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Abstract. The Hermite polynomial and Green function are used to construct
the identities related to majorization type inequalities for convex function. By
using C'eby3sev functional the bounds for the new identities are found to develop the
Griiss and Ostrowski type inequalities. Further more exponential convexity together
with Cauchy means is presented for linear functionals associated with the obtained
inequalities.
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Abstrak. Polinom Hermite dan Fungsi Green digunakan untuk mengkonstruksi
identitas yang berkaitan dengan membuat majorisasi jenis pertidaksamaan untuk
Fungsi Konveks. Dengan menggunakan Fungsional Ceby3ev, batas untuk identitas
baru yang ditemukan digunakan untuk dibangun jenis pertidaksamaan Griiss dan
Ostrowski. Selanjutnya Konveksitas Eksponensial dengan rata-rata Cauchy dis-
ajikan untuk fungsional-fungsional linear yang berasosiasi dengan pertidaksamaan

yang diperoleh.
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1. INTRODUCTION
For fixed m > 2 let

X = (xlv"'vxm)v Yy = (yl,'“aym)

denote two real m-tuples. Let
T 2 Tl = - 2 Tmls Y] 2 Y[2] = - 2= Yim)s

Ta) S T@) S S Tmy Ya) S Y S S Ym)
be their ordered components.

Definition 1.1. [21, p. 319] x is said to majorize y (or y is said to be majorized
by x), in symbol, x > y, if

l l
PRI (1)
=1 i=1

holds for1=1,2,....m —1 and

m m
E T = E Yi-
i=1 i=1

Note that (1) is equivalent to

Yooy s D
i=m—I+1 i=m—Il+1

holds forl =1,2,....m — 1.

The following theorem is well-known as the majorization theorem given by Marshall
and Olkin [19, p. 14] (see also [21, p. 320]):

Theorem 1.2. Let x = (z1,...,Tm), Y= (Y1, -, Ym) be two m-tuples such that x;,
yi €la,B] (i =1,...,m). Then

m

Z¢(Z/z) < Z¢>($z) (2)
i=1

i=1
holds for every continuous convex function ¢ : o, B] — R if and only if x =y
holds.

The following theorem can be regarded as a weighted version of Theorem 1.2
and is proved by Fuchs in [14] ([19, p. 580], [21, p. 323]):

Theorem 1.3. Let x = (z1,...,%m) , Y= (Y1, .., Ym) be two decreasing real m-tuples
with z;, y; € (o, B] (i =1,....m) and w = (w1, wa, ..., Wy,) be a real m-tuple such
that

! l
Zw,;y,;ﬁZwixi forl=1,..,m—1, (3)
i=1 i=1
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and
Zwi Yi = sz T (4)
i=1 i=1

Then for every continuous convex function ¢ : [a, ] — R, we have
Dwid(y) <D wid(w). (5)
i=1 i=1

The following integral version of Theorem 1.3 is a simple consequence of Theorem
12.14 in [23] (see also [21, p.328]):

Theorem 1.4. Let z,y : [a,b] — [, B8] be decreasing and w : [a,b] — R be contin-
uwous functions. If

/V w(t)y(t)dt < /V w(t)x(t)dt for every v € [a,b], (6)

and
b

b
/)w@)Mﬂdt:k/ w(t) 2(t) dt )

a

hold, then for every continuous convex function ¢ : [a, ] — R, we have

b b
/ w(t) ¢ (y(t)) dt < / w(t) ¢ (x(t)) di. (8)

For other integral version and generalization of majorization theorem see [19,
p. 583], [1]-]8], [10, 17, 18, 20, 23].
Consider the Green function G defined on [a, 8] X [a, 5] by

(t=B)(s—a) :
e a<s<t
G(t,s) = (- Bt-a) . o 9)
{“jﬂ;”, t<s<p.
The function G is convex in s, it is symmetric, so it is also convex in ¢. The function
G is continuous in s and continuous in ¢.

For any function ¢ : [a, 3] — R, ¢ € C?([a,]), we can easily show by
integrating by parts that the following is valid

8—x T —«

B
o) = G—0la) + 5=20(6) + [ Gla9)o"(s)ds, (10)

where the function G is defined as above in (9) (]26]).

Let —co < a < f<ooand a < a; < ag--+ < ar < f, (r > 2) be the
given points. For ¢ € C"[a, 5] a unique polynomial pg(s) of degree (n — 1) exists
satisfying any of the following conditions:

Hermite conditions:

P (a) =D (a;); 0<i<hj, 1<i<r > kj+r=n. (H)

Jj=1



4 M. ADIL KHAN et.al.

It is of great interest to note that Hermite conditions include the following partic-
ular cases:
Type (m,n—m) conditions: (r=2,1<m<n—-1, ky=m—-1, ko =n—-m-—1)

Two-point Taylor conditions: (n=2m,r =2,k =ka=m —1)

pir(@) = 61 (@), pyp(8) = 6 (8). 0 <i <m 1.
We have the following result from [9].

Theorem 1.5. Let —co<a< f<ooanda<a; <az--<a, <, (r>2) be
the given points, and ¢ € C™ ([, 5]). Then we have

o(t) = pu(t) + Run(o,t) (11)
where py (t) is the Hermite interpolating polynomial, i.e.
r kj
(6) =D Hiy(t)¢"(a))
j=11i=0

the H;; are fundamental polynomials of the Hermite basis defined by

kj—i kj+1
1 w(t) — 1 d* [ (t—a;)" k
Hi(t)= 5 ——F3= D am | (t—a;)", (12)
7 il (t—ay)R T = Rl dt w(t) , !
w(t) = [[t—ap)™™, (13)
j=1
and the remainder is given by
B
RH,n(¢7 t) = / GH,n(t75)¢(n)(s)ds
where G, (t,s) is defined by
Lk a;—s)" !
Z_: 2_: WHU’@); s <1,
Grn(t,s) = J—“;O B (14)
> Z L Hij(t); 5 > t,
j=l+1i=
forallay <s<ap1;1=0,...,7 with ag = a and a,4+1 = f.

Remark 1.1. In particular cases,
for type (m,n — m) conditions, from Theorem 1.5 we have

O(t) = pm.n) () + Rim.ny (0, 1) (15)
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where pm n)(t) is (m,n —m) interpolating polynomial, i.e

n—m-—1

P(m, n) Z TZ ) + Z Uz(t)¢ (6)
=0

i=0
with

n(t) = (e -y (2=5)" mi’(”‘m;k‘l)(;ii> (16)

=0

and

ni(t) = Z.lj(t - B)i(;__Z)mn_Til_i (m +l§ ) 1) (;__%)k (17)

k=0
and the remainder Ry, ,,)($,t) is given by

with

S e ()]
(

(=) (a—s)" 777 (ﬁyhm a<s<t<
G(m,n)(t>s) = Jl(n__]_l)! i e 7 sest=h

n—m—1 rn—m—i—1 q
m-+qg—1 B—t
—n [ g )
R (};%‘;) : a<t<s<pB
For Type Two-point Taylor conditions, from Theorem 1.5 we have

¢(t) = par(t) + Rar(4,1) (19)

where par(t)is the two-point Taylor interpolating polynomial i.e,

pzT(t):mlmi’(erk—l)[(t—i!a)i(;—_ﬁB) (;— )¢<>()

=0 k=0
+“‘Z_!5>i(;:Z)m(ij@)k¢<i><ﬁ>] (20)

and the remainder Rop(¢,t) is given by

Ror(,t) / Gar(t,s)¢™ (s)ds

with
m m—1 . L.
SR (s) S (M) (- s g s), s <t
Gorlt,s) = i (21)

G mid" (1) z (") (s =T Ipi(ts), s >
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where p(t, s) = S0 q(t,5) = p(s,t), V1,5 € o, B].

The following Lemma describes the positivity of Green’s function (14) see
(Beesack [11] and [Levin [24]).

Lemma 1.6. The Green’s function G (t,s) has the following properties:

-\ Gt
(i) %>0,a1§t§ar,a1<s<ar;

(i) Gun(t,s) < Gpig=aylw®);

(i) [7 Grrnlt,s)ds = 20,

n!

In order to recall the definition of n—convex function, first we write the
definition of divided difference.

Definition 1.7. [21, p. 15] Let ¢ be a real-valued function defined on [o, B]. The
divided difference of order n of the function ¢ at distinct points [a, (] is defined
recursively by

and
(b[xla ,il'n] - ¢[:I:07 ”~7xn71]

dlzo, ..y Tn) = .
Tn — To

The value ¢[zg, ..., zy] is independent of the order of the points xg, ..., Ty,.

The definition may be extended to include the case that some (or all) the
points coincide. Assuming that ¢U=1)(z) exists, we define

olx, .., x]= ﬁ

j—times
Definition 1.8. [21, p. 15] A function ¢ : [, ] — R is said to be n-convex, n > 0,
on [a, B] if and only if for all choices of (n+ 1) distinct points xq, ..., x, € [, f],
the nth order divided difference is non negative that is

odlxo, 1, ...y xn] > 0.

Theorem 1.9. [21, p. 16] Let ¢ : [a, 5] — R be a function such that ¢(™) exists,
then ¢ is n-convex if and only if ™ > 0.

We arrange the paper in this manner, in section 2, we use Hermite inter-
polating polynomial and Green function to establish identities for majorization
inequalities. We present generalized majorization inequalities and in particular we
discuss the results for (m,n —m) interpolating polynomial, two-point Taylor inter-
polating polynomial. In section 3, we give bounds for the identities related to the
generalizations of majorization inequalities by using Cebysev functionals. We also
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give Griss type inequalities and Ostrowski-type inequalities for these functionals.
In section 4, we present Lagrange and Cauchy type mean value theorems related
to the defined functionals and also give n-exponential convexity which leads to ex-
ponential convexity and then log-convexity. At the end, in section 5, we discuss
some families of functions which enable us to construct a large families of func-
tions that are exponentially convex and also give Stolarsky type means with their
monotonicity.

2. GENERALIZATION OF MAJORIZATION INEQUALITIES

We begin this section with the proof of some identities related to generaliza-
tions of majorization inequality.

Theorem 2.1. Let —co < a< <o anda<a; <ag - <a. <8, (r>2)
be the given points, and ¢ € C"([a, B]) and w = (w1, ..., W), = (T1,.... Tm) and
Y= (Y1,-.., Ym) be m-tuples such that x;, y; € [o,Bl,w; €R (I =1,...,m). Also let
H;;,Gurn and G be as defined in (12), (14) and (9) respectively. Then

iwm(xz)—iwm(yz):Wiwl(xl_yl>

o sz (a1,1) — Gl ]a%“ Ha0a (3)

A [sz (a1,) = Gl 0)

Proof. Use (10) in 7", w1 (a1) — S57%, w1 6 () we have
l_flwm(m—l_ilwm(yn

ZWiwz(fm—yzH/j

Grn_a(t, s)o™ (s)dsdt.

> wiG(zyt) =Y wGy.t)| ¢ (t)dt
=1 =1

(24)

By Theorem 1.5, ¢"(t) can be expressed as

r kj

¢"(t) =Y > Hy(t)o" (q / Grm—a(t,s)!™ (s)ds (25)
=1 i=0

=1 i=

Using (25) in (24) we get (23). O
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Integral version of the above theorem can be stated as:
Theorem 2.2. Let —co < a< <o anda<a; <as - <a. <8, (r>2)
be the given points, ¢ € C™([a, B]) and z,y : [a,b] — [o, 5], w : [a,b] — R be

continuous functions. Also let H;j, Gy, and G be as defined in (12), (14) and (9)
respectively. Then

’ ’ ¢(8) — (@)

Joristarar - /aw<r><z)<y<r>>dr =) [ wio)ate) ~ virin
8 b

+ [ [ e @ - G i 2, 2 o) (O

i /j /j Vabwm (G(x(r),t) — Gy(1),t)) dr

T k]

Grn—a(t,s)¢™ (s)dsdt.

(26)

Theorem 2.3. Let —o < a=a; < az - < a, = B < 00, (r > 2) be the given
points, w = (W1, ..., W), T = (X1, ..., Tm) and Yy = (Y1,...,Ym) be m-tuples such
that z;, y1 € [o, B, w; € R (I =1,...,m) and H;;, G be as defined in (12) and (9)
respectively. Let ¢ : [a, f] = R be n—convez and

sz (w1,t) — G(yi,t)) >0, t€[a,fl. (27)

Consider the mequahty

m

;wz¢($z) - ;wlcb(yz) > W;wl (z1— )
r K
/ sz (z1,t) — Gyt ZZQWH) Hi;(t)dt.  (28)
(i) If k; is odd for each j = 2,..,r, then the inequality (28) holds.

j=1 =0
(ii) Ifk; is odd for each j = 2,..,7—1 and k, is even, then the reverse inequality
in (28) holds.

Proof. (i) Since the function ¢ is n—convex, therefore without loss of generality
we can assume that ¢ is n—times differentiable and ¢(™) > 0 see [21, p. 16
and p. 293]. Also as it is given that k; is odd for each j = 2, .., 7, therefore
we have w(t) > 0 and by using Lemma 1.6(i) we have G ,—2(t,s) > 0.
Hence, we can apply Theorem 2.1 to obtain (28).

(ii) If k, is even then (t — a,)*+1 < 0 for any t € [, 3]. Also clearly (t —
ap)F11 > 0 for any ¢ € [a, 8] and H;;;(t —aj)%t >0 for t € [, 8] if
k; is odd for each j = 2,..,7 — 1, therefore combining all these we have
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w(t) =l (t - aj)*i*t1 <0 for any t € [a, 8] and by using Lemma 1.6(i)

we have G n—2(t,s) < 0. Hence, we can apply Theorem 2.1 to obtain
reverse inequality in (28).
([
Integral version of the above theorem can be stated as:

Theorem 2.4. Let —co < a=a; <ag - <a, = <oo, (r>2) be given points
and z,y : [a,b] = [a, 8], w : [a,b] = R be continuous functions and H;; and G be
as defined in (12) and (9) respectively. Let ¢ : [, B] — R be n—convexr and

b
/ w(r) (G(x(7),t) = G(y(7),1))dT = 0, t€[a,f]. (29)

Consider the inequality
b b b
— ¢

Jumstarir— [wmotear > L= @) - yrar

B b r kj ,
+/ / w(T) (G(z(7), t) —G(y(T)vt))dT] DD o ay) Hiy (8.

o @ j=11i=0
(1) If k; is odd for each j = 2,..,r, then the inequality (30) holds.
(ii) Ifk; is odd for each j =2,..,r—1 and k, is even, then the reverse inequality

in (30) holds.

(30)

By using type (m,n — m) conditions we can give the following result.

Corollary 2.5. Let [a, 3] be an interval and w = (wy, ..., wp), €= (z1,...,xp) and
y = (Y1,..-,Yp) be p-tuples such that z;, yi € [, Bl,w; € R (I = 1,...,p). Let G
be the green function as defined in (9) and 7;,m; be as defined in (16) and (17)
respectively. Let ¢ : [, 8] — R be n—convex and the inequality (27) holds for
p-tuples. Consider the inequality

Dowi (@)=Y wid(y)
=1 =1

2 szl (zi —w)
gl p
+/ Zwl .’El, - G(yl,t))]

=0 i=
(i) If n —m is even, then the inequality (31) holds.
(ii) If n — m is odd, then the reverse inequality in (31) holds.
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By using Two-point Taylor conditions we can give the following result.

Corollary 2.6. Let [, 3] be an interval, w = (w1,...,wp), & = (T1,...,%p) and
y = (y1,.-,Yp) be p-tuples such that x;, y, € [o,Bl,w; € R (I = 1,...,p) and G
be the green function as defined in (9). Let ¢ : [a, f] — R be n—convex and the
inequality (27) holds for p-tuples. Consider the inequality

;wm(wz) —l_zlwmb(yz)
> 0=t St —u)+ [ ’ Zw (Glart) - G(yz,t»]
S (e e
AP0 (G i) &

(i) If m is even, then the inequality (32) holds.
(ii) If m is odd, then the reverse inequality in (32) holds.

Remark 2.1. Similarly we can give integral version of Corollaries 2.5,2.6.

The following generalization of majorization theorem is valid.
Theorem 2.7. Let 0o < o =a1 < ag -+ < a, = f < 00, (r > 2) be the given
points, * = (x1,...,Tm) and Yy = (Y1, ..., Ym) be m-tuples such that y < x with x;,

y € [o,0] (I =1,..,m). Let H;j be as defined in (12) and ¢ : [a,B] — R be
n—-convez. Consider

> (Gl t) - Gy t))

r kj

U+ (a;) Hyj(t)dt. (33)
j=1i=0
(i) If k; is odd for each j =2,..,r, then the inequality (33) holds.
(i) Ifk; is odd for each j =2,..,r—1 and k, is even, then the reverse inequality
in (33) holds.

If the inequality (reverse inequality) in (33) holds and the function F(.) =

T k] )
S 30 ¢+ (a;)Hyj(.) is non negative (mon positive), then the right hand side of
j=1i=0
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(33) will be non negative (non positive) that is the inequality (reverse inequality)
in (2) will holds.

Proof. (i) Since the function G is convex and y < x therefore by Theorem 1.2,
the inequality (27) holds for w; = 1. Hence by Theorem 2.3(i) the inequality (33)
holds. Also if the function F' is convex then by using F in (2) instead of ¢ we get
that the right hand side of (33) is non negative.

Similarly we can prove part (ii). O

In the following theorem we give generalization of Fuch’s majorization theo-
rem.

Theorem 2.8. Let —0o < @ = a1 < ag-++ < ap = f < 00, (r > 2) be the
given points, € = (T1,...,Tm) and y = (y1,...,Ym) be decreasing m-tuples and w =
(w1, ..., W) be any m-tuple with x;, y; € [, Bl,w; € R (I = 1,...,m) which satisfy
(8) and (4). Let H;; be as defined in (12) and ¢ : [a, 8] — R be n—convez, then

> wig () - Zwﬂb (w1)
=1 =1
kJ

/ [zwl (21:8) = Gl ) | 357 00 (a)) Hyy (1)t (34)

j=114=0

(i) If k; is odd for each j =2,..,r, then the inequality (34) holds.
(i) Ifk; is odd for each j = 2,..,r—1 and k, is even, then the reverse inequality
in (34) holds.
If the inequality (reverse inequality) in (34) holds and the function F(.) =
Z Z (2 (a;)Hi;(.) is non negative (non postive), then the right hand side of
j=1li=

(34) wzll be non negative (non positive) that is the inequality (reverse inequality)
in (5) will hold.

Proof. Similar to the proof of Theorem 2.7. ]

In the following theorem we give generalized majorization integral inequality.

Theorem 2.9. Let —c0o < a = a1 < ag-+- < a, = f < 00, (r > 2) be the given
points, and x,y : [a,b] = [«a, 5] be decreasing and w : [a,b] — R be continuous
functions such that (6) and (7) hold. Also let H;j be as defined in (12) and ¢ :
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[, B] = R be n—convex and consider the inequlity

/ () (e (r))dr — / w(r)p(y(r))dr

k; (35)

8 b r )
> | [ [ wln) Gatr)t) - Glur) ) dr| 30600 His(t)dr

=1 i=0

(i) If k; is odd for each j =2,..,r, then the inequality (35) holds.
(ii) Ifk; is odd for each j = 2,..,7—1 and k, is even, then the reverse inequality
in (35) holds.

If the inequality (reverse inequality) in (35) holds and the function

r kj
=33 ¢ (a;)Hi; ()

j=11i=0

is non negative (non positive), then the right hand side of (35) will be non negative
(non positive) that is the inequality (reverse inequality) in (8) will hold.

By using type (m, n—m) conditions we can give generalization of majorization

inequality for majorized tuples:

Corollary 2.10. Let [a, 8] be an interval, © = (z1,...,2p) and y = (y1,...,Yp) be
any p-tuple such that y < x with x;,y; € [a, 8] (I = 1,...,p). Let 7; and n; be as
defined in (16) and (17) respectively and ¢ : [a, ] = R be n—convex. Consider

S o) = bw)
=1 =1
P m—1 n—m—1
/ [Z (z1,t) = Gy, ))KZ (0T (@) + > ()T (B )) dt.

=1 =0 =0

(i) If n —m is even, then the inequality (36) holds.
(ii) If n — m is odd, then the reverse inequality in (36) holds.

If the inequality (reverse inequality) in (36) holds and the function

m—1 n—m—1
PO =Y @m0+ Y I (@m()
=0 =0

is non negative (non positive), then the right hand side of (36) will be non negative
(non positive) that is the inequality (reverse inequality) in (2) will hold.

By using Two-point Taylor conditions we can give generalization of majoriza-
tion inequality for majorized tuples:
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Corollary 2.11. Let [, 8] be an interval and © = (z1,...,2p), Yy = (Y1,..-,Yp) be
decreasing p-tuples such that'y < x with x;,y; € [o, 8] I =1,...,p). Let ¢ : [, ] —
R be n—convex. Consider

P P P

S o) - o) = / S (Glant) - Gl )| Fdt,  (37)

1=1 1=1 1=1

o 0= 3 (””'H)[“Zf“”(2‘_@)’”(2‘_2>k¢<“”<a>

=0 k=0
+(t *ﬁﬂ)i (;_Z)m(é_%>k¢(i+2)(5)] .

(i) If m is even, then the inequality (37) holds.
(ii) If m is odd, then the reverse inequality in (37) holds.

If the inequality (reverse inequality) in (37) holds and the function F(.) is non
negative (non positive), then the right hand side of (37) will be non negative (non
positive) that is the inequality (reverse inequality) in (2) will hold.

By using type (m,n — m) conditions we can give the following weighted
majorization inequality.

Corollary 2.12. Let [, 5] be an interval and & = (z1, ..., zp) and y = (Y1, ..., Yp) be
decreasing p-tuples and w = (w1, ..., wp) be any p-tuple such that x;,y; € [, B, w; €
R (I = 1,...,p) which satisfy (3) and (4). Let 7; and n; be as defined in (16) and
(17) respectively and let ¢ : [, B] = R be n—convex. Consider the inequality

D wid(m) - Zﬂu ¢ (1)
=1

Sy

=
-1

1
m—1 n—
<Z T7, ¢(1+2) + Z 771, ¢(Z+2 )) dt

i =0

(i) If n —m is even, then the inequality (38) holds.
(ii) If n —m is odd, then the reverse inequality in (38) holds.

If the inequality (reverse inequality) in (38) holds and the function

m—1 n—m—1
F() Z ¢(z+2 Z b z+2) )
=0

is non negative (non positive), then the right hand side of (38) will be non negative
(non positive) that is the inequality (reverse inequality) in (5) will hold.
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By using Two-point Taylor conditions we can give the following weighted
majorization inequality.

Corollary 2.13. Let [a, 8] be an interval and € = (x1,...,2p), Yy = (Y1,..,Yp) be
decreasing p-tuples such that z;, y; € [a, Bl,w; € R (I = 1,...,p) which satisfy (3)
and (4) and let ¢ : [a, 5] = R be n—convezx. Consider the inequality

Xp:wl¢(xl)—zp:wl¢(yz)2/ [Zwl (z1,t) — G(y1, 1))
=1 =1 o
:’"zmz“@“f*)[“;ﬂ) (5 () o

M) () o]

F(tydt,  (39)

1! B —« a—0
(i) If m is even, then the inequality (39) holds.
(ii) If m is odd, then the reverse inequality in (39) holds.

If the inequality (reverse inequality) in (39) holds and the function F(.) is non
negative (non positive), then the right hand side of (39) will be non negative (non
positive) that is the inequality (reverse inequality) in (5) will hold.

The integral version of the above Corollaries can be stated as:

Corollary 2.14. Let [, 8] be an interval and z,y : [a,b] = [a, 8] be decreasing
and w : [a,b] = R be continuous function such that (6), (7) hold. Let 7; and n; be
as defined in (16) and (17) respectively and ¢ : [o, B] = R be n—convex. Consider

b b
/ w(r)d(e(r))dr - / w(r)d(y(r))dr

a

m—1 n—m-—1
(Zn(t (@) + > mt)e (B )) dt.

=0 =0
(40)

(i) If n —m is even, then the inequality (40) holds.
(ii) If n — m is odd, then the reverse inequality in (40) holds.

If the inequality (reverse inequality) in (40) holds and the function

m—1 n—m—1
F()= Z P+ (o Z o2 (B)n(.)
=0

is non negative (non positive), then the right hand side of (40) will be non negative
(non positive) that is the inequality (reverse inequality) in (8) will hold.
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[a, B] be decreasing and

Corollary 2.15. Let [a, (] be an interval and .,y : [a,b]
w : [a,b] = R be continuous functions such that (6) and (7) hold. Let ¢ : [a, f] = R
be n—convex. Consider the inequality
b b
Je@statiar - [wrowm)ir
(41)

F(t)dt,

B b
Z/Q [/ w(7) (G(z(7),t) — G(y(7),t)) dr

t_B)m(t_a)kgb(”z)(a)

e F(1) — m;) mkzol <m +: - 1) [(t —i!a)i = (e
S (o wena]

(i) If m is even, then the inequality (41) holds.
(ii) If m is odd, then the reverse inequality in (41) holds

If the inequality (reverse inequality) in (41) holds and the function F(.) is non
negative (non positive), then the right hand side of (41) will be non negative (non

positive) that is the inequality (reverse inequality) in (8) will hold

3. BOUNDS FOR IDENTITIES RELATED TO GENERALIZATIONS OF MAJORIZATION

INEQUALITY
[a, 8] = R we consider the

For two Lebesgue integrable functions f,

A(f,h)ﬁia/ﬁf(t) tfi/ Ft)dt - /ﬁh(t)dt.

In [13] the authors proved the following theorems:

Cebysev functional

Theorem 3.1. Let f : [, B] — R be a Lebesgue integrable function and h : [« 8] —
R be an absolutely continuous function with (- — «)(8 — )[W']? € Lo, B]. Then we
have the inequality
%
(42)

1 1 b / 2
AR < V{<ﬁﬂwvﬁ_a<A}x—MW—xwuw}M>

The constant % in (42) is the best possible.
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Theorem 3.2. Assume that h : [a, 8] = R is monotonic nondecreasing on [« 0]
and f : [a, B] = R is absolutely continuous with f' € Lo[ev, B]. Then we have the
inequality

B
AL < g e [ (= a)(8 - a)an(a). (43)
The constant 1 in (43) is the best possible.

In the sequel we use the above theorems to obtain generalizations of the
results proved in the previous section.

For m-tuples w = (w1, ..., W), X = (T1, ., Tr) and y = (Y1, ..., Ym ) With ay,
Y € [a, Bl,w; € R (I =1,...,m) and the Green functions G and Gy, be as defined
in (9) and (14) respectively, denote

0=/

similarly for continuous functions z,y : [a,b] — [a, (], w : [a,b] — R and the Green
function G and G,y be as defined in (9) and (14) respectively, denote

GH,n72(tvs)dt? s € [a’ﬁ}’ (44>

sz (@1,t) — G(yi, 1))

BT pb
J(s) = / l/ w(T) (G(x(7),t) — G(y(7),t)) dT| GH pn—2a(t,s)dt, s € [a,p].

Consider the Cebysev functionals A(£, £), A(J,J) are given by:

B B 2
AL, £) :B%a/ £2(s)ds — <51a/ S(s)ds> , (46)

B 8 2
A(3,9) = ﬁia/ I (s)ds — (ﬂia/ C((s)ds) . (47)

Theorem 3.3. Let —co<a<f<ooanda<a; <ag - <a. <, (r>2) be
the given points, and ¢ € C™([a, B]) such that (- — a)(8 — ) [¢"tV])? € L[a, B] and
W= (W1, .o, W), T= (L1, .0, Tp) and Yy = (Y1, ..., Ym) be m-tuples such that x;, y;
€ [a,Bl,wy € R (I =1,...,m). Also let H;j be the fundamental polynomials of the
Hermite basis and the functions G and £ be defined by (9) and (44) respectively.
Then

sz¢($z)—zwz¢(y1) = wzwz (z —w)
k;

] Tt ] S5m0
j=1 =0
oD (B) — ¢ V() [” ,
+ o /aﬂ(s)ds—i—/f((b,a,ﬁ). (48)
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where the remainder k(¢; o, B) satisfies the estimation

F=a | e :
k(¢ 0, B)] < ﬂﬁ (A 92 /a (s —a)(B—s)[p" D (s)Pds| . (49)
Proof. The proof is similar to the proof of Theorem 15 in [5]. O

The integral version of the above theorem can be stated as:

Theorem 3.4. Let —co < a< f <o anda<a; <ag - <a. <8, (r>2)
be the given points, and ¢ € C" ([, B]) such that (- — a)(8 — -)[¢*TV)? € L[a, B]
and z,y : [a,b] — [a, B], w : [a,b] = R be continuous functions. Also let H;; be the
fundamental polynomials of the Hermite basis and the functions G and J be defined
by (9) and (45) respectively. Then

b b —bla) [P
(ﬁdﬂdﬂﬂﬂr—/@hM@ﬁDm*=ﬂ@—j£l/1Mﬂ®@d—MﬂMT

a B -«
8 b rokj (42
+A AuMMaumw—ammwmﬁF“ﬂ¢ (a) Hs (1)t
(=1 (8) — ¢V(a) [P
+¢ B)—¢ () J(s)ds + &(¢; , B). (50)

B—OZ «

where the remainder R(¢; o, B) satisfies the estimation

JB—a
V2

Using Theorem 3.2 we obtain the following Griiss type inequalities.

1
2

|8
R(d 0 B)] < [A@Jnf/’w—axﬁ—$wm“Mﬁﬁm (51)

Theorem 3.5. Let —co < a< <o anda<a; <ag - <a. <8, (r>2)
be the given points, and ¢ € C" ([, B]) such that (™ is monotonic non decreasing
on [a, B] and let £ be defined by (44). Then the representation (48) holds and the
remainder k(¢; a, B) satisfies the bound

"V (B) + 0 V() "2 (B) — ¢ P (a)
O U EY Ll O W

|a¢mﬂnssvu{

Proof. The proof is similar to the proof of Theorem 17 in [5]. O

Integral case of the above theorem can be given:

Theorem 3.6. Let —co < a< <o anda<a; <as - <a. <8, (r>2)
be the given points, and ¢ € C™([a, f]) such that ™) is monotonic non decreasing
on [a, ] and let z,y : [a,b] = [, B], w : [a,b] = R be continuous functions and
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the functions G and J be defined by (9) and (45) respectively. Then we have the
representation (50) and the remainder k(p; a, B) satisfies the bound

(n—1) (n—1) o (n—2) _ 4(n—2) o
i) < | { SO L BTy

We present, the Ostrowski-type inequalities related to generalizations of ma-
jorization inequality.

Theorem 3.7. Suppose that all assumptions of Theorem 2.1 hold. Assume (p,q)
is a pair of conjugate exponents, that is 1 <p,q < oo, 1/p+1/g=1. Let |¢(”)|p
[a, B] = R be an R-integrable function for some n € N. Then we have:

> wié(y) - szz (z1 —u1)
=1

T k]

/ [Zwl (zi,t) — Gyt ] ¢ (aj) Hij(t)dt
* J

j=1 +=0

< H¢<n>

2ll, 54
Ll (54)

where £ is defined in (44).
The constant on the right-hand side of (54) is sharp for 1 < p < oo and the
best possible for p = 1.

Proof. The proof is similar to the proof of Theorem 19 in [5]. O

Integral version of the above theorem can be given as:

Theorem 3.8. Suppose that all assumptions of Theorem 2.2 hold. Assume (p,q)
is a pair of conjugate exponents, that is 1 < p,q < oo, 1/p+1/qg=1. Let |¢(”)|p
[, B] = R be an R-integrable function for some n € N. Then we have:

b b —bla) [P
Joeotetrnar - [wmotuenar - L2=HD [Cum)w) - yrar

8 b ro ki
- / [ / w(r) (G(x(ﬂ,t)—a(y(f),t))mlZZ%Z”M%)Hmwdt

j=11i=0

<Jo,
p

13, 5 (55)

where J is defined in (45).
The constant on the right-hand side of (55) is sharp for 1 < p < oo and the
best possible for p=1.
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4. n—EXPONENTIAL CONVEXITY AND EXPONENTIAL CONVEXITY

We begin this section by giving some definitions and notions which are used
frequently in the results. For more details see e.g. [12], [15] and [22].

Definition 4.1. A function ¢ : I — R is n-exponentially convex in the Jensen
sense on I if

Z &6 (‘T ”1> >0,

7,7=1

hold for all choices &1,...,&, € R and all choices x1,...,x, € I. A function
¢ : I — R is n-exponentially convex if it is n-exponentially convez in the Jensen
sense and continuous on I.

Definition 4.2. A function ¢ : I — R is exponentially convex in the Jensen sense
on I if it is n-exponentially convex in the Jensen sense for all n € N.

A function ¢ : I — R is exponentially convex if it is exponentially convex in
the Jensen sense and continuous.

Proposition 4.3. If ¢ : I — R is an n-exponentially convex in the Jensen sense,

m
then the matrix [(b (WFT%)} is a positive semi-definite matriz for all m €
i

,]=

det [qb <x JQF x’)] >0,
ij=1

forallmeN, m=1,2,...n

N, m < n. Particularly,

Remark 4.1. It is known that ¢ : I — R™ is a log-convex in the Jensen sense if
and only if

o2¢(z) + 20 /3¢( >+6 oy) >

holds for every a,8 € R and z,y € I. It follows that a positive function is log-
convex in the Jensen sense if and only if it is 2-exponentially convex in the Jensen
sense.

A positive function is log-convex if and only if it is 2-exponentially convex.

Motivated by inequalities (28) and (30), under the assumptions of Theo-
rems 2.3 and 2.4 we define the following linear functionals:

:szcb(fl?l Zwl¢ yr) (ﬁ) 2( )Zwl(ﬂ*yl)
=1

B | m J
- / [Zwl (G(z1,t) — Gy, 1)) ¢+ (a;) H;j(t)dt(56)
@ =1 j=11
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b b
Fi(g) = / w(r)ple(r))dr — /w<r>¢<y<f>>dr

a

rok
D> 00 (ay) Hij (1)t (57)

j=14i=0
Remark 4.2. Under the assumptions of Theorems 2.3 and 2.4, it holds F 7 (¢) > 0,
i = 1,2, for all n—convex functions ¢.

Lagrange and Cauchy type mean value theorems related to defined functionals
are given in the following theorems.

Theorem 4.4. Let ¢ : [, f] — R be such that ¢ € C™[a, B]. If the inequalities in
(27) (i=1) and (29) (i = 2) hold, then there exist & € |«, 8] such that

Fi(@) =" (p), i=12, (58)
where p(x) = "c—: and FH,i=1,2 are defined by (56) and(57).

n

Proof. Similar to the proof of Theorem 4.1 in [16]. O

Theorem 4.5. Let ¢, : [, 5] — R be such that ¢, € C™[«, B]. If the inequalities
in (27) (i=1), (29) (i =2), hold, then there exist & € |o, 8] such that
Fie) _ o)
FE@W)  pm(&)
provided that the denominators are non-zero and F ¥, i =1,2, are defined by (56)
and(57).

~1,2, (59)

Proof. Similar to the proof of Theorem 4.2 in [16]. O

Now we will produce n—exponentially and exponentially convex functions
applying defined functionals. We use an idea from [22]. In the sequel J will be
interval in R.

Theorem 4.6. Let Q) = {¢; : t € J}, where J is an interval in R, be a family of

functions defined on an interval [a, §] such that the function t — [z, ..., ZTn; dt] is
n—exponentially convex in the Jensen sense on J for every (n+1) mutually different
points xq,..., o, € [a,B]. Then for the linear functionals F(¢) (i = 1,2) as

defined by (56) and (57), the following statements hold:

(i) The function t — FH(¢;) is n-ezponentially convex in the Jensen sense
on J and the matriz [F [ (¢e,+0 )|, is a positive semi-definite for all

meNm<n, ty,..,t, €J. Particularly,
det[F H (¢, v, Njiz1 =0 for allm e N, m =1,2,...,n.
2
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(ii) If the function t — [ 2 (¢;) is continuous on J, then it is n-exponentially
convez on J.

Proof. The proof is similar to the proof of Theorem 23 in [5]. O

The following corollary is an immediate consequence of the above theorem.

Corollary 4.7. Let Q = {¢; : t € J}, where J is an interval in R, be a family of
functions defined on an interval [, 5] such that the function t — [xo, ..., Tn; ¢4] is
exponentially convex in the Jensen sense on J for every (n+ 1) mutually different
points xg,...,T, € [a,B]. Then for the linear functionals FH(¢;) (i = 1,2) as
defined by (56) and (57), the following statements hold:

(i) The function t — F H(¢;) is exponentially convex in the Jensen sense on
J and the matriz [Ff[(gbtj;rtl )Ji=1 is a positive semi-definite for all m €

N,m <n, t1,..,t.,, € J. Particularly,

det[Ff(qStj;t, Njiz1 >0 forallm e N, m =1,2,....,n.

(ii) If the function t — [ (¢y) is continuous on J, then it is exponentially
convez on J.

Corollary 4.8. Let Q = {¢; : t € J}, where J is an interval in R, be a family of
functions defined on an interval [, 8] such that the function t — [xo, ..., Tn; ¢4] is
2-exponentially convex in the Jensen sense on J for every (n+1) mutually different
points xg,..., T, € [, ). Let FX, i = 1,2 be linear functionals defined by (56)
and (57). Then the following statements hold:

(i) If the function t — FH(¢;) is continuous on J, then it is 2-exponentially
convex function on J. If t — FH(¢;) is additionally strictly positive, then
it is also log-convex on J. Furthermore, the following inequality holds true:

FE@) " < [FE)] " [FE )], i=1,2,

for every choice r,s,t € J, such that r < s < t.
(ii) If the function t — F H(¢,) is strictly positive and differentiable on J, then
for every p,q,u,v € J, such that p < u and q < v, we have

N’p,q(FiHvQ) S Mu,v(FiH,Q)a (60)
where
1
Fi(¢p) P71
) o PTG
Hpa(F I, Q) = (7 fpszp) (61
exp %) » P=4,
for ¢p, ¢q € Q.

Proof. The proof is similar to the proof of Corollary 2 in [5]. O
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Remark 4.3. Note that the results from Theorem 4.6, Corollary 4.7 and Corollary
4.8 still hold when two of the points g, ...,x; € [, B] coincide, say 1 = g, for a
family of differentiable functions ¢y such that the functiont — [xg, ..., x1; ¢4 is an n-
exponentially conver in the Jensen sense (exponentially convex in the Jensen sense,
log-convez in the Jensen sense), and furthermore, they still hold when all (I + 1)
points coincide for a family of | differentiable functions with the same property.
The proofs are obtained by (22) and suitable characterization of convexity.

5. EXAMPLES

In this section, we present some families of functions which fulfil the condi-
tions of Theorem 4.6, Corollary 4.7 and Corollary 4.8. This enables us to construct
a large families of functions which are exponentially convex. Explicit form of these
functions are obtained after we calculate explicit action of functionals on a given
family.

Example 5.1. Let us consider a family of functions
O ={¢ :R—->R:teR}

defined by
et.r
e t#£0
o (.1‘) = { in s
o, t=0.
Since Cf;ﬁ*' (z) = €' > 0, the function ¢; is n-convex on R for every ¢ € R and
t — ‘fi;‘ff (z) is exponentially convex by definition. Using analogous arguing as

in the proof of Theorem 4.6 we also have that ¢ — [zg,...,Z,; ¢¢] is exponentially
convex (and so exponentially convex in the Jensen sense). Now, using Corollary 4.7
we conclude that ¢t — F f{ (¢1),1 = 1,2, are exponentially convex in the Jensen sense.
It is easy to verify that this mapping is continuous (although the mapping t — ¢, is
not continuous for ¢ = 0), so it is exponentially convex. For this family of functions,
ppg(FH Q1),i=1,2, from (61), becomes

1
Fi(e ))ﬁ
. (Ff’w;){ o P74
Ppa(Fi' ) = exp 7f;£,2(d¢f;’) — %) , p=q#0,

1 F i (id-¢o) L
exp mm) p=q=0,

where id is the identity function. By Corollary 4.8, /uprq(FfI, Q1) is a monotonic
function in parameters p and q.

drz¢p ﬁ
((%}) (logx) = z,

dxz™

using Theorem 4.5 it follows that:
My o(F 7, Q0) =log iy o(F ), i=1,2

Since
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satisfies
a< M, (FE, Q) <8, i=1,2.
So, My, 4(F ,€) is a monotonic mean.

Example 5.2. Let us consider a family of functions

Qo ={g::(0,00) > R:t R}

defined by
gu(x) = Wﬁ t¢{0,1,...,n—1},
(71)71,?,3-3’.;5(2717].)!, t=5¢€{0,1,...,n—1}.
Since %';33’ (x) = '~ > 0, the function g; is n—convex for z > 0 and t — (g;% (2)

is exponentially convex by definition. Arguing as in Example 5.1 we get that the
mappings t — F H(g;),i = 1,2 are exponentially convex. Hence, for this family of
functions p, o(F7,Q), i = 1,2, from (61), is equal to

1
Ef(ap) ) P71
(F{H(gq)) ’ P #q,
H n—1
ex —1)n—1(n — 1)1 lg09p) | L)’ _ 0.1,....n—1},
tpa(FiT,2) = p(( " ) F(gp) kZ::O k—p p=q¢{ }
ex (_1)7171(”_1)',51(%4_73—:1# —qcfo1 n—1}
P 'foi(gp) =0 k—p | p=q 1,00, .
k#p

Again, using Theorem 4.5 we conclude that
a< (F;{(gp)) e i=12 (62)
Fi'(9q)
So, fip.q(FE Q5), i =1,2is a mean and by (60) it is monotonic.
Example 5.3. Let
Q3 = {¢ : (0,00) = (0,00) : t € (0,00)}
be a family of functions defined by

[ )
(lnt)”’ t # 17
G(r) =
o, t= 1.
Since ‘fing (x) =t=" is the Laplace transform of a non-negative function (see [25])

it is exponentially convex. Obviously (; are n-convex functions for every t > 0.
For this family of functions, fu.q (Ff, Qg), i=1,2, in this case [a, B] C R, from
(61) becomes

1
ffI(Ct))m .
. (Friss o L7 4
g (Fi' Q) = § eap —%ﬁég)_ﬁ)’ t=q7# L

1 Fif(dG) o
eap (~ ) t=a=1
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This is monotonous function in parameters t and q by (60).
Using Theorem 4.5 it follows that

M q (F{Ia93) = —L(t,q)inpq (FiH,Q?’) L i=1,2.
satisfy
a< Mg, (FFQ3)<p, i=1.2

This shows that My 4 (FiH, Q3) is mean for i = 1,2. Because of the above inequality
(60), this mean is also monotonic. L(t,q) is logarithmic mean defined by

t— .
logtffogq7 t# 4

L(t,q) =
t, t=q.

Example 5.4. Let
Q4 = {3 (0,00) = (0,00) : £ € (0,00)}
be a family of functions defined by

ezt
tn

Y (w) =

Since Cf;’,? (x) = e~V s the Laplace transform of a non-negative function (see
[25]) it is exponentially convex. Obuviously v are n-convex function for every t > 0.
For this family of functions, p 4 (Fﬁ,Q4), i = 1,2, in this case for [a, 3] € RT,

from (61) becomes
() \ 7
(Pt tE G

H _

erp (_ VI () ¢

This is monotonous function in parameters t and q by (60).
Using Theorem 4.5 it follows that

Mg (Fi',04) = - (\/E"' \/5) Inpg (Fi', ), i=1,2
satisfy
aSMt,q(FZLI7Q4)Sﬁ7 'L:172

This shows that My 4 (F{I, Q4) is mean for i = 1,2. Because of the above inequality
(60), this mean is also monotonic.
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