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Abstract. Let G be simple graph with n vertices and m edges. The energy F(G)
of G, denoted by E(G), is defined to be the sum of the absolute values of the
eigenvalues of GG. In this paper, we present two new upper bounds for energy of
a graph, one in terms of m,n and another in terms of largest absolute eigenvalue
and the smallest absolute eigenvalue. The paper also contains upper bounds for

Laplacian energy of graph.

Key words and Phrases: Adjacency matrix, Laplacian matrix, Energy of graph,
Laplacian energy of graph.

Abstrak. Misalkan G adalah graf sederhana dengan n titik dan m sisi. Energi
E(G) dari G, dinotasikan dengan E(G), didefinisikan sebagai jumlahan dari nilai
mutlak dari nilai-nilai eigen G. Pada paper ini, kami menyatakan dua batas atas
baru untuk energi dari graf, satu batas dalam suku m, n dan batas yang lain dalam
suku nilai eigen mutlak terbesar dan terkecil. Paper ini juga memuat batas atas

untuk energi Laplace dari graf.

Kata kunci: Matriks ketetanggaan, matriks Laplace, energi dari graf, energi Laplace
dari graf.
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1. INTRODUCTION

The concept of energy of a graph was introduced by I. Gutman [6] in the year
1978. Let G be a graph with n vertices {vi,v2,...,v,} and m edges and A = (a;;)
be the adjacency matrix of the graph. The eigenvalues A1, Ao, - -+ , A, of A, assumed
in non increasing order, are the eigenvalues of the graph G. The energy E(G) of G
is defined to be the sum of the absolute values of the eigenvalues of G. i.e.,E(G) =

n
Z |A;|. For details on the mathematical aspects of the theory of graph energy see

i=1

the papers [2, 3, 8] and the references cited there in. The basic properties including
various upper and lower bounds for energy of a graph have been established in [10]
and it has found remarkable chemical applications in the molecular orbital theory
of conjugated molecules [5, 9]. The bounds for eigenvalues of graph can be found
in [1,13].

Definition 1.1. Let G be a graph with n vertices and m edges. The Laplacian
matriz of the graph G, denoted by L = (L;;), is a square matric of order n whose
elements are defined as
—1 ifv; and v; are adjacent
Lij =4 0 if v; and v; are not adjacent
d; ifi=j
where d; is the degree of the vertex v;.
FEigenvalues of L is called eigenvalues of G.

Definition 1.2. Let uq, o, -+ , tn be the Laplacian eigenvalues of G. Laplacian

- 2
energy LE(G) of G is defined as LE(G) = > |u; — Tm ,

=1

The matrix L is positive semi-definite and therefore its eigenvalues are non-
negative. The least eigenvalue is always equal to zero. The second largest eigenvalue
is called the algebraic connectivity of G. The basic properties including various up-
per and lower bounds for Laplacian energy have been established in [7, 11, 12, 13].

2. MAIN RESULTS

2.1. Energy of graph. We denote the decreasing order of the the absolute value
of eigenvalues of G by p1 > p2 > ... > p,. The following are the elementary results
that follows from this notation.

(1) p; =| Mg | for some k

(2) pi > A for all i

(3 EG) =Y
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() pn <" pi = E(G)

(5) By Caflchy—SChwarz inequality

(zn; /\ipi)Q < (Zn; p?) (i /\?)

1=

> Xipi < /(2m)(2m)
i=1

Therefore Z Aipi < 2m, equality holds if p; = A;.
i=1

23

(6) Let G and H be any two graphs with same n vertices each. Let their number
of edges be respectively my and ma. If py > ps > ... > p, and pl1 > p/2 > > p;L

are their the absolute value of eigenvalues then

n n

ZZ: pip; < (Z p?) (Z p?)

i=1 i=1

</ (2m1)(2ma)

n
mei < 2y/mimo
i=1
(7) Since A; is always positive, so p; = A\; > 22

- n

(8) Since np2 < p? + p3 + ... + p2 = 2m which implies p,, < /22

Theorem 2.1. Let G be a graph with n vertices and m edges. Let p1 > pa > ...

2 -1
pn be the the absolute value of eigenvalues of G then p, < M
n

Proof. We know that E(G) = Zpi and pr =2m
i=1 i=1

n—1
Since p, < p; Vi . pp < Zpi
i=1

n—1 n—1 n—1

2
By Cauchy Schwarz inequality ( pi) < Z 122 p?

=1 =1 i=1

n—1
=(n—1))_p}
=1
n—1 n—1

= ZP? > ﬁ( Zm)z

i=1 i=1

>
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2
Pi)

25D pr
2m(n —1)

n—1

(]

1
2 _2>7(
mn p"*(n—l)

=1

= pn <

n
which is an upper bound for the smallest absolute eigenvalue of the graph G [

Theorem 2.2. Let G be a graph with n vertices and m edges. Let p1 > po > ... >
pn be the the absolute value of eigenvalues of G. If py is repeated k times then

kp
1
< —— 2mkp(p — 1) — pi ) where kp <mn andp#1, k #0.
! k(p—l)( ( ) i:zk;1 z)

Proof. Let H = (UKP) U (Kn_kp) where kp < n
k

That is H is the union of graphs K, repeated k times and a graph (K, _x,)°.

kp(p —1
The number of vertices of H is n and the number of edges is M

Its the absolute value of eigenvalues spectrum is

("% kot @l )

By Cauchy Schwarz inequality

pr(p—1)+ 4 ok (P— 1)+ Pyt (1) + oA prp (1) + prp1 (0) oo+ pn (0) < 24/ m 2=

But py =p2=... = pi
kp
kp(p —1
(p=Dkpr+ Y pi<2 m 2P —1)
i=k+1
p1 < =1 <\/2mkp -1) Z pl> Here (p # 1,k #0)

i=k-+1

Corollary 2.3. If kp = n, then by the above theorem

2mn(n — k
(n—Rn+ 3 o<y 2 k)
i=k+1
2mn(n — k)

(n — k)p1 + B(G) — kpy < ;
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(n— 201 + B(@) < |2 =B
B(G) < /200y g,

Also if p = 2 and 2k = n then the upper bound for energy of graph is

BG) < 2mn(2kk —k)
E(G) < V2mn.

Corollary 2.4. If kp =n — 1, then we get the following result.

E(G)pné\/Qm(nDIgﬂlk) —(n—1=2k)p
E(G) < fm("_l),(f_l_k) — (01— 2k)p1 + pu.

Also if p =2 and 2k = n — 1 then the upper bound for energy of graph is

E(G) <+v2m(n—1)+ pn.

Corollary 2.5. If k =1, then E(G) < /2mn(n—1) — (n—2)p; for p=n.
and BE(G) < \/2m(n —1)(n —2) — (n — 3)p1 + p,, forp=n— 1.

2 /2
Corollary 2.6. Since p; > om and pp < om we get new upper bound
n n

for energy of graph in term of m and n
B(G) < 2mn(2 —k)

E(G)S\/Qm(n_l)](fn_l_k) —(n—1—2k;)27m+\/27m forpk=n—1.

2
—(n— Qk)—m for pk = n.
n

Corollary 2.7. For a r-reqular graph m = 5 and py = r we have the following
upper bound

E(G)<n @ — (n = 2k)r for pk = n.

B(G) < /== 1ok) (1 — k) /7 for pk=n — 1.
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Theorem 2.8. Let G be a graph with n vertices and m edges. Let p1 > po > ... >
pn be the the absolute value of eigenvalues of G. If py is repeated k times then

p < %(QM— ik: Pi)- (k #0)

i=k+1

Proof. Here we compare the absolute value of eigenvalues of G with absolute eigen-
value of the graph H = (U Kpﬂ).
k

Select p and ¢ such that n = k(p + ¢). The number of vertices of H is n and
the number of edges is kpg. Its the absolute value of eigenvalues spectrum are

(% 0w )

By Cauchy Schwarz inequality
P1y/PG + oo+ Pey/PA+ Prt1y/PL + oo+ p210/DPG + p2r4+1(0) + oo+ pp(0) < 2¢/mkipg

But py =p2=... = pi

2k
prky/Pa+ /DG Y, pi < 2/mkpg

i=k+1
2k
pk+ > pi<2Vmk
i=k+1
1 2k
p1 < k(?M i_zkglpl).

Corollary 2.9. If p=q=1 and 2k = n then

- n
p1k + Z Pi §2\/m§

i=k+1
i.e., E(G) < V2mn.
Corollary 2.10. Ifp=q=1 and 2k =n — 1 then

n—1 (n—l)
pik + Z pi <2 mT

i=k+1
= E(G) - pn < /2m(n—1)

i.e., E(G) < +/2m(n—1)+ py
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i.e., B(G) < /2m(n —1) + /22
Corollary 2.11. Fork =1, p1 + p2 <2y/m.
Using the above corollary we obtain another bound for energy of graphs.

Theorem 2.12. Let G be a graph with n vertices and m edges and 2m > n. If the
first absolute eigenvalue, pynot repeated then E(G) < v/m(2+ v/2n —4)

Proof. Cauchy Schwarz inequality for (n — 2) terms is

($an)’= (5) (550

=3

Put a; = p; and b; =1

n

S0 (S5

=3

B(G) = (p1+ p2) < v/(2m — (p] + p3))(n — 2)

E(G) < (p1+ p2) +Vn—2y/(2m — (p? + p2))

But p1 +po <20 .. B(G) < 2/m + v = 2/@m — (7 + 1))

We maximize the function f(z,y) = 2y/m+vn —2y/(2m — (22 + y2))

—Vn—2z —vn—2y
Then f, = and f, =
o= Jam e T Jam )

For maxima value f, = 0 and f,, = 0 which implies (z,y) = (0, 0)

fon = —V/n=2(2m —y?) b —V/n=2(2m — 2?) PR
@m—(@2+y2)F " 2m— (@2 +y2): T eme )
At ($7y)5(0,0)7f3¢x:— %afyy:_ %,fxyZOand

A= foufyy — (fa:y)2 = 1127;12
Thus f(x,y) attains maximum value at (0,0) ... f(0,0) = v/m(24v2n —4)

E(GQ) < Vm(2+v2n—4). O

2.2. Laplacian energy of graph. Analogous to the bounds for energy of graphs,
now we obtain bounds for Laplacian energy of graphs.

Theorem 2.13. Let G and H are two graphs with n vertices each. Let their
number of edges be respectively be my and ms. If 04 > 09 > ... > 0, represent
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absolute Laplacian eigenvalues of G and Ay > Ay > ... > X\, eigenvalues of H then

i oidi < | (2my) (2m1 + i (di(G))Q)
— i1

where d;(G) is the degree of the vertex v;.

Proof. By Cauchy Schwarz inequality

n

iﬁ)\i < (Zaf) (éﬁ)

=1

i=1 i=1
iom < (2m2)(2m1 + Zn: (di(G))2>. O
i=1 i=1

Theorem 2.14. Let G be a graph with n vertices and m edges. Let o1 > o9 >
... > 0y, be the absolute Laplacian eigenvalues of G. If o1 is repeated k times then

ms ﬁ ( (2m+§<di<6>>2)kp(p21) 5> o)

i=k+1
where kp <mn, k#0,p#1

Proof. Let H = (UKP) U (Kn_kp) where kp < n
k

That is H is union of graphs K, repeated k times and a graph (K, _x,)°.

kp(p —1
The number of vertices of H is n and the number of edges is %

Its the absolute value of eigenvalues spectrum is

("% kot @i )

By Cauchy Schwarz inequality
o1lp—D)+oelp—1)+...+0k(p—1)+0p+1(1) + op42(1) + ... + 0kp(1) + opp+1(0) +

o) < (2m+ D62 2D

But 01 =09 = ... =0k

to - Ep(p— 1)
(p—1koy + Z 0; < (2711—|—Z:(di(G))2)L

, 2
i=k+1
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kp

o< 1 (o Sgag0) 2 - 3 o)

i=k+1
n kp
o1 < ﬁ (\l <2m+;(di(G))2)kP(g_l) B i—zk-:t,-lai>. -

Corollary 2.15. If kp = n then by the above theorem

i=k+1

kp n -
(n—kjor+ Y o; < \J <2m + Z(di(G))Q) w
=1

(n — k)o1 + LE(G) — koy < \/(2m + Zl’zl(di(G))z) f)

(n —2k)o1 + LE(G) < \/(2m + Z?zl(di(GW) s

LE(G) </ (2m+ S0, (4:(G)2) 2572 — (0~ 20y

Also if p =2 and 2k = n then the upper bound for Laplacian energy of graph
18

LEKDSVK%n+zﬁﬂwAG»0"%;“

LE(G) < \/(2m + z;;;l(di(a))z)n.

Corollary 2.16. If kp = n — 1 we get the following result.

LE(G) -0, < \/<2m + Z?Zl(di(G)P) = DZ1ok)  (p — 1 - 2k)oy

LE(G) < \/(Zm + Z?:l(di(G))Q)W —(n—1-2k)o1 + on

Also if p = 2 and 2k = n — 1 then we get the following upper bound for
Laplacian energy of graph

LE(G) < \/ (2m + z;;l(di(c))?) B=D@k=B) 4 5,

LE(G) </ (2m+ Sy ((@)R) 0~ 1) + o

Corollary 2.17. If k =1 then the upper bounds changes to
LE(G) < \/(2m + Z?:l(di(G)P)n(n 1) = (n—2oy forp=n
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LE(G) < \/(Qm + Z?:l(di(G)P) n—=1)(n-2)—(n—-3)01+o0, forp=n—1.

Theorem 2.18. Let G be a graph with n vertices and m edges. Let o1 > o9 >
... > 0y, be the absolute Laplacian eigenvalues of G. If 01 is repeated k times then

o < %( (2m + g(di(G))Q)Qk - i:: o) (k £0).

1=k=1

Proof. Here we compare absolute Laplacian eigenvalues of G with absolute eigen-
value of graph H = (UKM)
k

Select p and ¢ such that n = k(p + ¢). The number of vertices of H is n and
the number of edges is kpq. Its the absolute value of eigenvalues spectrum is
(% 0l
2k (n—2k) )’
By Cauchy Schwarz inequality
O1/Pq+ - A0k /DGFO k1 13/ DG+ F02k/PqH02k11(0) +... 405, (0) < \/(Qm + Z?:l(di(G))Z)Qkpq

But 01 =02 = ... =0k

2k n
cotkyBa+ VBT Y o < (zm + Z(di(G))z)kapq

i=k+1
2k n
k4 Y o <[ (2m+ D (i(G))?) 2k
i=k+1 i=1
1 n 2k
_ . 2 _ .
o < 2 <2m+;(dz(G)) )2k i_kz;laz). 0

Corollary 2.19. If 2k = n then by above theorem

LE(G) < /(2m + 31, (di(G))*)n.
Corollary 2.20. If 2k = (n — 1) then by above theorem

LE(G) < /(2m+ 37, (di(G)?)(n — 1) + on.
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