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Abstract. Let G = (V, E) be a graph of order n. A bijection f:V — {1,2,...,n}
is called a distance magic labeling of G if there exists a positive integer k such that

> f(u) = k for all v € V, where N(v) is the open neighborhood of v. The
u€N (v)
constant k is called the magic constant of the labeling f. Any graph which admits

a distance magic labeling is called a distance magic graph. In this paper we present
a survey of existing results on distance magic graphs along with our recent results,

open problems and conjectures.

Key words: Distance magic labeling, magic constant, fair incomplete tournament.

Abstrak. Misalkan G = (V, E) adalah graf dengan orde n. Suatu bijeksi f: V —
{1,2,...,n} disebut sebuah pelabelan ajaib jarak dari G jika terdapat suatu bilangan

bulat positif k sehingga > f(u) = k untuk semua v € V, dengan N(v) adalah
u€EN (v)
tetangga buka dari v. Konstanta k disebut konstanta ajaib dari pelabelan f. Setiap

graf yang memiliki sebuah pelabelan ajaib jarak disebut graf ajaib jarak. Dalam
paper ini kami menyajikan sebuah survei tentang hasil-hasil yang telah diketahui
untuk graf ajaib jarak, hasil terakhir kami, masalah-masalah terbuka dan konjektur-

konjektur.

Kata kunci: Pelabelan ajaib jarak, konstanta ajaib, turnamen taklengkap fair.
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1. INTRODUCTION

By a graph G = (V, E) we mean a finite undirected graph with neither loops
nor multiple edges. The order and size of G are denoted by n and m respectively.
For graph theoretic terminology we refer to Chartrand and Lesniak [3].

Several practical problems in real life situations have motivated the study
of labelings of the vertices(edges) of graphs with real numbers or subsets of sets,
which are required to obey variety of conditions. There is an enormous literature
built up on several kinds of labelings of graphs over the past three decades or so.
For a survey of various graph labeling problems one may refer to Gallian [8].

As pointed out by Gallian in his dynamic survey [8], finding out what has
been done for any particular kind of labeling and keeping up with new discoveries
is difficult because of the sheer number of papers and because many of the papers
have appeared in journals that are not widely available. As a consequence for
any particular type of graph labeling, the same classes of graphs have been done
by several authors and in some cases the same terminology is used for different
concepts. Again the same concept has been investigated by different authors with
different terminology. One such concept is distance magic labeling which has been
investigated under different names such as sigma labeling and 1-vertex magic vertex
labeling. In this paper we present a survey of existing results on distance magic
graphs along with our recent results, open problems and conjectures.

2. BAsic RESULTS

The concept of distance magic labeling of a graph has been motivated by the
construction of magic squares. A magic square of side n is an n x n array whose
entries are an arrangement of the integers {1,2,...,n%}, in which all elements in
any row, any column, or either the main diagonal or main back-diagonal, add to
the same sum r. Now if we take a complete n partite graph with parts Vi, Va,...,V,
with |V;| = n,1 < i < n and label the vertices of V; with the integers in the i'"
row of the magic square, we find that the sum of the labels of all the vertices in
the neighborhood of each vertex is the same and is equal to r(n — 1). Motivated by
this observation in 1994 Vilfred [23] in his doctoral thesis introduced the concept
of sigma labelings. The same concept was introduced by Miller et al. [16] under
the name 1-vertex magic vertex labeling. Sugeng et al. [22] introduced the term
distance magic labeling for this concept. In this paper we use the term distance
magic labeling.

Definition 2.1. [23] Distance magic labeling of a graph G of order n is a bijection
f:V ={1,2,...,n} with the property that there is a positive integer k such that

> fly) =k for every x € V. The constant k is called the magic constant of the
yEN (x)
labeling f. The sum Y.  f(y) is called the weight of the vertex x and is denoted

yeN(z)
by w(x).
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A natural generalization of the concept of magic square is the concept of
magic rectangle.

Definition 2.2. A magic rectangle A = (a;j) of size m x n is an m X n array
whose entries are {1,2,...,mn}, each appearing once, with all its row sums equal
and with all its column sums equal.

The sum of all entries in the array is %mn(mn + 1); it follows that

O 1

Zaij = in(mn +1)forallj and (1)
i=1

Zaij = im(mn + 1) for all 1. (2)
j=1

Hence m and n must either both be even or both odd. It has been proved in [11, 12]
that such an array exists whenever m and n have the same parity, except for the
impossible cases where exactly one of m and n is 1, and for m = n = 2. We state
the result formally here.

Theorem 2.3. An m X n magic rectangle exists if and only if m,n > 1,mn > 4,
and m =n (mod 2).

A simpler construction is given in [10]. As in the case of magic squares, we
can construct a distance magic complete m partite graph with each part size equal
to n by labeling the vertices of each part by the columns of the magic rectangle.
While there is no 2 x 2 magic rectangle, notice that the partite sets of K32 can be
labeled {1,4} and {2, 3}, respectively, to obtain a distance magic labeling.

Theorem 2.4. [16] Let m,n > 1. The complete m partite graph with each part of
size n is distance magic if and only if n is even or both n and m are odd.

We now present some basic results on distance magic graphs, which have been
independently discovered.

The following lemma gives a necessary condition for the existence of distance
magic labeling.

Lemma 2.5. [13, 16, 19, 23] Let f be a distance magic labeling of a graph G = (V, E).

Then . deg(z)f(x) = kn, where n is the number of vertices of G and k is the
z€V(G)

magic constant.

Corollary 2.6. [13, 16, 19, 23] Let G be a r-regular distance magic graph on n

vertices. Then k = w

Corollary 2.7. [13, 16, 19, 23] No r-regular graph with r-odd can be a distance
magic graph.

Theorem 2.8. [16]
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(i) The path P, of order n is a distance magic graph if and only if n = 1 or
n=3.
(i) The cycle C,, of length n is a distance magic graph if and only if n = 4.
(i1i) The complete graph K, is a distance magic graph if and only if n = 1.
(iv) The wheel W,, = C,, + K1 is a distance magic graph if and only if n = 4.
(v) A tree T is a distance magic graph if and only if T = Py or T = Ps.

Theorem 2.9. [22] If G is a nontrivial distance magic graph and 6(G) = 1, then
either G is isomorphic to P3 or G contains exactly one component isomorphic to
Ps3 and all other components are isomorphic to Ko 9 = Cy.

Let G be a nontrivial distance magic graph with distance magic labeling f
and magic constant k. Obviously k£ > n and a characterization of graphs for which
k = n is given in [13, 23]. We give an alternative proof of this result, which is more
elegant than the earlier proofs.

Theorem 2.10. Let G be a nontrivial distance magic graph with labeling f and
magic constant k. Then the following are equivalent.
(i) k=n.
(i) § = 1.
(iii) Either G is isomorphic to Ps or G contains exactly one component isomorphic
to P3 and all other components are isomorphic to Ko 9 = Cly.

Proof. Suppose k = n. Then any vertex which is adjacent to n has degree 1 and
hence (i) implies (ii). It follows from Theorem 2.9 that (ii) implies (iii). We now
prove that (iii) implies (i).

If G = P5 then G is a distance magic graph with k = n = 3, as shown in
Figure 1.

1 3 2
FiGURE 1

Suppose G = P3 UtCy.
Let Ps = (v1,v2,v3) and let the " copy of Cy be (v;1, v, Vi3, Via, vi1). Now
define f: V(G) — {1,2,...,4¢t + 3} as follows:

flv1) =1,

Clearly f is a distance magic labeling of G with magic constant &k = 4t 4+ 3 = n.
Further if g is any distance magic labeling of G with magic constant k, then the
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unique nonpendant vertex of P3 must receive the label n and hence it follows that
k=n. (]

The following theorem gives a characterization of distance magic graphs of
order n with magic constant £ = n+ 1. This has been stated without proof in [13].

Theorem 2.11. A graph G of order n is a distance magic graph with magic con-
stant k =n+1 if and only if G = tCy.

Theorem 2.12. [22] If G is distance magic, deg(x) = deg(y) = deg(z) =2 and y
is adjacent to x and z then either G is isomorphic to Cy or G contains a component
isomorphic to Cy.

Theorem 2.13. [22] If G is a complete multipartite graph and G has a distance
magic labeling then G = Kg, 5,5, with1 <51 <59 <+ < 5 and 8, > 2,1 =
2,3,...,1.

Acharya et al. [1] obtained a characterization of all complete bipartite graphs
which are distance magic by proving the following two results.

Let O(n) be the largest value of s such that 1+2+---+s = 5(5;1) < n(”:l).

Lemma 2.14. [1] If the complete bipartite graph K, n, is distance magic graph,

then n =0 or 3(mod 4) and [%—‘ —2<6(n) < [%—‘ , where n = ny + na.

Theorem 2.15. [1] The complete bipartite graph K., », is a distance magic graph
if and only if n =0 or 3(mod 4) where n1 +no =n and 5 <ny < 0(n).

The same results were obtained in an alternative form in [2].

Theorem 2.16. [2] Let m and n be two positive integers such that m < n. The
complete bipartite graph K, » is a distance magic graph if and only if

(i) m+mn=0 or 3(mod 4) and
(ii) either n < | (1+V2)m—1] or2(2n+1)> — 2m+2n+1)? = 1.

Definition 2.17. [21] Let G and H be two graphs where {x1,22,...,x,} are ver-
tices of G. Based upon the graph G, an isomorphic copy H; of H replaces every
verter xj, for j = 1,2,...,p in such a way that a vertexr in H; is adjacent to a
vertex in H; if and only if x;x2; was an edge in G. Let G[H] denote the resulting
graph.

Theorem 2.18. [16, 21] Let r > 1, n > 3, G be an r-regular graph and C,, the
cycle of length n. Then G[Cy] admits a distance magic labeling if and only if n = 4.

Miller at al. [16] proved the following result.

Theorem 2.19. [16] Let G be an arbitrary regular graph. Then G[K,)] is distance
magic for any even n.

Shafiq et al. [21] considered distance magic labeling for disconnected graphs
and obtained the following theorems.
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Theorem 2.20. [21] Let m > 1,n > 1 and p > 3. mC,[K,] has a distance magic
labeling if and only if either n is even or mnp is odd or n is odd and p = 0(mod 4).

Theorem 2.21. [21]

(i) If n is even or mnp is odd, m > 1,n > 1 and p > 1, then mK,[K,] has a
distance magic labeling. o

(i1) If np is odd, p = 3(mod 4) and m is even, then mK,[K,] does not have a
distance magic labeling.

Froncek et al. [7] strengthened the existence part of Theorem 2.20, part (i)
of Theorem 2.21 and complemented Theorem 2.19 by proving the following.

Theorem 2.22. [7] Let G be an arbitrary r-regular graph with k vertices, where k
is an odd number, and n be an odd positive integer. Then r is even and the graph
G[K,] is distance magic.

For k = r =2 (mod 4) they proved the non-existence of distance labeling for
such graphs (see Theorem 4.9). The remaining cases are still open.

Froncek at al. [7] also solved the case of p =1 (mod 4) which was not covered
by part (ii) of Theorem 2.21 by proving the non-existence of such labeling. We list
the result separately later as Theorem 4.8. Their result along with Theorem 2.21
then gives a necessary and sufficient condition.

Theorem 2.23. [7, 21] The graph mK,[K,], where np is odd and m is even,
p > 1,m > 2, is distance magic if and only if p =3 (mod 4).

For complete multipartite graphs that are not necessarily regular, Miller at
al. [16] proved the following result.

i
Theorem 2.24. [16] Let 1 <a; <--- < a, where2 <p <3. Let s, = > a;. There
j=1
exists a distance magic labeling of the complete multipartite graph Ko, q,,..
only if the following conditions hold.

(2) a9 Z 2
(ii) ( 1) = 0(mod 2p), where n = s, = |V(Kq, as,....a,)| and

(111) Z(n—l—l—j) m("+1) for1 <i<p.

if and

Sap

3. EMBEDDING THEOREMS
Vilfred [23] proved the following theorem.
Theorem 3.1. [13, 23] Every graph is a subgraph of a distance magic graph.
Acharya [1] proved the following stronger theorem.

Theorem 3.2. [1] Every graph H is an induced subgraph of a regular distance
magic graph.
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Corollary 3.3. [1] There is no forbidden subgraph characterization for distance
magic graph.

In the following theorem we obtain a stronger version of Theorem 3.2. The
result and its proof were communicated to the first author by Rao [20].

Theorem 3.4. Given any graph H there is an Eulerian distance magic graph G
with chromatic number same as that of H such that H is an induced subgraph of

G.

Proof. First we prove that H can be embedded as an induced subgraph of an r-
regular graph G of degree r = A(H) such that x(G) = x(H). Let Hy be the graph
obtained from H by attaching at each vertex u of H, A(H) — deg u pendant edges.
In H; the degree of each vertex of H is A(H). Clearly x(H) = x(Hj).

Now take A(H) copies of this H; and identify the corresponding A(H) pen-
dant vertices of the same new pendant vertex of these copies to a single vertex to
get the graph G which is A(H) regular. Clearly H is an induced subgraph of G.
Since x(H) coloring of each of these A(H) copies of H;y gives a x(H) coloring of
G, we have x(H) = x(H1) = x(G). Now proceeding as in Theorem 3.2 we embed

G as an induced subgraph of the 2r-regular graph G[K3], which is Eulerian and

distance magic. Clearly x(G) = x(G[K2]) and hence the result follows. O

Corollary 3.5. The problem of deciding whether the chromatic number of an Euler-
ian distance magic graph is at least 3 is NP-complete.

Proof. The problem of deciding whether the chromatic number x(H) is less than
or equal to k, where k > 3 is NP-complete ([9], Page 191). Now, given an instance
(H, k) for the chromatic number problem, Theorem 3.4 gives an Eulerian distance
magic graph G such that x(G) = x(H). Hence the instance (H, k) has YES answer
for the chromatic number problem if and only if the corresponding problem has
YES answer for the instance (G, k). Hence the result follows. O

4. GRAPHS WHICH ARE NOT DISTANCE MAGIC

In this section we present several families of graphs which are not distance
magic. We start with following simple observation given in [13, 23] which is very
useful in this regard.

Theorem 4.1. [13, 23] Let u and v be vertices of a distance magic graph G. Then

IN(u)@® N(v)| =0 or >3 (Here A® B denotes the symmetric difference of the two
sets A and B).

Corollary 4.2. [13, 23] Let G be a graph of order n which has two vertices of
degree n — 1. Then G s not a distance magic graph.

Corollary 4.3. [13, 23] Any complete multipartite graph with two partite sets of
cardinality 1 is not a distance magic graph.

Corollary 4.4. [13, 23] If a graph G has a path (u,v,w,t, p) with deg(v) = deg(t) =
2, then G is not a distance magic graph.
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Corollary 4.5. [13, 23] If C is a cycle component of a distance magic graph G,
then C' is a 4-cycle.

Lemma 4.6. [16] If G contains two vertices u and v such that |N(u) N N(v)| =
deg(v) — 1 =deg(u) — 1, then G has no distance magic labeling.

Lemma 4.7. [16] Let G be a graph on n vertices with mazimum degree A and
minimum degree 6. If A(A+ 1) > §(2n — 0 + 1) then G does not have a distance
magic labeling.

Theorem 4.8. [7] The graph mK,[K,], where np is odd, m is even, p = 1
(mod 4), and p > 1, is not distance magic.

Theorem 4.9. [6] Let n be odd, k =r =2 (mod 4), and G be an r-regular graph
with k vertices. Then G[K ) is not distance magic.

5. DISTANCE MAGIC LABELING AND CARTESIAN PRODUCT

Jinnah [13] has proved that P,0C3 and P,,0Cy are not distance magic graphs
by using Theorem 4.1. Hence the following problem arises naturally.

Problem 5.1. If G and H are two graphs, is the Cartesian product GOH distance
magic?

Rao [18] answered the above problem when G and H are both cycles or both
complete graphs by proving the following sequence of results.

Theorem 5.2. [18] C,,0Ck, n,k > 3 is a distance magic graph if and only if
n =k = 2(mod 4).

Theorem 5.3. [18] K,,,0K,,,m,n > 3 is not a distance magic graph.

Beena [2] proved the following theorem regarding Cartesian products of graphs
with minimum degree 1.

Theorem 5.4. [2] The product of paths P,0Py is not a distance magic graph.

Theorem 5.5. [2] Let Gy and Gy be connected graphs with 6(G;) = 1,|V(G;)| > 3
fori1=1,2. Then G10G4 is not a distance magic graph.

6. DISTANCE MAGIC LABELINGS OF BI-REGULAR (GRAPHS

A generalization of magic rectangles is useful in constructions of distance
magic graphs with vertices of two different degrees. The results below were in-
troduced by Sugeng et al. [22] with the use of Kotzig arrays (see [14]) and lifted
Kotzig arrays, which are a generalization of magic rectangles. We use their idea to
introduce a lifted magic rectangle, which in turn is a special case of the lifted Kotzig
array.

Definition 6.1. A lifted magic rectangle LM R(a,b;l) is an a X b matriz whose
entries are elements of {l + 1,1 4+ 2,...,1 + ab}, each appearing once, such that
the sum of each column is o(a,b;l) = La(ab+ 2l + 1) and the sum of each row is
7(a,b;l) = 1b(ab + 20+ 1).
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Consider LM R(a,b;0) and a p-regular graph H which has n' vertices with
n’ = b+ d, where b = |Vi(H)| and d = |Va(H)| for V4,Va C V(H) such that
Vi ={x1,29,...,2} and Vo = {y1,¥2,...,y4} form a partition of V(H).

Denote by G = H[bxa, dxc| a graph arising from H by expanding each vertex
x; € Vi(H) into a set X; of a independent vertices {x;1, x;2, ..., %} and similarly
expanding each y; € Vo(H) into a set of ¢ independent vertices {y;1,¥;2, .., Yjc}-
Further every edge x;2; between two vertices of V; (H) will be replaced by a? edges
of Ko, while every edge y;y; between two vertices of Vo(H) will be replaced by
c? edges of K. .. Also any edge z;y; between a vertex in V;3(H) and a vertex in
Vo (H) will be replaced by ac edges of K, .. Denote V1(G) = X; U Xs--- U X} and
Vi(G) =YUuYoU---UY,.

Lemma 6.2. [22] Let a, b, ¢, d be positive integers such that a > ¢ and both LM R(a, b; 0)
2
and LM R(c, d; ab) exist. Then o(a,b;0) = o(c,d;ab) if and only if d = (ab=2abeta—c)

c2

Lemma 6.3. [22] Let a,b, c,d be positive integers such that both LM R(a,b;0) and
LMR(2,d;ab) exist and o(a,b;0) = o(2,d;ab). Then either a = 2(mod 4) or a is
odd and a = b(mod 4) and a > 5.

Theorem 6.4. [22] Let H be a p-regular graph on b+ d vertices and G = H[b x
a,d x c| be a graph with a,b,c,d satisfying conditions

(i) a>c,
(i) both LM R(a,b;0) and LM R(c,d;ab) exist, and
(Z’LZ) d= a2b—2£él;c+a—c‘

Then G is a distance magic graph.

7. FAIR AND HANDICAP INCOMPLETE TOURNAMENTS

So far we were looking at problems that can be in general stated as follows:
For a given class of graphs I'(n,r,...), find all values of parameters (n,r,...) for
which a graph G € T allows distance magic labeling f. Most typical parameters
were the number of vertices n and regularity . We have seen above that for
any given family I'(n,r) the spectrum of values of (n,r), for which the graphs are
distance magic, can be very sparse. However, sometimes we do not need a particular
class of graphs, but rather just any graphs with a distance magic vertex labeling
for a given pair (n,r).

Although the problem seems to be too random, there is a real life motivation
in sports tournament scheduling. Suppose we want to schedule a one-divisional
tournament, but do not have enough time to play the complete round robin tour-
nament. What format should we select? We want to schedule a fair incomplete
round robin tournament with the following properties:

(1) Every team plays the same number of opponents.
(2) The difficulty of the tournament for each team mimics the difficulty of the
complete round robin tournament.
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Condition 2 can be justified as follows. If we know the strength of each team
based on team standings in the previous year, the teams can be ranked from 1 to
n. Based on their rankings, we can define the strength of the i-th ranked team
(or just team ¢ for short) in a tournament with n teams as s,(i) = n+ 1 —i.
The total strength of opponents of team ¢ in a complete round robin tournament
is then defined as S, n—1(1) = n(n +1)/2 — s,(i) = (n+ 1)(n — 2)/2 +1i. We
observe that the total strengths form an arithmetic progression with difference one.
Therefore, we want the total strengths of opponents for respective teams in our
incomplete tournament to form such a progression as well. In general, we want to
find a tournament of n teams with each team playing k games in which the total
strength of opponents of the i-th ranked team is S, x (i) = (n+1)(n —2)/2+i—m
for some integer m.

Obviously, this is equivalent to finding the set of games that are left out of
the complete tournament with the property that the total strength of opponents
in the n — k — 1 left out games, S}, . (%), is equal to some constant m for every
team 1. ’

A fair incomplete tournament of n teams with k rounds, FIT(n, k), is a tour-
nament in which every team plays k other teams and the total strength of the
opponents that team ¢ plays is S, x(i) = (n + 1)(n — 2)/2 + i — m for every ¢
and some fixed constant m. The total strength of the opponents that each team
misses is then equal to m. Hence, we can view the games that are not played as
a complement of FIT(n, k), which is itself an incomplete tournament. In an equal-
ized incomplete tournament of n teams with r rounds, EIT(n, ), every team plays
exactly r other teams and the total strength of the opponents that team ¢ plays
is Sy (i) = m for every i. Notice that EIT(n,n —k — 1) is the complement of
FIT(n, k). Therefore, a FIT(n, k) exists if and only if an EIT(n,n — k — 1) exists.

One can notice that finding an EIT(n,r) is equivalent to finding a distance
magic labeling of any r-regular graph on n vertices. We also observe that the
complementary FIT(n,n —r — 1) is a distance antimagic graph.

Definition 7.1. A distance k-antimagic labeling of a graph G(V, E) with n vertices
is a bijection f : V — {1,2,...,n} with the property that there exists an ordering
of the vertices of G such that the sequence of the weights w(xy), w(x2), ..., w(x,)
forms an arithmetic progression with difference k. When k = 1, then f is called
just distance antimagic labeling. A graph G is a distance k-antimagic graph if it
allows a distance k-antimagic labeling, and distance antimagic graph when k = 1.

The weight w(z) of a vertex = in a FIT(n, k) or EIT(n,r) is equal to Sy, x(z)
or Sy .(x), respectively.

In the language of distance magic graphs, our observation can be stated as
follows.

Observation 7.2. If G is distance magic, then complement G is distance an-
timagic.
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It follows from Corollary 2.7 that if G is an r-regular distance magic graph,
then r is even. The remaining feasible values of r for r-regular distance magic
graphs with an even number of vertices were found in [6].

Theorem 7.3. [6] For n even an r-regular distance magic graph with n vertices
exists if and only if 2 < r < n—2,7 =0 (mod 2) and either n = 0 (mod 4) or
r =0 (mod 4).

For graphs with an odd number of vertices, the existence question of regular
distance magic graphs was partially answered in [4].

Theorem 7.4. [4] Let n,q be odd integers and s an integer, ¢ > 3, s > 1. Let
r=2%, q|n andn >r+q. Then an r-reqular distance magic graph of order n
exists.

When the maximum odd divisor of r does not divide n, somewhat weaker
result can be proved.

Theorem 7.5. [4] Let n,q be odd integers and s an integer, ¢ > 3, s > 1. Let
Tr+4

r=2%, qgtn andn > . Then an r-regular distance magic graph of order n

exists.

The proofs are based on an application of magic rectangles.

Although the fair incomplete tournaments mimic the structure of the com-
plete round-robin tournaments, they in fact favor the highest ranked team, because
the total strength of its opponents, Sy, (1), is the lowest. Even in an equalized tour-
nament the highest ranked team has the best chance of winning, because all teams
face opponents with the same total strength. If we want to give all teams roughly
the same chance of winning, we need to schedule a tournament with handicaps.

A handicap incomplete tournament of n teams with k rounds, HIT(n, k), is a
tournament in which every team plays k other teams and the total strength of the
opponents that team ¢ plays is SZ) (i) =t — i for every i and some fixed constant
t. This means that the strongest team plays strongest opponents, and the lowest
ranked team plays weakest opponents. In terms of distance magic graphs this
restriction corresponds to finding a distance antimagic graph with the additional
property that the sequence w(l),w(2),...,w(n) (where team ¢ is again the i-th
ranked team) is an increasing arithmetic progression with difference one. We call
this special case ordered distance antimagic graphs. The notions were introduced
by Froncek in [5].

Definition 7.6. An ordered distance antimagic labeling of a graph G(V, E) with

n wvertices is a bijection f: V = {1,2,...,n} with the property that f(a:z) =1 and
the sequence of the weights w(x1),w(xs),...,w(zx,) forms an increasing arithmetic
progression with difference one. A graph G is an ordered distance antimagic graph
if it allows an ordered distance antimagic labeling.

Notice that this is an inverse ordering compared with the ordering of labeled
vertices in a complete distance antimagic graph, or any distance magic graph which
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is a complement of a regular magic graph. There we have w(1l) > w(2) > .-+ >
w(n), while in a graph with an ordered distance antimagic labeling we have w(1) <
w(2) < -+ <w(n).

So far, only a sparse class of graphs is known to allow an ordered distance
antimagic labeling.

Theorem 7.7. [5] Let a,b be positive integers such that a,b > 1,ab >4, anda =b
(mod 2). Letn =ab andd=n—a—0b+ 1. Then there exists a d-regular ordered
distance antimagic graph with n vertices.

A proof of Theorem 7.7 is based on magic rectangles. Recall that by Theo-
rem 2.3 an a x b magic rectangle exists when the assumptions of Theorem 7.7 on a
and b are satisfied. Let G = K,0K, with V(G) = {v;;|]1 <i<a,1 <j <b} and
E(G) ={vjvall <i<a,1<j<l<blU{v vl <i<l<a,l<j<b}and
R;; be an a x b magic rectangle with row sums s and column sums ¢. The labeling
f(vij) = 1 is obviously a distance 2-antimagic labeling, for when f(v;;) = r;; = g,
then wg(vi;) = s +t — 2g. Hence, the following observation holds.

Observation 7.8. [5] The graph G = K,0OK,, is distance 2-antimagic when a,b >
1,ab >4, and a =b (mod 2).

The proof of Theorem 7.7 then follows easily. We show that G, the com-
plement of G, has an ordered antimagic labeling f We define f (vij) = f(vij).
For v;; with f(vij) = ¢ we have wg(vij) + ws(vij) = n(n +1)/2 — ¢ and because
wa(vij) = s+t —2¢, we have wg(v;j) = n(n+1)/2 —s —t+q. The values of ¢ are
1,2,...,n and G has an ordered antimagic labeling.

8. MATRIX REPRESENTATION

Definition 8.1. Let G = (V, E) be a graph of order n with V = {v1,va,...,0,}.
Let A = (a;;) be the adjacency matriz of G. Let f : V — {1,2,...,n} be a bijection,
which gives a labeling of the vertices of G. The matriz Ay = (b;;) of the labeling f
is defined as follows.

b»-:{ i if ai; =0

Y flo)  ifay =1

We observe that the matrix Ay is not symmetric. Also the matrix Ay is
obtained from the adjacency matrix A by multiplying the i*" column of A by f(v;)
fori=1,2,...,n.

Further, if f is a distance magic labeling of G with magic constant k, then k
is an eigenvalue of the matrix Ay. It is worth investigating whether the matrix Ay
has any further property when f is a distance magic labeling of G.

9. SOME VARIANTS OF DISTANCE MAGIC LABELINGS

Acharya et al. [1] studied a variant of distance magic labeling in more general
way, which they called neighborhood magic graph.
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Definition 9.1. A graph G = (V, E) is said to be a neighborhood magic graph if

there exists an injection f : V. — R satisfying the condition Y, f(v) = Q(f),
vEN (u)
for all uw € V(G). The constant Q(f) is called the neighborhood magic index of f

and the function f is called neighborhood magic labeling.

Remark 9.2. If f is a bijection from V(G) to N ={1,2,...,|V|}, then the above
definition coincides with the definition of distance magic graphs.

Jinnah [13] considered another variant of distance magic labelings which he
called 3¢-labeling.

Definition 9.3. Let G be a graph on n vertices. Then a labeling f : V(G) —

{1,2,...,n} is said to be a X°-labeling if > f(u) is constant for each vertex v
uwEN [v]

of G, where Nv] is the closed neighborhood of u. The constant sum is denoted by

5¢. We allow isolated vertices.

The following are some basic results on this labeling which are given in Jin-
nah [13] and Beena [2].

Theorem 9.4. [13] Let G = (V,E) be a graph on n vertices and f : V —
{1,2,...,n} be a labeling. Then [ is a distance magic labeling for G with magic
constant k if and only if f is a >.° labeling for the complement G¢ with sum

5¢ = 7”("2“) — k.

Theorem 9.5. [13] Let G be a Y.° labeled graph with labeling f and sum s¢. Then
> flu)(deg(u) + 1) = nse.

ueV(G)

Theorem 9.6. [13] Let G be a Y.° labeled graph with labeling f and sum s¢. Then
> f( )(deg(u) —1) = n(s® — (n+1)).

ueV (G

Theorem 9.7. [13] Let G be a graph onn vertices. Then the vertex sum S = n(n;l)
if and only if G has a vertex of degree n — 1 in which case n = 1(mod 2).

Theorem 9.8. [13] A graph G on n vertices is a Y. graph with vertex sum S =

w if and only if G is (n — 2) regular.

Theorem 9.9. [13] A >_° graph on n vertices with vertex sum S = = n+1) —(n+2)
does not exist.

Theorem 9.10. [2] The graph K,, U K,, is a Y. graph if and only if m +n =0
or 3(mod 4) and eithern < | (1+v2)m — 3| or2(2n+1)?— (2m+2n+1)? =

Theorem 9.11. [2] Let u and v be vertices of a >.° graph G. Then |[N[u]AN[v]| =0
or > 3.

Corollary 9.12. [2] The cycle C,, is not a Y. graph for all n > 4.

Corollary 9.13. [2] If two adjacent vertices of degree p of a graph G have exactly
p — 1 common neighbors, then G cannot be a >.° graph.
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Corollary 9.14. [2] If a graph G has a path (u,v,w,t) of length 3, where deg(v) =
deg(w) = 2, then G cannot be a Y.° graph. In particular, if C,, is a component of
a > graph, then n < 3.

Theorem 9.15. [2] Every graph H is an induced subgraph of a reqular >.° graph.

Theorem 9.16. [2] The complete partite graph K, ms....m, i a Y.  graph if and
only if m; =1Vi=1,2,....n

10. CONJECTURES AND OPEN PROBLEMS

We present several open problems and conjectures on distance magic graphs.

Conjecture 10.1. [16] Let 1 < a3 < --- < ap,p>1. Let s, = Y a; and n = s,.
j=1
There exists a distance magic labeling of the complete multipartite graph Ko, a,.....a,
if and only if the following conditions hold.
(i) az =2
(1) ( + 1) = 0(mod 2p) and

(i) Z(n—kl—j) m("+1 for1<i<np.

Theorem 2.24 gives the validity of this conjecture when 2 < p < 3 and is open
for other values of p.

Conjecture 10.2. [22] If G is a distance magic graph different from K122 . 2
then the vertex set V' can be partitioned into sets Vi, Va,...,V, such that for each
i, has |Vi| > 1 and V; is independent.

Problem 10.3. [21] If G is non-reqular graph, determine if there is a distance
magic labeling of G[Cy).

Problem 10.4. [19] Characterize graphs G and H such that GOH is a distance
magic graph.

Problem 10.5. [19] Characterize 4-reqular distance magic graphs.

Problem 10.6. Does there exist a distance magic graph whose magic constant s
a power of 27

Problem 10.7. Does there exist an r-reqular distance magic graph with n vertices
where n is odd and r is a power of 27

Problem 10.8. Does there exist a distance magic graph with two different distance
magic labelings having different magic constants?

Conjecture 10.9. [1] For any even integer n > 4, the n-dimensional hypercube
Q.. is not a distance magic graph.
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11. REVISION NOTE

Since the presentation of this paper in IWOGL 2010 by the first author,
several researchers have made significant contributions towards solving some of
the problems and conjectures stated above. Kovar et al. [15] have proved the
existence of 4-regular distance magic graphs with magic constant k = 2¢ for every
integer ¢ > 6, thus solving Problem 10.6. They have also obtained an affirmative
answer for Problem 10.7. O’Neal and Slater [17] have proved the uniqueness of
the magic constant by generalizing the problem to D-vertex magic labeling where
D C{0,1,2,...} and by showing that the D-vertex magic constant is unique and
can be determined by the fractional domination number of the graph, thus solving
Problem 10.8. Arumugam and Kamatchi have obtained the following much simpler
and elegant proof for the uniqueness of the magic constant.

Theorem 11.1. For any distance magic graph G, the distance magic constant is
unique.

Proof. Let G be a graph of order n with V(G) = {v1,vs,...,v,} and having two
distance magic labelings f and g. Let k, [ be the respective magic constants. Let A
be the adjacency matrix of G. Let u be the vector with n entries each of which is
equal to 1. Let T = (f(v1), f(v2) ..., f(vy)) and § = (g(v1),g(va), ..., g(vy)). Since
f and g are distance magic labelings with magic constants k& and [ respectively, it
follows that TA = ku and §A = lu. Since TAy” is a 1 x 1 matrix, we have the
following chain of implications:

zAY! = (AT = gAzT
s> kuyl =luz’
=k(1+2+--+n)=11+2+---+n)
=k=I

Thus the magic constant is unique. Il

REFERENCES

[1] Acharya, B.D., Rao, S.B., Singh T., and Parameswaran, V., ”Neighborhood magic graphs”,
In National Conference on Graph Theory, Combinatorics and Algorithm, (2004).

[2] Beena, S., ”On X and ¥/ labelled graphs”, Discrete Math., 309 (2009), 1783-1787.

[3] Chartrand, G., and Lesniak, L., Graphs and digraphs, Chapman and Hall, CRC, 4*" edition,
2005.

[4] Froncek, D., ”Fair incomplete tournaments with odd number of teams and large number of
games”, Congressus Numerantium, 187 (2007), 83-89.

[5] Froncek, D., ”Incomplete round-robin tournaments and distance magic labelings”, Abstracts
of ICRTGC-2010.

[6] Froncek, D., Kovar, P., and Kovarova, T., ”Fair incomplete tournaments”, Bull. of ICA, 48
(2006), 31-33.

[7] Froncek, D., Kovar, P., and Kovarova, T., ”Constructing distance magic graphs from regular
graphs”, J. Combin. Math. Combin. Comput., accepted.

[8] Gallian, J.A, ”"Dynamic Survey of Graph Labeling”, The Electronic Journal of Combina-
torics, 16 (2009), # DS6.



26

[9]

[10]
(11]

(12]
(13]
(14]
(15]
[16]
[17)
(18]
(19]
[20]
(21]
(22]

23]

S. ARUMUGAM et al.

Garey, M.R., and Johnson, D.S., Computers and intractability - A Guide to the theory of
NP-completeness, W.H. Freeman and Company, 1979.

Hagedorn, T.R., ”Magic rectangles revisited”, Discrete Math., 207 (1999), 65-72.

Harmuth, T., ”Ueber magische Quadrate und dhnliche Zahlenfiguren”, Arch. Math. Phys.,
66 (1881), 286-313.

Harmuth, T., ”Ueber magische Rechtecke mit ungeraden Seitenzahlen”, Arch. Math. Phys.,
66 (1881), 413-447.

Jinnah, M.I., On X-labelled graphs, In Technical Proceedings of Group Discussion on Graph
Labeling Problems, eds. B.D. Acharya and S.M. Hedge, 1999, 71-77.

Kotzig, A., On magic valuations of trichromatic graphs, Reports of the CRM, CRM-148,
1971.

P. Kovar, D., Froncek, and Kovarova, T., ”A note on 4-regular distance magic graphs”,
manuscript.

Miller, M., Rodger, C., and Simanjuntak, R., ”Distance magic labelings of graphs”, Aus-
tralasian Journal of Combinatorics, 28 (2003), 305-315.

O’Neal, A., and Slater, P., ” Uniqueness of vertex magic constants”, submitted.

Rao, S.B., Singh, T., and Parameswaran, V., ”Some sigma labelled graphs I”, In Graphs,
Combinatorics, Algorithms and Applications, eds. S. Arumugam, B.D. Acharya and S.B.
Rao, Narosa Publishing House, New Delhi, (2004), 125-133.

Rao, S.B., ”Sigma Graphs - A survey”, In Labelings of Discrete Structures and Applications,
eds. B.D. Acharya, S. Arumugam and A. Rosa, Narosa Publishing House, New Delhi, (2008),
135-140.

Rao, S.B., Personal Communication, 2010.

Shafiq, M.K. Ali G. and Simanjuntak, R., ”Distance magic labelings of a union of graphs”,
AKCE J. Graphs. Combin., 6(1) (2009), 191-200.

Sugeng, K.A., Froncek, D., Miller, M., Ryan, J., and Walker, J., ”On distance magic labeling
of graphs”, J. Combin. Math. Combin. Comput., 71 (2009), 39-48.

Vilfred, V., X-labelled graph and Circulant Graphs, Ph.D. Thesis, University of Kerala,
Trivandrum, India, 1994.



