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Abstract. A decomposition of a graph G is a set of edge-disjoint subgraphs
Hy,Hs,...,H, of G such that every edge of G belongs to exactly one H;. If all
the subgraphs in the decomposition of G are isomorphic to a graph H then we say
that G is H-decomposable. The graph G has an {Hf‘,Hg}—decomposition, if «
copies of Hy and [ copies of Hy decompose GG, where a and [ are non-negative
integers. In this paper, we have obtained the decomposition of K;, X K, into «
kites and (3 stars on four edges for some of the admissible pairs («, 8), whenever
mn(m — 1)(n — 1) = 0(mod 8), for m > 3 and n > 4. Also, we have obtained the
decomposition of K., ® K, into « kites and 8 stars on four edges for some of the
admissible pairs (o, 8), whenever m(m — 1)n? = 0(mod 8), for m > 3 and n > 4.
Here K, x K, and K, ® K, respectively denotes the tensor and wreath product
of complete graphs.
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1. INTRODUCTION

All graphs considered here are finite, simple, and undirected. Let Sy(= K7 4)
denote a star on 4 edges. A Kite K is a graph in which one edge is attached to a
vertex of the triangle C'3. Let K, ,, —I denote a complete bipartite graph minus one
factor. For two graphs G1 and Gs, their tensor product Gy X G2 and wreath product
G1 ® G2 have the same vertex set V(G1) X V(G3), and the corresponding edge sets
are defined as follows: E(G1 x G2) = {(91,92)(91,95)|0191 € E(G1) and g295 €
E(Gs)} and E(G1 @ Ga) = {(91,92)(91,92)l9191 € E(G1) or g1 = g1, 9295 €
E(G2)}. In general, if G is the product of two graphs G; and G2 of order m and
n, respectively, then G can be considered a multi-partite graph with mn vertices
where V(G) = {v]]i € {1,2,...,m} and j € {1,2,...,n}} and the edge set of G
is defined according to the product considered. For a graph G, if E(G) can be
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partitioned into subsets Fq,--- , Ef such that the subgraph of G induced by E; is
H, foreach 1 <i <k, wewrite G=H{®---®Hy. Forl <i <k, if H; 2 H, we say
that G has an H-decomposition. If G can be decomposed into « copies of Hy and 3
copies of Hy, then we say that G has an {H®, HY}-decomposition or an (Hy, Hy)-
multi-decomposition. If the necessary conditions are satisfied for the existence of
a {H{, HY}-decomposition of G by pairs (o, 8), then we say that (o, ) is an
admissible pair. Note that if G; and Gy have an (Hy, Hs)-multi-decomposition,
then the (vertex or edge) disjoint union of G; and G5 also has a decomposition of
the same type.

The study of {H, HY }-decomposition has been introduced by Abueida and
Daven [I]. Moreover, Abueida and O’Neil [2] have settled the existence of { H®, H}
- decomposition of K,,(\) when {Hy, Ho} = {S,,C,} for n = 3,4,5. In [3], Yizhe
Gao and Dan Roberts obtained the multi-designs for the graph pair formed by the
6-cycle and 3-prism. In [4], Pauline Ezhilarasi et al. proved the existence of multi-
decomposition in the tensor product of complete graphs into cycles and stars with
four edges. In [5], Pauline Ezhilarasi and Muthusamy have obtained the multi-
decomposition of some product graphs into paths and stars with three edges. In
[6], Jeevadoss and Muthusamy proved the existence of multi-decomposition of some
product graphs into paths and cycles of length four. In [7], Ilayaraja, Sowndhariya,
et al. studied the multi-decomposition of some product graphs into paths and stars
on five vertices. All these studies motivated us to study the multi-decomposition
of simple graphs into kites and stars on four edges. In [8], we have obtained the
necessary and sufficient conditions for the existence of a multi-decomposition of
complete graphs into kites and stars on four edges. Also, the multi-decomposition
of the cartesian product of complete graphs into kites and stars has been studied
n [9]. In this paper, we have obtained a {K®, S }-decomposition of K, x K,, and
K,, ® K,, for some admissible pairs («, 3), whenever m > 3 and n > 4.
Notations:

(1) In a multi-partite graph G, we define F' as a 1-factor of distance p if F =
Fy U Fy, where F} = U UZer / Jand F, = U vj+pv] and the additions in

the subscripts and the superscrlpts are taken modulo m and n respectively,
with residues 0,1,2,...,m — 1 and 0,1,2,....,n — 1. ‘

(2) A kite in a multi-partite graph G is of the form (Ug,vfe,vg,vg), where
vf,vk,vq is a triangle C3 and vivY is the pendant edge e attached to the
vertex v} of C3. It is denoted by K.

(3) A star S4 in a multi-partite graph G is of the form (vi;v vl vk o vy,
where v is the center vertex(of degree 4) and vl vk
Vertlces(pendant vertices).

(4) The n stars with the same end vertices v o, v, vY and different center

vertices af,al,,--- ,al are denoted by (af,al,,--- ,al; v, v, v¥,vY).

v¥ are the end

mo



1.1. Preliminary results.
In this section, we will present some of the known lemmas and theorems
which will be used in proving our main results.

Lemma 1.1. [8] The graph Kg admits a {ICOZS’f} - decomposition if and only if
a+ B =17, where a, 8 > 0.

Lemma 1.2. [§] The graph K9 admits a {IC“,SE} - decomposition if and only if
a+ =9, where a, f > 0.

Theorem 1.3. [8] For all even t > 4, if n = 4t orn = 4t + 1, then K, admits a
{K*, S;f} - decomposition for the pairs («, ) satifying 0 < a < %2—_4, B=1(1) -

Theorem 1.4. [10] Let k, m and n € Z with m < n. Then there exits an Si-
decomposition of K, if and only if one of the follwing holds:

(i) k < m and mn = 0(mod k)

(i) m < k <n and n = 0(mod k).

Observation 1.1. If G = K,, ,, — I, where n = 1(mod 4), then the degree of every
vertez in G is a multiple of 4 and hence G admits an Sy-decomposition in this case,

by Theorem 1.3

Observation 1.2. The graph P3 x K, admits an Sy-decomposition when n is odd.

2. {K*, ${}-DECOMPOSITION OF K,, x K,

In this section, the necessary and sufficient conditions for the existence of
a {lCa,Sf }-decomposition in the tensor product of complete graphs have been
discussed.

Theorem 2.1. Let m > 3 and n > 4 be the given integers. Then the necessary
condition for the existence of a {K%, Sf}—decomposz’tion of K, x Ky, is mn(m —
1)(n — 1) = 0(mod 8).

Proof. Obvious from the edge divisibility condition required for the desired decom-
position in K, x K,. O

The following lemmas are useful in proving our main result on the sufficient
condition for the existence of a {K%, Sf }-decomposition in K, X K, for m > 3 and
n > 4.

Lemma 2.2. There exists a {K®, Sf}—decomposition of K3 x Ky for all admissible
pairs (a, B) such that a+ 5 =9.

Proof. The decomposition of K3 x K4 into « kites(i.e, the set K) and [ stars(i.e,
the set .S) on 4 edges for all admissible pairs («, ) such that a+ 8 = 9 is discussed

in the following cases:
Case 1: (o, ) = (9,0).



KZ{(U%,U%,’U%;’Ug), (U%7U§’U2;v1)> (US’UI’U%;U%>7 (U%’vbvgw%)’ (U%’U%,U%;Ug’), (Uévvéllv

U%;’U}), (U%’Ul ,U3,’U%), (U%7U3’U§7U%)7 (US)UI’U27U3

Case 2: (o, ) = (8,1).

K={(v3v3,01303), (v}v5,0301), (vg,07,0305), (vg,0f v3w3), (v3 05, v3501), (vg .01,
v303), (v3,07,v501), (v,v3,05:03)} and S={(vi;v3,v5,03,03)}.

Case 3: (o, ) = (7,2).

K—{(U%,?@,U%;’U%), (Ug’vgvv U )7 ('UQaU%’USWS)v (v%)vgw%w?{)’ (U:l)’v")gﬂ]%w%)’ (U%,’U%,

>
{(1 4

2 3,4 4.2 .1 .3 ,3
U13U3av3vv27’02)7 (Ul,’U2,U3,’U2,’U3) }

2
1
’U%;U2), (U%av%vv?ﬂ g)} and S=

Case 4: (o, ) = (6,3).
K= {(vl ,’U%ﬂ)g,vé ’ ’U2 'Ugvvg’vé) (Ula'USv'UQ;US)v (0371]1’”2;'01)7 (1)271)3,’[11;1}3), (’U%,U%,

), ( :
vbh)} and S—{(vhid03.0d.08), (vdsodod.otud). (vimdolod.od)).
Case 5: (o, ) = (5,4).
KZ{(U%,U%,’U%,U%), (’0271}331]1 ;U3)7 (U%,U%,’U%;’U%), (’Uzllvvgavg;v?{) (U%’Uéva’?’UQ)} and S=
{(U%;U%,U%,’U%,U%), (UZ;vl U1 7’0%71}3)7 (U%;’U%,’U%,’U%,U%), (vg;v%vv%7vgavé)}
Case 6: (o, ) = (4,5).
K={(vi,v5,03:03), (v3,03,07;03), (v3v1,0303), (vf,v3,03507)} and S={(vy;v3,v3,03,
vg), (v7303,03,03,03), (vi3v3,03,03,03), (v3;07,03,03,03), (v3v3,03,03.07) }.
Case 7: (o, 8) = (3,6).
K:{(U%ﬂbfuwvg) (U%, gvv%;vg)7 (Uzllav%av37v2)} and S= {(vl)vg’vgﬁvgvvg) (’U% UZavga

v
1,4 1,1 3,12 1.,2,2,3 4 4.1 ,2.3,2\ (2
v3,03), (V1503, U5,03,03), (V3301,03,05,03), (V3504,03,05,07), (”1»”2,1’2’”2’”3)}

Case 8: (o,8) = (2,7).

3,1 ,2.,4 2,4 ,3.,,1 1,3 ,2.,1

K:{(U%’U27UB’U%)7 (UQ,U?,U:%;US)} and S:{(U%;U%avgavgﬂ)?’% (U?;’U%,’U%,U%,Ug), U%;U%’U%,

(
v3,03), (v3103,03,03,07), (VF103,03,03,03), (v1503,03,03,03), (v3;v3,03,01,03) }.
Case 9: (¢, 8) = (1,8).
K:{(U%av?%av%;vf)} and S:{(U%;vg’m%,vgavg)a (U%U%W%avéfl}é‘,‘), (U%;’U%,’U%,U%,U%), (Q%W;
v3,v307), (vF;03,08,03,03), (viiv3,03,08,03), (v3i03,03,01,03). (V33,0808 01)}
Case 10: (¢, 3) = (0,9).

SZ{(U#’US,U%,U%,U%), (v%;v%,vi)’,vg’,v‘f), (U%;U%,U%,’Ué,’vg) (U27U1av§avl 7")3)7 (U?lnvl ,vi)’,vl,
U%)v (’U%;U%,U%,U%,’Ug), (Ug;v%’v%vvévvg% (U?‘?W%a”%vv%avil) (U%,Ul ’Ul 77)17 ?1>) } U

Lemma 2.3. There exists a {K<, Sf}—decomposition of K3 x K5 for all admissible
pairs («, B) such that o+ 3 = 15.

Proof. The decomposition K U.S of K3 x K5 into « kites and (3 stars on 4 edges for
all admissible pairs («, 8) such that o + § = 15 is discussed in the following cases:
Case 1: (o, ) = (15,0).

1 4

K:{(U?7U§7v%;v%)a (’US,U%,’U%;’U%) (Ul 71}27’0351}%)5 (0271)1’1]371)%) (Ugvvgﬂ)%;vg)a (Ugvvi?’ﬂ%

) (v%,vg,vg;v{’), (v%,vg’,v%;vg) ('03’1)1 ,112,1)3), (U%vv27v3’02) (v?av?£7vg;v§)a (’Ui’,vgl,’l)%;

) (US,’U%,U%;U%), (US,U;’,’U%;’U%) (vl 7“3?”27 ) }

Case 2: (o, ) = (14,1).

K= {(v?,v%,vg,vg), (vgﬂ]gw%w%) (Ul ’1}270371]%)’ (1)2,’[}1,113,1}1) (v§,vg,v%;v§), ('U%?'U%’Ug;
4)7 (U%7UQ7U37U1)a (U%,’U?,’U%,’Ug) (Ul ,’U2,U3,’U2), (Ulav37021vg) (’U\laﬂ}g:v%;vg)a (USW?JU%;

4 ) (Ugavgavl ,02)7 (Uilvvgan?vl)} and S= {(vl U%,U%,U%,U%)}

Case 3: (a,B) = (13,2).

K=

{(U?7U§7US’U2)7 (Ugvvgﬂvl ;U%)v (U%7U%7vé;v%)v (Ugmgﬂv%w%)? (v%,viv%;zﬁ), (U%,’U%,U%;

v‘g)
v3)

w



U%)v (U%7v§>v§§v§)7 (vf,vév%;v%% (Ugvv%7v?2;§v§)7 (’US,U%,U%;’U%), (Uéllvvgw%w%)’ (U§7U§’U%§
U%)v (’U%,U?,U?;Ué)} and SZ{(U%;’U%,U%,U%,’U%), (U%;U%,U%,U%,’U%)}.

Case 4: («, ) = (12,3).

K= (v?vvgvvgw%)’ (Ug,vgav%wg)a (vil))vvéwgavzll) (Ungav%vvg) (”Ugvvfw%;v@, (U?,U%,US;
Ug)v (vivg‘vv%vvg)v (vg,v%,vg,vg), (Ugﬂ)gﬂ)fﬂé) (v‘f,vg,v%,v%) (Ug’»vg»”%w%)a (’U%,’Ug),vi)’;
Ug)} and S= {(’U%,’UQ,U:‘;’,U;U%) (’Ugﬂ}hvl U1 7’02) (’U?nvgﬂ}l ,U%[U%)}

Case 5: (o, f) = (11,4).

K= {(vl,vé,vg,v‘f) (041171}3’”37”%) (111,’03,’02,113), (U27U1’U3vv%) (Ug,v%,vg;vg), (’Ugﬂ]%’l}%;
Ug) (%}7”%7”27”1) (’U2,U1,'U3,U§),(’U%,Ug,”l@,l@) (’03,111,1)2,7)3) (Ugav%,%l%”%)} and S:{(
vi’,vé,v%,v%m%) ( gvlavl ,’03703), (vl,v2,v2,v§,v§) (v%,vg’,v?,vg’,vi‘)}

Case 6: (o, ) = (10,5).

KZ{(U?,U%,’UQ,’Ul), (vl 7”5’7”%7”%)7 (U%,US,’U%;U?) (’UQ,U%,Ug,UQ) (U%,Ul ,’03,1}2) (v§7v27vlv
U%)v (vi‘,vg,vg;v%), (v?,vg,vg;vg), (v%,vg,v%nﬁ) (U%’U%U&’UQ)} and S= {(Ul,Ug,rUg/Ug,U%)

(Ug;U%,U%a ’U%,’U%), (Ué;v%,vg’,vé,vg), (U%;vgavgvvgvv:}% (UzllvUBavva%?U%)}

Case 7: (o, ) = (9,6).

KZ{(U%,U?U?;’U%), (v‘f,v%,v%;v%) (1)2,1)371)1,’[)%) (027’01’7}3705) (U%,U%U%;’U%), (U%{U%,U%;
U%)7 (UingUS;U%L (vg,v‘;’,vg;v%) (U37v27v17v2)} and S {(Ulav37v§7vgavé)7 (Ug;viv%)v;

U%)v (U%;U%’ U%,U%,Ug), (U%;US,US’,U?),’U?)), (U%vvgvvévvgﬂéx (U%;US,U%,U‘?,U%)}.
Case 8: (a,3) = (8,7).

K={(vs,v3,07503), (v3,03,03;03), (v,03,01303), (v3,07,05503), (v3,05,0503), (v3,v3,01;

vy), (viv5.03507), (vF,03,05:07) } and S={(v};05,03,03,03), (v3;07,v1,03,03), (vg;07 03,
v3,03), (013 v3,03,05,03), (visv3v3,03,03), (V35030307 07), (v5;03,07,03,v3) -
Case 9: (o, ) = (7,8).

v%)? (’U%ﬂ)g?'l)g;,uf)} and S:{(vi)’U%,vng%v,U%)v (’Ug);v%ﬂ):ll 7US’U%)’ (vé;,u%7v§7v§7vg)? (U%avga

v3,03,03), (v1503,03,03,03), (v3505,05,07,07), (v3508,08,03,03), (v7503,05,03,03)}.
Case 10: (¢, 3) = (6,9).

K={(v],03,03;07), (v1,03,03;03), (v},03,03507), (v3,07,03503), (V3,07 05501), (V3,035,015
whotolod , ,

v3), (vg;07,07,03,03), (V501,07 08 ,01), (v3;07 03 03,03), (V35070508 ,03)}.

Case 11: (o, ) = (5,10).

K={(v],03,03;v3), (v ,03,v3;03), (v},03,03507), (v3,07,03;03), (v3,03,07;03)} and S={(
v3;03,03,03, v3), (v1303,03,03,03), (v3501,03 07 01), (V3;03,03,03,03), (va;vi,0],03,03),

Case 12: (o, ) = (4,11).
K= {(U17v2703’vl) (Ulv’USav%v%)v(Uva%m%”U%) (U%,’U%,U%;’U%)}and SZ{(U?;’U;’,UQ,’U%U:),),
(U%’vgvv37v2av2) Ul 7’01 7U17 %)7 (’U277)3,U37U3,’U3) (’U%;’U%U%’U%vv%)v (v%;v%,vi”,v%,v%),
(Ug’vl 7”171}2’”1) ) 1,’01,’02, %)’ (U37U1’027U%>U2) (’U%;’US’,U%,U%,’U%), (U%;v%,’l}?{,vg,vg)}-
Case 13: (o, 8) = (3,12).

K= {(U3,’U§,1)1,U3) (’U
U%) (’US,U%,UD'UD %)7
Ui) (U3’027’U1ﬂv27 %)7
3

o)},

2,1 .1
g
(v3
71}3 ’U%,U%) (Ugavgvvl 71}3)} and S= {(Ulavgvvgav%703)7 (U%wgavéavga

2,1,1,2 1.,2,3 .5 ,3 5.,,4 2,2 ,,3
(vQ,v3703,v3,v3) (”27“1 U1 7U37U3)7 (1)2,111,2}1 ,’0371)3), ('037”1 1,03,
2 N (,,1.,,3 ,,2,4 .3 2.3 ,1,5 .3 2.4 ,3,3
(1}3,1)1 7”27’01’7}2) (v17v27027037v3)7 (027’01’7}37“37”3)7 (Ul yU3,V3,V3,

=
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Case 14: (o, 8) = (2,13).

K:{(U?’Uélvvg;vzll)a (U???U%’U%;U?{)} and S:{(UDUS’U%UQ? 31’)7 (Ul’US>U3’U2v %)7 (1}5’,1}1 71)%)
’U%?U%)a (’US;U%,U%,’U%,’U%), (’U%;’U%,U%,U%,’U%) (U%fUl 7’01 7U3v )’ (1)3,1}1 U1 7’0271)1)’ (’03,1}1,1}1,
U%,U%), (v%;v%,vé,v%,v%), (v%;v%,v%,vé,vg’) (v%,v{’,vg,%,%), (Ulvv37v2vv3’v3)7 (U2avla1}§7
v3,v3)}-

Case 15: (o, 8) = (1,14).

K={(v§’,v§,v%;v§)} and S={(v};v3,v3,v3,03), (vi;03,03,03,03), (vv3,03,03,03), (vi;
Uil,v%avgvv%) (US,”U%,U%,”U%,’U%) (US;U§7U§703’U§)7 (U%;’U%,’Ul 7”?1,77)3)7 (Ug’;vilavéﬂ’%ﬂ}?l,)a (U§7

v?,03,05,05) }-

Case 16: (o, 3) = (0,15).

SZ{(U?,’U?);’U%,US,U%,’U%), (U%,vg;vg’,vg,vg,v%), (vi",v%;v%,v%,v%,v%), (U%W%;USWEL,US’W%),
(v1,03303,03,03,03), (v1505,08,03,03), (visv3,03,03,03), (vi;08,v3,08,08), (vF08,05,03,
v3), (vi;v3,03,03,03)}. 0
Lemma 2.4. There exists a {K®, Sf}—decomposition of K4y x Ky for all admissible
pairs («, B) such that o+ 3 = 18.

Proof. The decomposition K U.S of K4 x K, into « kites and [ stars on 4 edges for
all admissible pairs (a, 8) such that o + 8 = 18 is discussed in the following cases:

Case 1: («, ) = (18,0).
K={(od v 00l (uF.0dodio]), (of wddnd), (ol i wdiod), (F of wdwd), (o) Bt

Uy

Uisl‘) (U%Wi»vz’lﬂ%)a (’U%,U%W%,Ui), (vgmg,v%,vi), (U§’7U§l7v%;v§)» (U%Wg,’l}i;Ug), (viv'l)gl?v:l));
U%gv}(vivv%»v%wl ) (ULU%’UE’U%% (0570377}27”%)7 (v%,vi’,v‘f;v%% (vém%,vi;ﬁ’), ('inélw%;
vy .

Case 2: («a, ) = (17,1).

K={ U%Wi%”f?”%% (Ué,vivé;vg’)v (U%av%ﬂ)g;vi) (Uzll,v:%vvng%)a (v%avg’,Uﬁ;U%), (Uiﬂ)%av%;
U%)v (U%Wiﬂ%w%)a (”z{’aU%av%an)» (v%ﬂ)g,’l}%,vi), (Ug’av§avi;vi), (U%’vgvviwg)v (viuvgvv%;
U%)v (ULU%,’U%;’U%), (’U},U3,Ui,02)7 (U%mg,’l}im%), (U%Wiav%;v?{)? (U:%Wg’»vi;v‘;’)} and S:{(

viviﬂjgavgﬂb)}
Case 3: (o, ) = (16,2).
3

K= {(U17U277J4;U2),(U§1 4,2 3.2

,1)4,112,113), (%’17”27”%5”3% (U%’v%ﬂ}g;vi)v (Ul 7”37”251}4% (U%?vgavﬁ;

vy), (viv3,0853), (vFvi0:03), (v vy, 03508), (vF 03 vi503), (vE,v3,07303), (V03 v3;
vi), (v1,03,05503), (vg.03,08301), (v3,03,08507), (v3,05,01508) } and S={(v];vF,03,05,3),
(vi503,v3,05,03)}-

Case 4: (o, 8) = (15,3)

K:{(Ugvv?%?v%wz% (042171}%’”%;@2)7 (Ugavav%wg) (v%,v3,v1 71}2)7 (U%,’L}4703,1}2), (U%,U;,Ug;
U%)’ (véavi’v%w%)a (Ugavévv%wz% ('Ugavi,v%;vg) (’Ug’,v3,’01,v4) (v%,v3,v4,v2), (vgavivv%a
vi), (v3,05,05501), (vs,03,03:03), (v3,0F,v1503)} and S={(vg;v3,03,v5,03), (vi? vfv3,
Ué)v (vi‘;vl,v%,v%mg’)}.

Case 5: (o, ) = (14,4).

K:{(Ugvvgfu%;vi)? (042171}%’”%;@2)7 (Ugvvzvv%;vg)a (’U%,U%,U%;’U%) (Ul 7”47’0351}2)’ (Ul 7”2’1]37
v%)v (v%ﬂ)g’v%w%)a (v%avévv%;vz)v (vg‘,vi,v?;v%), (’U%,U%,U%;Ui) (0%77)27”37”1)’ (1)3,112,”0%,
Uéll)v (vglmi,v%;v‘f), (Ugavfllvv%wéll)} and SZ{(’U%;U%,’U%W%,’U%) (UZ,’U%,Ul ,’027 61’)7 (114,111 ,112,
Ug,vg ) (vi;ﬁ,v%m%,v%)}.



Case 6: (o, ) = (13,5).

K= (U%,U%,U%;’Ui ) (vé,vg,vi;vi‘), (UZ%’UE?U%;U%) (’02,’1}3,1}1 71}2)7 (U%7U47037U2)a (’U%,US,U?);
’U% ’ (v%,vﬁ,v%;v%), (v%’vg’:vv?avz) (vé‘,vi,v%,v%) (vg,v3,v1,v4), (0%70471)371}1)’ (v%,vi’,v%;
US)’ (vgl,vi,vg;v‘f), (Ugvviav&vl)} and S= {(114,1)%,1)%’,1)‘21,1)%) (UE,U%W%’U%W%), (vi;v%,v%,
v3,03), (viivlv3,vs.03), (visvg,03,08,05)}

Case 7: (o, 8) = (12,6).

K:{ v%ﬂ”i’??”i”i) (U%,U37U1,1}4), (v§,v§,v%;v§’) (v%,vg,vl,%) (Ulﬁv47v§71}§)a (v%wgﬂ’é;
U%)? (U 7’021171}%71]3)’ (v?,vé,vi,v‘f), (Ugmg?v%wi) (U%’U27US’UI (’U27U27U37US)’ (U§aU27“§;

1

2 )7
U%), ('U%, 27”%?”%)} ands {(vi;v%,v%,v%,v%) (Ui,vlavhvb %)a (v4vvlav2avg,v§) (Uiﬂ)ila
v3,v3,03), (v%,v%,vi,vé”,v%) (vf;03,03,03,03)}

Case 8: (o, ) = (11,7).

K= {(U2’UZ’?7U17U4) (Uz)vg’leUZ’) (U%,U%,’U%;’U%), (’U%?U?lnvlls;vi) (1}2,1}3,’01,1}3) (v17v37v47

’U%) (U27US7U17U4)’(U3’U47U21’Ug) (vé‘,vi,v%;v%),(vg,vi,vg;vi) (1}371]47”271}4)} and S= {(

U%,U%,’UQ,UQ,’U:S) (’U% 1,1}1,1)3,1}4), (vé;v%,v%,v%,vi’), (’Ui;v%ﬂvgﬂviﬁﬂ}g)? (UZ,’U%,U%,U%,’U%),

viv3,vg03,08), (v

Case 9: (o, ) = (10, 38).

K:{(U%vv27v??:7v4)7 (véavgﬂj%n@)’ (Ul ’027")37”%)’ (0371%771‘;’;%1)7 (U%’U?%vv%;vi)a (’Ug,’UgZ,,U%;

Ui)v(vi’%vviw%wi)v(vg 3,03 4) (U3vvz>vgvv4) (U%,UZ,U%;U%)} and SZ{(U%;U%US’,’UQ,U?))

(U%;U%av%wél&)v (v%;v%,v‘f,v%,vi’), (vi,v%,v%,v%,vg), (vz;v%,vi”,v‘f,vé) (Ui’vgvvi’nv&vg)

(visvi i of ), (

Case 10: (¢, 8) = (9,9).
v

<

KZ{(U%,U%U%’U%), ( %,’UQ,’US’;Ui), (v%,vévg;vi), (’U%,’U%,U%;US), (U%’U‘%vv%w%)a (’US’,’U%,U%;
(g v vaed), (v, udgey), (vs v vgeg)} and S={(vfu3,v305,09), (vg307,01,05,

»ka,\
\/\/
—~ =

v3)

31244 2,2 2 2.1 .3,4 4 4.2 1,2 3 4.1 .2
vy), (1’35”1 yU1,U2,V Vg3V 71’27113’”3)’ (vi;v1,07 07 7”3)7 (U4§U2aU3aU3vvs)7 (V01,0107
3 3.,1,2, 4 4 1.,3,4,3 4

7)2)7 (”U4,’U1,U1 ,U1,V3), (U43U1 yU1 ,'02,’02)}.

Case 11: (o, ) = (8, 10).
K={(o} vhuud), (5 wb oo, (oo fod), (o edod), (oo oded), o
1)421)7 (113,1)%,11%;11%),2(1124,112,11?2);1@)} anf S4:{(vi;v22,v§,v22,v3), (vz;vli)’,v% ,U3,03 ), (113;1)11 ,vzl,
1)42171};1)7 (U4 ;Ul ,’1124,’03 71)341)7 (U4 ;Ul 71}%’1]1 aU3 )7 (U4 ;UQ 71)3 7U3 avg)a (U4 ;vl avl 70% 7’U§)7 (Ug ;Ul avl )
Uy 7U2)7 (vi;v%vvl 71}%7”2)5 (UZ;U§7027U§51}§)}'
Case 12: (o, 5) = (7,11).
K={(of i odiod), (ot obod), (odotied), O edod) ed i), (dodof
v§)72(vzivf,v%;vi)} an;i S4:{(vi;v22,v1§’,v22,v3), (UZ;U?UQI 3,07 ), (vggvll wivs ), (vkhv?,
Ui)v37vi)’ ('U42;U1 ’Ui;vvll)v?))? (044;1}227”3’@3271)%)7 (04;1)1 ,vl,v:f,vg), (inl U1 )'U17U2)
U1 7Ugav2)a (U4§’U§,U2,U3,’U§), (Ul ;UQ,US,U3,U§)}-

3 v20d03), (V203,088

Case 13: (o, 3) = (6,12).
K= {(Ulvv%ﬂ)g’vi) (U%»USav17v2)v v ,’03701,’[}3) (01»1]3’”2;”3 ’ v3,v4702,v4),(v§,vi’,v§;
Ul)} and S= {(7}1,1}27’0%,’1}2,1)3) (v%,v?,vhv?,,m) (Ué;v%,v‘f,v%,v;{fﬁ (Ui;v%7vg7v§’v§)7
(U4’vl 7”%71}1 WS) (U47U27'037U?2)7U§)’ ('Uivvl U1 7’0%7”%) (vi;v%,v%,v‘f,v%), (Ui;viv%wg’vg)v
(’Ui;’Ug,U%,U%,’Ug), (U%,’U%,U%,U%,’Ug), (025U13U3?U§70§)}
Case 14: (o, ) = (5,13).

2,3 ,1.,4 3

K:{(U%,’U%ﬂ)g;vi), (U%vvf’?av%;vg)v (vi”,v%,v%;vg), (v3,v3,02504), (Ulavévv%;vi)} and S=
{(visv3,03,03,03), (vg30f viv5,0%), (08,01 ,05,08), (vi;0f,v3,08,03), (vivt of vivg),
(U4,’l)2,’l}3,1}32),1}§) (U2§U%7U%7U%7U§)a (’in%avivivg)a (vi;vf,v‘f,vg,v%), (UE;’U%,’U%,U%,U%),

(Ul 1’0371}%’1}%’@%)7 (US;U%,U%,U%,Ué), (Ug;vf7vzl))’1}%7v2)}'

2
2

I

[\v]



Case 15: (o, ) = (4,14).

K:{(U%’U%ﬂ)g;vi)a (U%,U%,U%;’Ui), (ﬁ%a”%v“i’)v (U%)Ui’v&vl)} and S= {(01’02)1]%’”3’
’03) (’U%;’U%,U%,U% 03)7 (’U%;U%av%’vévvz)v (Ui;v%vgvvg’vg)’ (UZW%?U%?U%?UE’%)’ (vﬁ,v%,v3,v37
Ug)’ (viw%fu%aviv%)v (vi;v%m%,v%avg)a (vi,vf’,v%,v%,v%), (Uz;vgavévvéwg), (U%QUS»USW%
v3), (v3Fvg,08,08), (V530107 03,03), (vaiwf,ofvgv3)}-

3

Case 16: (o, )
KZ{(U%W%U%;U@, (’U%,U%,U%;’Ui), (v%,v%,vi,v%)} and S= {( 17U ,U%,U%,’U% ) (Ué;viiﬂ/?
Ui’”z)’ (’U%;/U%’/U%7,U§7’Ug)7 (Ui’v%7vg’v§’7}§)7 (/UZ7IU]]:7’U%7/U%’/U§)
U%,Ug) (Uz;v%vvav%ﬂb Vy507 7”13”27”2)7 (Uivvg)avgwéavg)a
v3,03), (v3307,08,03,08), (v3f,0f,03,08), (v03,035,03,03)}.
Case 17: (o, 8) = (2, 16).

(2,1 ,3.,1 1.3 1..2,3 ,,4 ,,2 1..,4,4,2 .3
K={(vf,v3,03;v1), (v3,08,03;01)} and S={(v{;v3,03,05,03), (v3;v1,v5,0F,08), (vg;07,
4,4 .3 1...2 ,,2 .3 .4\ (,,2. 3.,,4,4 4.,2,1,2 .3 4.1 ,2 .3 .3 3.
U1 7U2av4)a (U47U1 ar027’037v3)7 (1)471}1’1]1 U1 7’03)7 (047’0271}3’1]3’@3)7 (U47U1 U1 7U15U2)a Vy5071,
2,4 .4 1.,,3 ,4 .3 ,,4 2.,,3 ,4 3\ (4.,2,3 2,3 3.2 ,,1,2 4 4.2
U1 7U15v2)’ (114,1}1 U1 7’0271}2) (04,1}2,1}2,’[}3,’03), (Ul 70271}2’”37”3)7 (U27U1 7'0371)3’1]3)’ (1)3,1}1,
4.,2 ,3 ,,2 .3 3.,,1,2 .1 .2 21133)}
25V1,V3,V3,Vy

v%,v%,vi’), (1)2,1)1 U1 ,113,1)3), ('Ul ;112,1)2,’03,’03), ('U
Case 18: (o, 3) = (1,17).

K={(v3,v3,07v3)} and S={(v],v3:03,05,03,v), (70350303 ,03,03), (v1,05305,03,03,

Ui)v (Ugﬁvé,v%ﬂf%avf)v (Ui;vgvv%wg’vg)’ (UZ;U?U%W%U@, (Uiv%’vgﬁvgva)v (vi‘;v%,v%,vg’,
Ug)v (U%;U§7U§’U§7’l’3) (U%W%v")g:viavi)a (vzllw%vv?{vvgwg)a (U?;Uivv?%vvgvvi)v (U?{aviv?avza
U:ll) (U:%avlavl 7'0471)4)}

Case 19: (o, ) = (0, 18).

S= {(U4,U2,’U2,’UQ,U3), (UZ,U%,U%,’U%,’U“?), (vi’;v%,v%,v%,vg), (vi,v%,v%’,v%,vg), (U%;Ugwgavi
’Ui), (Ul’vg>v37v4ﬁv4) (Ullsvv?lnvél)vivi)’ (U%,U%,U3,U4,Ui’) (U%,U%,U%,UE,Ui), ( %3”%7”%77}4}’
Ui)? (U%vavU%’U§’U27U4)7 (0%7’0%’”2’”2’1}3703)7 (v?,v%,v%,v%,v%,vi), (U%vvgavl ’U%,US,’UE)}.

O

Lemma 2.5. There exists a {K?, Sf}-decomposition of K4 x K5 for some admis-
sible pairs («, 8) such that o + 8 = 30.

Proof. We can write, K4 x K5 = K4 x K4 ® 12K; 4. By Lemma @ the graph
K4 x K4 has a {ICO‘,Sf }-decomposition for all admissible pairs («, ) such that

a+ f = 18. Then the graph K, x K5 admits a {K?, Sf}—decomposition for some of
the admissible pairs (a, 8) such that o+ 8 = 30. In this case we have, 0 < o < 18
and 12 < 8 < 30 such that o + 8 = 30. O

Lemma 2.6. There exists a {K, Sf}—decomposition of K4 x Kg for some admis-
sible pairs («, B) such that o+ 8 = 45.

Proof. We can write, Ky x K¢ = 2(K3 x K4) ® 27K, 4. By Lemma the graph
K3 x K4 has a {ICO“,Sf }-decomposition for all admissible pairs («, 8) such that
o+ =9. Then the graph K, x Kg admits a {K, S?}-decomposition for some of
the admissible pairs («, 8) such that o + 8 = 45. In this case we have, 0 < o < 18
and 27 < 8 < 45 such that a4+ g = 45. O

Lemma 2.7. There exists a {K®, Sf}—decomposition of K4 x K7 for some admis-
sible pairs (a, B8) such that a+ 8 = 63.
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Proof. We can write, K4 x K7 = K3 x K4 ® K4 x K4 ® 36K, 4. By Lemma 2.2}
the graph K3 x K4 has a {K?, Sf }-decomposition for all admissible pairs such that
a+p5=9. By Lemma the graph K4 x K, has a {K<, Sf }-decomposition for all
admissible pairs such that a4+ 8 = 18. Hence in this case we have, 0 < a < 27 and
36 < 8 < 63 such that o + 3 = 63. Thus the graph K, x K7 admits a {K*, S5 }-
decomposition for some of the admissible pairs («, ) such that o + 8 = 63. (|

Lemma 2.8. There exists a {K?, Sf}-decomposition of K5 x K5 for some admis-
sible pairs (a, B8) such that o+ 8 = 50.

Proof. Let K5 x K5 = K4 x K4 & 32K 4, then by Lemma@, the graph Ky x K4
has a {K%, Sff }-decomposition for all admissible pairs (a, 8) such that a4+ 8 = 18.
Hence in this case we have, 0 < a < 18 and 32 < 8 < 50 such that a4+ = 50. Thus
the graph K5 x K5 admits a {K2, S;f }-decomposition for some of the admissible
pairs (a, 8) such that o + 8 = 50. O

Lemma 2.9. There ezists a {K?, Sf}—decomposition of K5 x K¢ for some admis-
sible pairs (a, B) such that a+ 3 = 75.

Proof. Let K5 x K¢ = K4 x Ky ®57K7 4. By Lemma the graph K, x K4 has a
{K*, Sf}—decomposition for all admissible pairs («, 3) such that a+ 8 = 18. Hence
in this case we have, 0 < a < 18 and 57 < 8 < 75 such that a + 8 = 75. Thus the

graph K5 x Kg admits a {2, Sf }-decomposition for some of the admissible pairs
(a, B) such that o + 8 = 75. O

Remark 2.1. The necessary condition given in Theorem [2.1] can be classified into
3 cases according to the values of m and n as stated below:

Case 1. Both m and n are even.

(i) m,n = 0(mod 4)

(i) m = 0(mod 4), n = 2(mod 4)

Case 2. m is even and n is odd.

(i) m is even, n = 1(mod 4)

(i) m = 0(mod 4), n = 3(mod 4)

Case 3. Both m and n are odd.

(i) m = 1(mod 4), n = 1(mod 2)

For other values of m and n, the necessary condition for the existence of a {K%, Sf}—
decomposition in K,, x K, will not be satisfied.

Lemma 2.10. If m,n = 0(mod 4), then there exists a {K?, S’f}-decomposition of
K, x K,.

Proof. Let m = 4p and n = 4q, where p,q > 1. Then we can write, K4, X K44 =
pq(Ky x K4) ©2pq(p+q — 2)(Ka12) © 2pq(p — 1)(¢ — 1)(K4,16). From Lemma
the graph Ky x K, admits a {K%, Sf }-decomposition for all admissible pairs (¢, 3)
such that o + 8 = 18. Also from Theorem the graphs Ky 12 and K4 16 have
an Sy-decomposition. Thus, the graph K, x K, has the desired decomposition for
some admissible pairs («, ). (]
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Lemma 2.11. If m = 0(mod 4) and n = 2(mod 4), then there exists a {K*, S5 }-
decomposition of K., x K.

Proof. Let m = 4p and n = 4q + 2, where p,q > 1. Then we can write, Ky, x
Kigra = plg — 1)(Ky x Ky) @ p(Ky x Kg) ® 4p(q — 1)(Ka1s) @ 2¢(p — 1)(q —
1)(K4,12) ®3p(p—1)(Ku20) ®4p(p — 1)(q — 1)(K4,24). From Lemma[2.4] the graph
K, x Ky admits a {K®, S2}-decomposition for all admissible pairs (a, 3) such that
a+ g =18. By Lemma the graph K4 x Kg admits a {K?, Sf}—decomposition
such that o + 5 = 45. Also from Theorem the graphs Kyg, K412, Ko and
K424 admits an Sy-decomposition. Thus, the graph K,, x K, has the desired
decomposition for some admissible pairs («, ). O

Lemma 2.12. If m is even and n = 1(mod 4), then there exists a {K*, S5 }-
decomposition of K., x K.

Proof. The proof of this theorem follows from two cases.

Case 1: m = 0(mod 4) and n = 1(mod 4).

Let m = 4p and n = 4¢ + 1, where p,q > 1. Then we can write, K, X Kig41 =
p(g — 1)(Kq x Kyq) & p(Kq x K5) @ 4p(q — 1)(Ka15) & 2p(p — 1)(q — 1)(Ka,18) &
p(p2—l) (6K416) ® 4p(p — 1)(¢ — 1)(K4,20). From Lemma the graph Ky x Ky
has a {K%, Sf}—decomposition for all admissible pairs (o, 8) such that o+ 5 = 18.
From Lemma the graph K; x K5 has a {K,5?}-decomposition for some
admissible pairs (o, 8) such that o + 8 = 30. Also, from Theorem the graphs
Ki 15, K18, K16 and Ky 59 admits an Sy-decomposition and hence the desired
decomposition exists in this case, for some of the admissible pairs («, ).

Case 2: m = 2(mod 4) and n = 1(mod 4).

Let m = 4p+2 and n = 4g+1, where p, g > 1. Then we can write, Kyp o X K4g41 =
(p=1)(g = 1)(Ka x Ky) © (p = 1)(Ky x K5) ©4(p — 1)(q = 1)(K4,15) @ (¢ — 1)(K6 X
K4) ® (K¢ x K5) @ 6(q — 1)(Ka,25) D 4(p — 1)(q = 1)(K418) ®5(p — 1)(Ks24) © (p —
1)(g—1)(5K4,24®4K4 30). From Lemma the graph Ky x K4 admits a {KC¢, Sf}—
decomposition for all admissible pairs («, 5) such that a + 8 = 18. From Lemma
the graph K4 x K5 admits a {K%, Sf }-decomposition for some admissible pairs
(a, B) such that o + 8 = 30. From Lemma the graph Kg x K4 admits a
{K“,Sf}—decomposition for some admissible pairs (a, ) such that « + 8 = 45.
From Lemma the graph Kg x K5 admits a {2, Sf}—decomposition for some
admissible pairs (o, ) such that o + 8 = 75. Then from Theorem the graphs
K415, K425, K418, K424 and K4 30 have an S;-decomposition and hence the desired
decomposition exists in this case, for some of the admissible pairs («, ). O

Lemma 2.13. If m = 0(mod 4) and n = 3(mod 4), then there exists a {K*, S5 }-
decomposition of K., x K.

Proof. Let m = 4p and n = 4q + 3, where p > 1 and ¢ > 0. When ¢ = 0, we can
write, Kup x K3 = p(4p—1)(P3 x K3). By Observation the graph P3 x K3 admits
an Sy-decomposition. When ¢ # 0, we can write, K4y X Kagys = p(q — 1)(Ky %
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K4) @ p(Ka x K7) & 4p(g — 1)(Ka1) @ 2p(p — 1)(q — 1) (Ka12) & THE (Ko o) ©
4dp(p — 1)(g — 1)(K4,28). From Lemma the graph K4 x K4 admits a {K?, Sf}—
decomposition for all admissible pairs («, 3) such that a + 8 = 18. From Lemma
the graph K4 x K7 admits a {K?, Sf }-decomposition for some admissible pairs
(a, B) such that a+ 8 = 63. Then from Theorem the graphs Ky 21, K412, K424
and K4 o8 have an S4-decomposition and hence the desired decomposition exists in
this case, for some of the admissible pairs («, 3). O

Lemma 2.14. If m = 1(mod 4) and n = 1(mod 2), then there exists a {K*, S5 }-
decomposition of K., x K.

Proof. We discuss the proof in two cases.

Case 1: m =5 and n = 1(mod 2).

Let m =5 and n = 2p 4+ 1, where p > 1. For p = 1, the graph K5 x K3 has a
{K=, Sf }-decomposition for all admissible pairs (a, 8) by Lemma For p > 1,
we can write, K5 X Kopy1 = (p—2)(Ks55 —I) ® K5 x K5 & 5(p — 2)(K2,90). From
Observation the graph K55 — I admits an S4-decomposition. From Lemma
the graph K5 x K5 admits a {K?, Sf }-decomposition for some admissible pairs
(a, B) such that o + = 50. Also, from Theorem the graph Ko has an
Sy-decomposition and hence the desired decomposition exists in this case, for some
of the admissible pairs («, 3).

Case 2: m > 5 and n = 1(mod 2).

Let m =4p+1 and n = 2¢ + 1, where p > 2 and ¢ > 1. Then Kypy1 X Kygqp1 =
(2g+1)g(Kapt1,4p+1—1I), where I is a 1-factor of distance zero in Kapy1,4p11. From
Observation the graph Kupy1,44+1 — I admits an S4-decomposition and hence
the proof. O

Now we prove our main result, which is the sufficient condition for the exis-
tence of {K®, §%}-decomposition in K, x K,.

Theorem 2.15. Let m > 3 and n > 4. The graph K,, x K, admits a {K%, Sf}—
decomposition for some of the admissible pairs (o, ), if mn(m — 1)(n — 1) =
0(mod 8).

Proof. The proof follows from Lemmas to

O

3. {ICO‘,Sf}-DECOMPOSITION ofr K,, ® K,,

In this section, the necessary and sufficient conditions for the existence of a
{K=, $7}-decomposition in K,, ® K, have been discussed.

Theorem 3.1. Let m > 3 and n > 4 be the given integers. Then the necessary
condition for the existence of a {K%, Sf}—decomposition of K@K, is m(m—1)n? =
0(mod 8). O
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The following lemmas are useful in proving our main result which is the
sufficient condition for the existence of a {K?, Sf }-decomposition in K, ® K, for
m >3 and n > 4.

Lemma 3.2. The graph K3 ® K4 admits a {K?, Sf}—decomposition for all admis-
sible pairs (a, B) such that a+ 8 = 12.

Proof. The decomposition K US of K3® K4 into « kites and 3 stars on 4 edges for
all admissible pairs (a, 8) such that o + § = 12 is discussed in the following cases:
Case 1: (o, ) = (12,0).

4

K={(v3,03,01;03), (v3,03,01503), (v3,0f,03501), (vF,03,0301), (vf,03,03:03), (v3,03,0%;
v3), (vF,03,03;03), (v3,03,003), (v3,03,08503), (vi,03,03;03), (vF,03,03;01), (V103,055
v3)}-

Case 2: (o, ) = (11,1).

KZ{(U%,U%,’U%;’Ug), (U%7U§7U%§US)7 (U%,U%,’U%;’U%), (v%w%wgw%)v (vf,v%,v%;vg), (’U%,’Ug,vg;
v3), (v1,03,03303), (v3,03,08503), (v1,03 03501), (vi03,05501), (v3,07,03;303) } and S={(
v%;v%’v§7vé7v§)}'

Case 3: («, ) = (10,2).

KZ{(U%,U%W%;’U%), (U%ﬂ)?lnv%;vzll)v (v%,vémg;v‘f), (U%ﬂ}%ﬂv%w%)v (U%W%W%?U%)v (0%71}?2)77}%;
Ué)v (U%vvgwg;v%L (’US’,U;’,U%;’U%), (U:l)’vvgw%w%)’ (U%,U%,U%;’U%)} and SZ{(U%;US’U%U?@),
(’U%;’U%,U%,U%,U%)}.

Case 4: (o, 8) =(9,3).

v1), (v7,03,08503), (v3,08,0103), (v3,05,07;03) } and S={(v{v3,03,03,03), (vy;0] 07,3,
vg), (vsv3,03,03,01)}-

Case 5: (o, ) = (8,4).

K={(v1,03,03:01), (v,03,03;03), (v1,03,03:03), (03,03 ,07503), (vF,03,05;01), (v],03 033
U%,U%), (’U%;’U%,U%m%,v%)}.

Case 6: (o, ) = (7,5).

K={(o}ofokud), (vh ok ofod), (b e ofod), (e edd), O dokiod), (o ot
01)74(1}:13470%71}2;1]3)} and 84:{(101;’0271}%’1]2’@3)7 (UQ;U37’037U§aU3)a (UB;UQaU:237vl 7U1)a (’U%;U%
U%,U3,112), (U%;U27vg,vg,ﬂ3)}.

Case 7: («a,8) = (6,6).

K={(o] 8 okud), (8 vk obod), (of o odiod), (a8 adid), (o okiod), o
U3)} 4&11(11 SZE(U% ;U27’U2,’U§,U2), (v2;v3av37vgavg)a (U%;’U25U27U23U3>7 (U§§U1 ,’U3,’U3,’U3),
(v3,v5;01 03 01 ,03) }.

Case 8: (o, ) = (5,7).

KZ{(”%?”%W%W%% (U%,U%,U%;v%), (v%ﬂ}%av%;vg)a (U%U%vl}g;v%)v (U%,U%,U%;U%)} and S:{(
vg; v3,03,03,03), (01;03,03,03,05), (v7;05,03,05,03), (v3,v550F,03,03,03), (V30307 0701,
v3)}

Case 9: (o, ) = (4,8).

K={(o]ofugud), (Lo ok, (b odod), (0 did) ) and S={(0 bl
v3), (v1,v1305,05,03,03), (7,07 71’271}25”%’”37“37”3)}-

Case 10: (o, 3) = (3,9).
KZ{(U%,U%W%;’U%), (’U%,U%,U%;U%), (’U%,’U%,D%;U%)} and SZ{(U%,’U%,’U%;U%,U%,’Ué’,’lﬁ), (Ui

=~

(V)

'



13
U%w%w%w%w%% (vé))?'l)g;v%’v%vv%’v%)? (v};vg’,v%,vg’,v@, (’U%;U%,US[D%,’U%)}.
Case 11: (o, 8) = (2,10).
(v3,03;08 08,01 03), (v3,03;03,03,03,03), (v1;08,05,03,03) }.
Case 12: (o, 5) = (1,11).
K={(v,03,01;v3)} and S={(v{;v},03,03,03), (v7,07,01;05,03,03,03), (v3,05,03;03,03,
v3,03), (v3,03,0508,08,01,03), (VF01,07,01,03)}
Case 13: (o, 3) = (0,12).
SZ{(”%?”%W%W%W%7”%71)33”3)3 (v%,vf,vi”,v‘f;vé,v%,vg’,vg), (U%,U%,U%,v%;v%,v%,vg,vg‘)}. U

Remark 3.1. The necessary condition given in Theorem [3.1] can be classified into
2 cases according to the values of m and n as stated below:

Case 1. m > 3 and n is even.

Case 2. n is odd and m =0 or 1(mod 8).

For other values of m and n, the necessary condition for the existence of a {K%, Sf}-
decomposition in K,, ® K, will not be satisfied.

Lemma 3.3. For m > 4, K,, ® K, has a {K®, S2}-decomposition for some ad-
missible pairs («, B) such that o+ f = 2m(m — 1).

Proof. Case 1. For m = 4, we can write, K, ® K4 = K3 ® K4 ® Ki12. By
Lemma the graph K3 ® K, admits a {K%, Sf }-decomposition for all admissible
pairs (a, 8) such that o + 8 = 12. By Theorem the graph K4 12 admits an
S,-decomposition. Then the graph K4 ® K, admits a {K¢, Sf }-decomposition for
some of the admissible pairs (a, 8) such that a + 8 = 24. Hence in this case we
have, 0 < a <12 and 12 < 8 < 24 such that o + 5 = 24.

Case 2. For m > 4, we can write K,, @ K4 = K4 @ K4 ® MMKAM &)
(m — 4)K416. By Case 1, the graph K, ® K, admits a {IC"‘,Sf}—decomposition
for some admissible pairs (o, 8) such that a + 8 = 24. By Theorem the
graphs K44 and K416 admits an S;-decomposition and hence K, ® K4 admits a
{K*, Sf }-decomposition for some admissible pairs (a, 8). Therefore, in this case
we have, 0 < a < 12 and 2[6 + (m — 4)(m + 3)] < 8 < 2m(m — 1) such that
a+ f=2m(m-1). O

Lemma 3.4. For allm > 3 andn > 4 is even, there exists a {K?, Sf}—decomposition
of Kp, ® K.

Proof. When n is even, we have the proof in two cases as given below:

Case 1. When n = 0(mod 4).

We can write, K,,, ® K,, = q(K,,, ® K4) ® wm(m— 1)K4 4. By Lemmas [3.2|and
the graph K,, ® K4 admits a {K®, S ff }-decomposition for some admissible pairs
(o, 8). By Theorem the graph K4 4 admits an Ss-decomposition and hence the
graph K,, ® K,, admits a {K, Sf }-decomposition for some admissible pairs (o, 3).
Case 2. When n = 2(mod 4).

We can write, K,,, ® K,, = q(K,,, ® K4) ® q(qigl)m(m 1)Ky 10 ®2K,, @ Ky — I D
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2¢gm(m — 1)K 4. By Lemmas|3.2| and the graph K,, ® K, admits a {K*, 5 1-
decomposition for some admissible pairs (a, 8). By Theorem the graph K,,
admits a {IC“,Sf }-decomposition for some admissible pairs (o, 8). By Theorem
the graphs K44 and K; 4 admits an Ss-decomposition. By Observation
the graph K, ,, —I admits an S4-decomposition. Hence the graph K, ® K,, admits
a {K*, 57}-decomposition for some admissible pairs (a, 3). O

Lemma 3.5. If m = 0 or 1(mod 8) and n = 1(mod 2), then there exists a
{K*, Sf}—decomposition of Ky @ K,, for some admissible pairs (o, ).

Proof. We can write, K,, ® K, = nK, & (K,, x K,). By Theorem [1.3[ and
the graphs K, and K,, x K,, have the desired decomposition for some admissible
pairs (a, 8) and hence the proof follows. |

Theorem 3.6. Let m > 3 and n > 4 be the given integers. Then the graph
K., ® K,, admits a {K, Sf}—decomposition for some of the admissible pairs («, 3),
if m(m — 1)n? = 0(mod 8).

Proof. The proof follows from Lemmas [3.4] and [3.5] O

4. CONCLUDING REMARKS

In this paper, it is proved that there exists a {K?, Sf}—decomposition in K, X
K, for some of the admissible pairs («, ), whenever mn(m—1)(n—1) = 0(mod 8),
for m > 3 and n > 4. Also, it is proved that there exists a {K%, Sf }-decomposition
in K,, ® K,, for some admissible pairs (a, 3), whenever m(m — 1)n? = 0(mod 8),
for m > 3 and n > 4.
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