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Abstract. In this paper, we suggest a spatio-temporal epidemic model for coron-
avirus. Our model will be represented by a system of six partial differential non-
linear equations that describe the dynamics of susceptible, exposed, infected, quar-
antined, removed, and vaccinated individuals. We will start the study of this model
by presenting some results of the existence and uniqueness to the solution of our
suggested model. By using the method of next-generation matrix, we obtain the
basic reproduction number. The model has one disease-free equilibrium point and
another endemic steady state. The global stability of these steady states is proved
by using some Lyapunouv functions. Finally, different numerical simulations are

given to confirm our results given in the theoretical part of the paper.
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1. INTRODUCTION

The mathematical modeling has a vital role in describing the mechanisms
of transmission of several infectious diseases such as coronavirus (COVID-19) [1],
hepatitis B virus (HBV) [2], hepatitis C virus (HCV) [3], human immunodeficiency
virus (HIV) [4] and many others. Since the COVID-19 pandemic has been known
for its dangerous spread around the world [5], many mathematical models have
been developed to understand the infectious disease fatality well. As the order of
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magnitude, last year, it was observed more than 756.291.327 individuals have been
infected by COVID-19, and around 6.841.640 are dead as a consequence of it [6].

The first susceptible-infected-removed called (SIR) model was suggested by
Kermack and McKendrick in [7]. In several cases, the infection takes a long time
to appear in the infected person for certain infectious diseases like coronavirus.
Therefore, another class for the exposed individual will be added to the classical
STR model for a better description of the dynamic infection. This new part of the
model will be abbreviated by SEIR, with E designed for the exposed individuals.
Some infected diseases such as COVID-19 have been studied by using the SEIR
mathematical model [8, [9] 10, 1T} 12 13]. Recently, Meskaf et al. in [I4] suggest
an SEIR epidemic model. They started the analysis of this model by giving some
results of the existence, positivity, and boundedness of all solutions of their sug-
gested model, and they have shown the global stability of all equilibrium points; in
order to value their theoretical results, they suggested some numerical simulations
in the last part of this work. More recently, Yaagoub et al. [I5] proposed an SEIR
epidemic model with a quarantine strategy. The authors started the model analysis
by giving the well-posedness results of all model solutions. They also discussed the
global stability of steady states. To value their theoretical findings. Finally, To
show the effect of the quarantine on the infection and to value their theoretical
findings, they gave some numerical simulations in the last part of their work.

The vaccination strategy is one the most effective solutions to fight most in-
fectious diseases like COVID-19 [I6]. Some work includes this strategy to analyze
the dynamics of some infectious diseases; these models are called SV EIR, with V
representing the vaccinated population. In mathematical literature, several works
use these SV EIR models to for well analyzed the dynamics of infections diseases
(17, 18, 19, 20l 2] 22| 23], 241 251 26]. Recently, in [27], Baba et al. present a SVEIR
model; the authors stated their studies of the suggested model by presenting some
theorems of the model solutions’ existence, positivity, and boundedness. They gave
some theorems on the global stability of the different equilibria. Finally, some nu-
merical simulations were given in their work to value the theoretical findings. More
recently, in the same context, Yaagoub and Allali in [28] suggest a three-strain
SEIQRV model; the authors established the different results of existence, posi-
tivity, and boundedness of all solutions they discussed after the global stability of
the equilibria, and they finished this work by giving some numerical simulations.
The SEIQRV models are exciting in describing the dynamics of some infectious
diseases, but another more interesting model exists in the mathematical literature.
These models are called SEIQRV, with @ representing the quarantined individ-
uals. Many models study the dynamic of infectious diseases using the SEIQRV
models [29] 30, B11, [32], B3]. Recently, in [34], the authors suggest an SEIQRV to
describe the spread of coronavirus in the Kingdom of Saudi Arabia; the authors
started the studies of these models by giving some results of the existence and
well-posedness of all solutions and they calculated the basic reproduction number.
Finally, they gave some numerical simulations using actual data from COVID-19
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cases. More recently, Malik et al., in [35], suggest a coronavirus model with quar-
antine and vaccination. The authors started their studies by giving some results of
the existence and well-posedness of the solutions, and by using the next-generation
technique, they gave the basic reproduction number of the model and gave some
numerical simulations in the last part to value their theoretical findings.

All previous models depend on time only. However, we can always define
another space variable to describe species distribution better. In the mathematical
literature, some models based on partial differential systems exactly are reaction-
diffusion systems; they describe how concentration or density is distributed in actual
space under the influence of two processes: the interactions of species on the one
hand and the diffusion that causes the spread of these species in space, on the other
hand, [36]. Some works use the reaction-diffusion models to describe the spread of
infectious diseases [37, 38 [39] 40, 4T, [42] 43| [44], 45|, 46]. Recently, Jinhu Xu sug-
gested an SV EIR epidemic model with reaction-diffusion. The author established
the different results of all solutions’ existence, positivity, and boundedness. The
primary reproduction number is calculated by using the next-generation matrix.
The author also gave some results on the global stability of steady states. Moti-
vated by the previous works, we aim to include the quarantine strategy in the earlier
works and consider the diffusion in all model compartments except the quarantine
compartment since its individuals are assumed not to move outside a specific place.
Hence, we will continue the investigation of reaction-diffusion systems by suggest-
ing a new SEIQRV model. The following partial differential equations model will
represent our model:

%‘j = dgAS +~ — aSI — (71 + 6)S,
E

887 = dpAE +aSI — (2 + 0)E,

oI

T diAl + % E — (y3 +va +6)1,
(1)

oQ

X ] —

5 =3 (75 +9)Q,

OR

En =drAR+ v4I + v5Q — dR,
%—‘: = dy AV + 1S = §V.

S represents the susceptible individuals, F the exposed individuals, I the infected
individuals, @ the quarantined individuals, R the removed individuals, and V the
vaccinated individuals. The model dynamics are illustrated in Figure[Il The model
parameters are given in Table [I}
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FI1GURE 1. The diagram of the SEIQRV model

TABLE 1. Description of the SEIQRV model parameter’s

Parameters | Description
ds The coefficient of the diffusion of the susceptible individuals
dg The coefficient of the diffusion of the exposed individuals
dr The coefficient of the diffusion of the infected individuals
dr The coefficient of the diffusion of the removed individuals
dy The coefficient of the diffusion of of the vaccinated individuals
vy Recruitment rate
6 Mortality rate
Y1 The vaccinated individuals rate
Y2 Incubation period
Y3 Quarantined rate
Y4 Removal rate of infected individuals
s Removal rate of quarantined individuals

In this work, we consider the following initial conditions:

S(.%‘,O) = 501(1;) >0, E(J’J,O) = 902(1‘) >0, I(l‘,O) = @3(%) >0,

Q(z,0) = ¢4(x) >0, R(z,0) = p5(z) >0, V(x,0) = pg(x) >0, Vx € Q.

(2)
3)
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With € is a bounded set in R™.
and the Neumann boundary conditions of the system are given by:

oS O0OE 0I 0Q OR 0V

05 OFE 0Q OR

o on’ On’ On’ On

and — represent respectively the normal derivatives of the compartments S, FE, Q, R
n

and V on 00Q.

The initial data ¢; for ¢ = 1, ...6 are non-negative functions.

The present paper is organized as follows. In Section[2] some results of the ex-
istence, positivity, and boundedness of solutions will be given. The global stability
of all equilibria is provided in section In Section [] some numerical simula-
tions are suggested to value our theoretical results. The last Section concludes the
present work.

2. EXISTENCE, POSITIVITY, AND BOUNDEDNESS OF SOLUTIONS

In this section, we will show the solutions of the system remain bounded
and non-negative.

Proposition 2.1. For any given initial conditions verified the condition , the
system has a unique solution for the system defined on [0, +oo[. In addition,
this solution remains non-negative and bounded for all t > 0.

Proof. Let X = C(Q) x C(Q) the Banach space. So the system can rewrite in
the the form

U'(t) =AU+ GU(t)), t >0,

U(O) =Uy € X,

U= (Sa E7 I7 Q7 Ra V)Ta UO = (9017 P2, P35 P4, P5, C)OG)T’
AU(t) = (dsAS, dgAE, diAI 0, dgAR, dyAV)T and

v —aST— (11 +9)S
aSl— (2 +0)E
Y2 — (y3 + 71+ 0)1
Y3l — (75 +0)Q
Yal +75Q — R
")/18 -0V

GU()) =

It is easy to see that the function G is locally Lipschitz in the set X, so we can
conclude that the system has one local solution on [0, T}, [ where T}, is the time
maximal for the existence of the system solution. Now we will show that this
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solution remains non-negative, for that the system can be rewritten in the form

a8
a —dS’AS - G1(37 E7 -[7 Q? R? V)7

OF
o dsAE =Go(S, E, I,Q, R, V),

oI
5 dsAI = G3(S, E, I, Q, R, V),

¢ 50 (5)

E - G4(S7 E7 I7 Q? R7 V>7
%f —drAR =G5(S, B, I, Q, R, V),
%Z —dyAV = Ge(S, B, I, Q, R, V).

It is clear that the functions G;(S, E, I, Q, R, V) € C(Q) for i = 1,...,6 and
satisfying
Gl(07 E7 17 Q7 R? V) =7 Z 07

Go(S,0,1,Q, R, V)=aSI >0,
Gs3(S, E,;0,Q, R, V)=vE >0,
G4(S, E, I,Q, R, V) =31 >0,
Gs5(S, B, 1, Q, R, V) = val + 750 > 0,
Ge(S,E, I,Q, R, V)=785>0.

Then, we deduce the non-negativity of all solutions. Finally, we show the bound-
edness of the solution, from the system (1)) and (4), we have

a8

-~ _ < A —

o7~ dsAS <y -0,

95 _ (7)
on

S(2,0) = p1(z) = [ 1 [l = maxzeq ().

According to the principle of comparison as in [47], we will have have

S(@,t) < Si (1), (8)
with S1(t) = @1 (x)e ™% + % (1 — e~ is the solution of the problem:
051
et GV
51(0) = | o1 [loo-
Since
S1(t) < max{, | @1 I}, ¥t € [0, 400, (10)

we will have

S(a,t) < max{%, o1l V(m,t) € Qx [0, Tl
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to show L> uniform boundedness of the other variables, just prove the L! uniform
boundedness of this variables.
Let the total population

N=S+E+I+Q+R+V.

Since
05 0B _or _0Q_or _ov _
On On On On On  On ’
and
ON
T A(d5S+dEE+dII+dQQ+dRR+de) <y —94N,

we will have

9 (/ Nda:) Smes(Q)’y—cS/ Ndz.
ot \Ja Q

[ Vo < mes@max(Z, o1+ a+ o+ o1+ g5+ s o),
Q

So

which implies

sup/(E(ac,t) 4 Iz, t) + Qa,t) + Rz, t) + V(w,O))de < M, (1)
t>0 JQ
with

M = mes(Qmax{$, || o1+ 02+ ea+oat s s} (12)

Then, we deduce that there exists a non-negative constant M* depends on M and
| o1 + w2+ ¥3 + @4 + @5 + @s || such that

sup | E(, 1) +1(.,8) + Q(, 1) + R(, 1) + V(,,1) [l o < M~

>0
We have shown that S(z,t), E(x,t), I(z,t), Q(x,t), R(x,t) and V(z,t) are L™

bounded on € x [0,7,,[. Therefore, based on the standard theory of semi-linear
parabolic systems [48]. We have T,,, = co. Which ends the demonstration. O

3. BASIC REPRODUCTION NUMBER, EQUILIBRIA, AND GLOBAL STABILITY

This part will show that the problem has a primary reproduction number
given by the next-generation matrix method, like in [49, [50]. We will also prove
that the model has a free equilibrium and another endemic equilibrium point. Some
global stability results of equilibria will be given in this section.
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3.1. Basic reproduction number. In the case of the absence of spatial depen-
dence, the system we have:

oS
— =~ —aSl — 0
5 =1~ ST —(n+9)5,
oF
— = aSI — 0E
6t OéS (72 + ) )
ol
5 =7l — (y3+ 74+ 9)1,
t
- (13)
— =3l — 0
ot "B (15 +0)Q,
OR
i Yl +75Q — OR,
ov
Let Ey (7, 0,0, 0,0, ’YW) the disease free equilibrium of the system
0+m 0(y1+9)
()-
Let o
0 0 Jj 0
_ 71
F=1o 0o o (14)
0 0 0
and
Yo + 0 0 0
V= —Y2 Y3+t 0 . (15)
0 —3 5 + 6.

Using the next-generation method to calculate the reproduction number, we will
have

YaY2
Ry = , 16
"= BT+ 6T ) 16)
we denote
a=5+’Y2,b:71+5a325+W3+V4, (17)
then,
Y2
= . 18
abc (18)
The endemic equilibrium E; = (S*, E*, I'*, Q*, R*, V*) is given by:
1 1
S* = — (y9 — (6% + e+ yo(c — O)*) , B¥ = —1I*, 19
(= (4 st male— o)) B = L (19

I BRO—(SB +((c=0) + (b—0) + (a—0))0% + ((c — 6 +72)71 +72(c — 9))d + 7172(c — 9)

(20)

Q = B R = (s + 6+ ) I (21)
o §+s

Ve = o (yys — (62 + 6c + ya(c — 8)) I7) . (22)

5’)/2b
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Theorem 3.1. (i) The disease free equilibrium Ey is always exists.
(ii) The endemic steady state Ey exists in the case Ry > 1,46 < g and v9 <
6%+ dc
20 —c’

3.2. Global stability.

Theorem 3.2. The disease-free equilibrium Eq is globally asymptotically stable for
Ry < 1.

Proof. Let the following Lyapunov functional

S(t) <S(t)> > a (V(t) <V(t)> )
Lo(t)=So| == —In| == ) -1 |+EW)+—I)+Qt)+Vo | —= —In| —= ) — 1 |+R(?).
o(t) = 5o (°) (5 (14210400 + (T — 1 (1 ()
(23)
The time derivative of Lq is given by
dL
o VLo F() (21)
S
= <1— SO> (v —aSI—bS)+aSI —aE + %(’YQE—CI)-F’Y?,]— (vs +0)Q
2
(25)
Vo
tHl- (118 = 6V)val +75Q — OR,
So ac Vo
<y =bS -y +aSel +bSy— —I—(v5+8)Q+7S — 6V — 7 S—
S Y2 \%4
(26)
+5Vo+73]+’74[+’¥5@—5R, (27)

as Sg = %, therefore

dLg S S So V SV ac

— < _— = — _—— — - — — — — .

a = §S0 <2 SO S> +71S0 <3 ) + 72I(R0 1)
(28)

Since the geometric mean is lesser than or equal to the arithmetic mean, we will
have

2—- —-—=< 2
G- <o (29)
and
So V S Vo
-2 _ =<
3 S Vo SOV_O (30)

If Ry < 1, then Lg, therefore Ey is globally asymptotically stable. Then the
Lyapunov function for diffusion system at Ey is given by:

,CO:/QL()(x,t)dl‘. (31)
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We have
dLo | VS |?
. = > 2
ds stv((%,)dx dsSO/Q oo >0, (32)
dLg
=0>
dE/VEV<8E>d:c 0>0, (33)
d;/VIV(aL())dx:OEO, (34)
/VQV(aLO) r=0>0, (35)
dLg vV [?
= >
dv/ VVV(aV)dx czvvo/Q Tz dr >0, (36)
and
dLg
_ > .
dR/VRV<8R>dx 0>0 (37)

From Theorem 1 (i) in [5I], we can deduce that Ly is a Lyapunov functional for
the diffusion system at Fg when Ry < 1. (Il

For the global stability of F, we assume that the point satisfies the condi-

tions:
(II*_1> (II_};> <0,VI,R>0 (H), (38)
R* R Q
(R _1> (R* ‘Q*> <0,VR, Q>0 (Ha), (39)
and
Q" Q I
(5-)(FHsomozom

Theorem 3.3. The endemic equilibrium FEy is globally asymptotically stable for
Ry > 1.

Proof. Let the following Lyapunov functional
N S . E E a (1 I

@ Q LV 14 . [ R R

— —In{—=]-1 Vi {——-In|— R —In(—

v (Q* “(Q*) )+ (V* “(V*> )+ (R* “(R*
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The time derivative of L; is given by

dL
—r = VLi(u)F(u) (42)
S* E* a I*
= (I—S) (v — aST —bS) + (1— E)(aSI—aE)—i-% (1_I> (72 E —cl)
+ 1*6 (v3I — (15 +0)Q) + 1= (MmS—=46V)+ l=— (val +75Q —6R),
(43)
SV*bS*7i+aS*I+bS**OLSIE;‘FCLE**%IfaEL+%I*+’Y4.[75Q
S E V2 I v
- IQ*+( +0)Q" + S -4V — SV*+§V*+ I—6R— IR*— *+5R*
73 0 75 gi! m v V4 V4 R 75 R .
(44)
We have
v =aS*I* +bS* = aE* + bS*,
I rn Q V3
= —, — = 4
E* ¢’ I* g5 +4’ (45)
OR" = y4I™ + Q" 11.5* =4oV™.
Therefore

dL, s s s* V. SV S*  SIE* EI*
T < 59* -z = * =z - = * -z _Z = -
a =% (2 S5 ) +nd (3 ) tab (3 S STE E*I)

o (o) (5 ) e (5 ) G g) o (59 (6 7)
_acs (46)
72

Since the geometric mean is lesser than or equal to the arithmetic mean, we will
have

S S*
2—— - —=< 4
3———————<0, (48)
and

g5 SIEY Bl _, (49)

And as that the point E; satisfies the conditions (Hy), (Hs) and (Hs), we
deduce if Ry > 1, then Ly < 0, therefore F; is globally asymptotically stable. Then
the Lyapunov function for diffusion system at Ej is given by:

L= /Q L (2, D) da (50)

oLy L[ IVS)?
V(== = >
ds /Q \VAY < 55 > dr =dgS /Q <2 dx >0, (51)

We have
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dE/VEV(aLl)d =d E*/|VE|d > 0, (52)
OE
L
dI/VIV<a 1) /'V dz > 0, (53)
0L,
de =02> 4
/va(aQ) x=02>0, (54)
OLy | VvV 2
d V. dx = dyV™* dz >0 55
o [V (G )= [ Stz %5)
and )
0Ly | VR |
d R. dx = drR" dzx > 0. 56
A v(@R)”” wh [ e (56)
For the Theorem 1 (i) in [51], we can deduce that £; is a Lyapunov functional
for the diffusion system at F1 when Ry > 1. O

4. NUMERICAL SIMULATIONS

In this section, we suggest to perform numerical simulations to value our
theoretical results. These numerical simulations are performed using MATLAB
software. Our problem is solved by using the following numerical scheme:

Sij1 = Sij + ((he X dS)/(ha X ha)) X (S(i+1,5) =2 x 5(i,j) + 50 — 1,5))
+yxXhy—h xaxS(i,7) xI(i,5) —he X (y1+6) x S(4,7),

Ei7j+1 :EiJ + ((ht X dE)/(haJ X hw)) X (E(l+ laj) —2x E(l’])_‘_E(l_ 17.7))
+a X S(Z’.]) X I(Zvj) X h’t _ht X (72 +5) X E(Zvj)v

Lijyr = Lij + ((he x dI)/(he X hy)) x (I(i +1,5) =2 x I(3,j) + 1(i — 1,7))
Y2 X E(i,j) X hy — hy X (y3 + 74 +6) x I(i, j),

Qi,j"rl = Qi,j +73 X Q(ZL]) X h’t - ht X (75 +6) X Q(Zvj)a

Riji1 = Rij + ((he X dR)/(he X he)) x (R(i+1,j) =2 x R(i, j) + R(i — 1,7))
Yo X I(i,5) X hy — he X v5 X Q(i,5) — hy X 0 X R(4,J),
and
Vig+1="Vij+ (he x dV)/(ha x hg)) x (V(i+1,7) =2 x V(i,j) + V(i — 1,j))
v1 X S(i,7) X hy —hg X 6 X V(4,7).
This problem is solved in [0, 4] x [0, 100]. Where f; ; = f(x;,t;). f designates
a variable of the problem with t; = ¢(j — 1) + hy, for j = 1,..., M’ and z; =

(i — 1)+ hy, for i = 1,..., N'. h, and h; are the space and time steps. The initial
conditions are: Sop =4.5; Eg=1; [p=1; Qo =1; Ry = 1; V5 = 6.5.
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0.8 -

F1GURE 2. Stability of the free equilibrium point Ej

Figure[2shows the evolution of the infection of the different compartments for
the following parameters dg = 0.01; dg = 0.01; d; = 0.01; dg = 0.01; dy = 0.01;
v=1;a0=0.05;71 =0.15; 0 = 0.1; 72 = 0.2; 73 = 0.2; 74 = 0.2; 5 = 0.01. We can
observe that all curves represent the compartments S, FE, I, ), R and V converge
to the point (4, 0, 0, 0, 0, 6). The basic reproduction number for this equilibrium
point with these chosen parameters is Ry = 0.2667, which is less than unity; this
basic reproduction number value satisfies the condition of Theorem [3.2] in regards
to the global stability of the disease-free equilibrium point. These numerical results
in this figure coincide with the theoretical results in the analysis part.
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FI1GURE 3. Stability of the endemic equilibrium point E;

o

The second Figure [3] depicts the dynamics of the infection for the follow-
ing parameters dS = 0.01; dE = 0.01; dI = 0.01; dR = 0.01; dV = 0.01;
¥y=1;, =05 v =015 § = 0.1; 72 = 0.2; 73 = 0.2; 74 = 0.2; 75 = 0.01.
The basic reproduction number within these parameters is Ry = 2.6667, greater
than unity in these figures. We can also observe that all curves converge to
(1.5000, 2.0833,0.8333, 1.5152,4.6973, 2.2502). This numerical result confirms the
theoretical finding given in Theorem [3.3] concerning the global stability of the en-
demic equilibrium FEj.
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5. CONCLUSION

In this work, we have suggested a mathematical spatiotemporal epidemic
model. Our model has presented a system of six partial differential equation systems
to describe the dynamics of susceptible, exposed, infected, quarantined, removed,
and vaccinated individuals evolution in space and time. We have shown that the
model has one disease-free and endemic equilibrium point. Then, we have proved
the global stability of the two equilibrium points; this stability depends on the
value of the primary reproduction number by using some Lyapunoouv functions,
we have found that if Ry < 1, then the disease-free equilibrium point is globally
asymptotically stable and if Ry > 1, then the endemic equilibrium point is globally
asymptotically stable. Some numerical simulations are performed, with the help
of MATLAB software, are given to value our theoretical results. As the future
direction of this present work, we suggest comparing the clinical data with spatial
diffusion to the SEIQRV mathematical model results.
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