€xotoz,
where 2z’ € i(z) (the set of inverse elements of z in (H,0)) it follows that s € z o¢y.
If s¢ xo®y, then s € zoyNzotoz’. Since H is complete, zoy = zotoz and so

2 oxoy=x'oxotor
=eoto?

=toz

where 2’ € i(z), therefore ¢ € y o z which is a contradiction.

Therefore, z:0°t = so°z, therefore (H, o°) is strongly associative on the right.
Similarly it is strongly associative on the left and so it is a strongly associative
hypergroup. ([

There exist strongly associative semihypergroups of which complement semi-
hypergroups are not strongly associative. The next example is such a semihyper-

group.
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Example 3.5. [1] Set H = {e,a,b}. Consider the semihypergroup (H,o) endowed
with the hyperoperation o defined as follows:

| e
{a, b}

b

b

St o o R
[SaEES RS S

R |0

Notice that H is a strongly associative complementable semihypergroup, of which
complement, defined as follows

o° ‘ e a b

e e {e,a} {e,a}
a | {e,a} {e,a} {e,a}
b | {e,a} {e,a} {e,a}

is a semihypergroup, which it is not strongly associative.

Corollary 3.6. If (G, ") is a group, then (G, -°) is a strongly associative hypergroup.

A polygroup is a system ¢ =< P,-,”! >, where ¢ € P and ~! is a unitary
operation on P, while - maps P x P into the set of all non-empty subsets of P, and
the following axioms hold for all z,y, z € P:

(P1) (z-y)-z=z-(y- 2);

(P2) ecx=x-e=u;

(P3) x €y-zimpliesy € x- 2"t and z € y~1 - x (see [7]).
[7] contains some definitions and results about polygroups.

Lemma 3.7. A polygroup (P,-, e, ') is a group if and only if for all element a of
P,la-a7 ' =1.

Proof. Set {c,b,a, 5} C P and {«, 8} C c.b. We have

a € cb
=becla
=p€chbC ccla=a

=a = 0.

Thus, for all (c,b) € P2, |c-b| =1 and hence P is a group. O
Proposition 3.8. A polygroup P is strongly associative if and only if it is a group.

Proof. Suppose that (P, -, e,”1) is a strongly associative polygroup, which it is not
a group. By the above lemma, there exist f,a € P such that f- f~! = {e,a}. We
havea € f-f~ ' e-f=fande-a# f-f~'. In other words, P is not a strongly
associative polygroup, which is false. The converse is obvious. (I
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4. ON STRONGLY ROSENBERG HYPERGROUPS

In this section, we prove that a Rosenberg hypergroup is strongly associative
if and only if it is a total hypergroup. In [12], Rosenberg associated a partial
hypergroupoid H, = (H,o,) with a binary relation p defined on a set H, in the
following way:

vopw = {2 € H|(@,2) € p}, w0,y =79, 2Uy0, y,
for all (z,y) € H?.

Theorem 4.1. [12] H, is a hypergroup if and only if

(1) p has full domain;

(2) p has full range;

(3) pCp*

(4) If (a,x) € p?, then (a,x) € p, whenever x is an outer element of p.
An element x € H is called outer element of p if there exists h € H such that
(h,z) & p*.
Lemma 4.2. Let H be a non-empty set such that |H| > 2 and

p={(z,z)|x e H}.

Then the associated Rosenberg hypergroup (H,o,) of p is not a strongly associative
hypergroup.

Proof. Let x,y,z € H. We have x oy # z oz and x oy # y o z, whence it follows
the conlusion. O

Theorem 4.3. A Rosenberg hypergroup (H,o,) is strongly associative if and only
if it is a total hypergroup.

Proof. Let (H,o0,) be a strongly associative Rosenberg hypergroup. H has full
range, so for all element y € H there exists © € H such that y € z o x. Therefore
y € v oy. Since H is strongly associative, there exists 5 € x oy such that yoy =
rof=xoxUpBof. Therefore xox C yoy and so y € yoy. Hence we obtain
that p is reflexive. By Lemma 4.2. there are z,y € H (x # y) such that y € z o x.
Hence zox Cyoyand {z,y} CxoxNyoy.

Now set z € H. We have x € y o z. Since H is strongly associative, there
exists a € z oy such that x ox = a0 z. Therefore z € x ox and so H = x oz and
H=yoy. Set « € H— {x,y}. Then o € x o z. There exists a € z o a such that
aoa = xoa, consequently zox C aoa and so aoa = H. Thus we conclude that
H is a total hypergroup. The converse is obvious. (I

5. DERIVED NON-STRONGLY ASSOCIATIVE HYPERGROUPS FROM GROUPS

Definition 5.1. [5] We say that two partial hypergroupoids (H,o1) and (H,o9) are
weak mutually associative or w.m.a., if for all (z,y,z) € H®, we have:

(xory)ogzU(xogy) o1 z=x01 (yogz)Uxoy(yor2).
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Definition 5.2. We say that two partial hypergroupoids (H,o1) and (H,o3) are
mutually associative or m.a., if for all (x,y,z) € H3, we have (x o1 y) o9 2 =
x oy (yo1 2) and (x oy y) o1 2=z 01 (y 09 2).

If (G,-) and (G, o) are groupoids, we can define a hyperoperation x on G as
follows:

xy=A{z-yzoy}
for all (z,y) € G2

From now on, we call x the derived hyperoperation from (G, -) and (G, o).

Proposition 5.3. If (G,-) and (G, o) are groups, such that their operations are mu-
tually associative, then the derived hyperoperation from (G,-) and (G, o) is strongly
associative.

Proof. Set (z,y,2) € G®. Then (z*y)*z = U{(z-y)*2, (zoy)xz} and zx (y*x2) =
U{z* (y-2),z*(yoz)}. Since the groups (G, -) and (G, o) are m.a we conclude that
(x-y)*xz=xx(y-2) and (zoy)*xz=x*(yoz), hence * is a strongly associative
hyperoperation. O

Example 5.4. Set G = {e, a,b,c} endowed with the following operations:

~‘eabc O‘eabc
ele a b ¢ ela b ¢ e
ala b ¢ e alb ¢ e a
blb ¢ e a blc e a b
clec e a b cle a b c

(G,-) and (G,o) are groups and their operations are mutually associative. More-
over, the derived hyperoperation from (G,-) and (G,0), described bellow, is strongly
associative.

*‘ e a b c
elea ab bc ec
alab bec ec ea
b|bc ec ea ab
clec ea ab bc

) ) )

Let m be a natural number and (Z,,,+) be the cyclic group of order m. Let
x be a real number and [z] be the m-class of z. Then we obtain the following

Theorem 5.5. [10] Let n be a natural number and set H, = {0,1,--- ,2n — 1}.
Then the structure (Hy,®) is a group isomorphic to (Zan,+), where & is defined
by:

r@y=z+y—2n[(zr+y)/2n], VY(x,y)€ H,%
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Theorem 5.6. [10] Let n be a natural number and H, = {0,1,--- ,2n —1}. We
define an operation ® on H, by:

z+y—n[lz+y)/n], if 0<xz<n, 0<y<n
- z+y—nllx+y)/n]+n, f 0<z<n, n<y<2n
v= x+y—n[z+y)/nl], if n<x<2n, n<y<2n

z+y—n[x+y)/nl+n, if n<z<2n, 0<y<n
Then (H,,®) is a group and (Hp,®) = (Zs X Zy,+).

Theorem 5.7. Let n be a natural number and H, ={0,1,--- ,2n — 1}. Then the
groups (Hy,®) and (H,,®) are not mutually associative.

Proof. We prove that there exists (z,y, z) € HS such that (z@y)®2z # 2@ (y D 2).
To thisend, set 0 < x <n, 0 <y<n, 0<2<n,500<2x+y < 2n and
0<y+z<2n.Ifn<z4+y<2nand0 < y+z < n,then (2®y)®z = (z+y)Rz =
(z+y)+z—n[xz+y)+z/n]+n but 2@ (yd2) =z+(y+2) —nlz+(y+2)/n].
Hence (z®y) @2z £ 2 Q (y ® 2). O

Proposition 5.8. Let n be a natural number and H, = {0,1,--- ,2n — 1}. Then
(H,,*) is a non-strongly associative hypergroup, where x is the derived hyperoper-
ation from (H,,®) and (H,,®).

Proof. We prove that there exists (z,y,2z) € H3 and t € z xy such that for all
seyxzwehavetxz# x*s. Tothisend,set 0 <z <n, 0<y<n, 0<z<n,
so0<z+y<2nand 0 <y+z<2n.Ifn<z+y<2nand 0 <y+z < n,
then zxy ={z+y,x+y—n}and yxz = {y+ z}. Let t =z + y — n. We have
txz = {x+y—n+z}, but zx(y+2) = {z+y+z,2+y+2z—n}. Hence for all s € yxz,
t x z # x % s. Therefore (H,,*) is a non-strongly associative hypergroup. (]
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