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Abstract. Given an n-normed space X for n > 2, we investigate the completeness
of Y (as a subspace of X) with respect to a new norm that correspond to this new
inner product on Y. Next, we introduce the angle on a subspace Y of n-normed
space X.
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1. INTRODUCTION

An inner product is an important functional in mathematical analysis. On
this functional in vector space, we can introduce the orthogonality, the norm, the
angle between two subspaces, the n-norm, and the n-inner product (see [8, 10, 16,
19]). Now let X be a real vector space. We recall that an inner product on X is a
mapping (-,-) : X2 — R such that satisfying

(1) (z,xz) >0 for all x € X; x =0 if and only if (z,x) = 0;
(2) (z,y) = (y,z) for all z,y € X;

(3) (yz,y) = {(x,y) for all x € X and for any scalars vy € R;
4) (x+2',y) = (x,y) + (&, y), for all z, 2",y € X .

A pair (X, (-,-)) is called an inner product space. For instance on R", we introduce
n

(@, Ygn =Y T3y (1)
j=1

for every =,y € R". Of course, the functional (-,-)p. satisfies 1-4. We can measure
“the length” of z € R™ using ||z

Rn = /(T )gn. It is called a norm of z. In
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general, we now recall a norm on X and explain its properties. It is a function
Il : X = R which satifies

(1) |||l >0, for all x € X; ||z|| =0 if and only if x =0 € X;
(2) ||lvzx]l = 7] ||=||, for all x € X and for all scalar v € R;
(3) ||z +2'|| < ||z|| + [|2’|| for all 2,2’ € X.

We call that a pair of (X, || - ||) is a normed space.

A normed space is the inner product space if it satisfies the parallelogram
law (see [16]). There have been many researchers’ efforts in formulating ”the inner
product” in normed space. See [15, 20] for a new inner products with a weighted
on (P. Related results inner product and semi-inner product may also be found in
[1, 7, 21, 22].

Here we shall formulate a new inner product using n-norm on a real vector space X
(dim(X) > n). Recall that an n-norm on X is a function ||+, ..., || : X x---xX —
R which satisfies the following four properties:

(1) ai,...,ay are linearly dependent if and only if ||a1,...,a,| = 0;

(2) |la1, ..., an| invariant under permutation;

(3) lIva1,---mll = Va1, ..., an| for any any as,...,a, € X and for every
v ER;

4) llat, .. an—1,0+¢|| < |la1,...,an-1,bl| + |lai,...,an—1,c|| for every b, c
A1,..,0n—1 € X.

Now we call that the pair (X, ||-,...,-||) is an n-normed space. Usually, the interpre-
tation of ||x1, -+ ,xz,| is the volume of the n-dimensional parallelepiped spanned
a,...,a, € X. The development of the theory of 2-normed spaces was started since
the late 1960’s. Géhler had an idea to generalize an area in a real vector space.
The theory of n-normed spaces for n > 2 was developed in the late 1960’s [4, 5, 6].
Recent results can be found, for instance, in [2, 9, 13, 11, 17].

In this article, we will define an inner product on a subspace of (X, [|-,- -+ ,]|).
We also discuss the completeness of the subspace that equipped with the inner
product. Motivated by this fact, we want to have a simple and good definition of
angle on a subspace of n-normed space.

2. MAIN RESULTS

In this part, we can define an inner product on a subspace of (X, [|-,- -+ ,]|).
Next, we also discuss the completeness of the subspaces that equipped with this
inner product.

2.1. A New Inner Product. Suppose that (X, |-,---,-||) is a n-normed space.
Now, take a fixed set of linearly independent vectors
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Then we have that

Y :=span(A) (3)
is a subspace of X. For g € Y, there is ay = (a1g, - ,any) € R"™ such that
g= i:l ig fi-

On a normed space, there are many notions of orthogonality [3]. Two of them
are Pythagorean orthogonality and isosceles orthogonality, as introduced by R.C.
James in [14]. Note that if the normed space is the inner product space, then the
two types of orthogonality coincide with the definition of orthogonality on the inner
product space. Moreover, we think that all the properties about orthogonality in
a normed space can be applied to an n-normed space. Now, we give a quadratic
formula on R.

Lemma 2.1. For every ci, -+ ,¢n,d1, -+ ,d, € R, we have
n n n n
Z(Cj+dj)2— ZC%‘FZd? ZQquZ
j=1 j=1 j=1 j=1
Proor. We give ¢;,d; € R for j =1,--- ,n. First, we observe that

(Cj + dj)2 — C? — d? = C? + d? + Qdej — C? - d? = Qdej,

where j =1, -+ ,n. Hence >

n
j=1

n n n
(Cj+dj)2—<z C?+Zd§>—220jdj. O
j=1 j=1 j=1
In Lemma 2.1, if the real numbers above are viewed as vectors z = (¢y, ..., ¢y),

n
y=(di,...,dp) in R" and ) ¢;d; =0, then « and y are said to be orthogonal. As
j=1
a result, the two vectors form a right triangle with hypotenuse z +y. One may say

that = and y are orthogonal (Pythagorean type). The above lemma will be used to
prove the following result.

Proposition 2.2. Let (X, ||-,---,||) be an n-normed space, (2) and (3). Then we
obtain
2 2
2 Zajgajh ||f177fn|| = Z ||g+h7f_]27af]n||
Jj=1 {d2,,dn}C{L, 0}

2
- Z ”gvfjw"' 7f.j71.H

{d2,+20n }E{1,-+ 0}

- Z ”h?fjw"' 7fjn||2

{g2,in} E{1, 0}

for every g,h € Y.
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PrOOF. Let (X,]||-,---,-||) be an n-normed space, (2) and (3). We observe
that for avﬁ € R) we have ||O{f1 + ﬁfj?,f?a"' aan = ‘O{|||f17 afn”) for every
j = 2,---,n. Because Y := span{fi,---,f,} then for ¢ € Y, there is a, =

n
(@1g, -+ ,Gng) € R™ such that g = 3" aj, fi. Moreover,
=1
n
Hg,f27"' ,fn” = Zaigfiaf27"' afn
=1
||algf17f27"' 7fn||
= |alg|||f17f27"'7fn||-

Consequently, for every g, h € Y we have

Z ”gvfjm"'afjn

{2, dn} {1, n}

>, s oo s L3 =D @l s fal® (5)
j=1

{g2,+dn}E{1, -}

2 2
= § a?g”fla"'vfn” ) (4)
J=1

and

n

S gt hfa Bl = D (e a1 Sl (6)

{g2,dn}C{L, - ,n} Jj=1
Using (4), (5), (6) and by Lemma 2.1,
S (Mgt b fi e S5l =g S Sl = W fis e Sl

{g2.dn}C{1, 0}
2
=2| D> ajeam | 1o fal
j=1
holds. The proof is complete. [l

Another quadratic formula for real numbers is also presented in the following
lemma.

Lemma 2.3. For every ci, -+ ,Cn,d1, -+ ,d, € R, we obtain
((cj+dj)* = (¢j — d;)?) =4 ¢;dj.
j=1

n

j=1

PRrOOF. Suppose that ¢;,d; € R for j =1,--- ,n. We know that
(cj +dj)* = (¢j — dj)* = (¢ + df + 2¢;d;) — (¢ + df — 2¢;d;) = 2¢;d;,
n

n
j=1,--- n. Consequently, > ((Cj + dj)2 — (¢ — dj)2) =43 ¢id;. O
. =

j=1
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Furthermore, like Lemma 2.1, the real numbers in the Lemma 2.3 can also be
n

seen as two vectors « = (¢1,...,¢,) and y = (d1,...,d,) in R". For )" ¢;d; =0,
j=1
we have
n

D (e +di)?=> (c; —d))?

J=1 Jj=1

or we write that x and y are orthogonal isoceles. Next, in an n-normed space, we
use Lemma 2.3 to explain the following proposition.

Proposition 2.4. If (X, |-, -+ ,-||) be an n-normed space, (2) and (3), then
2 2
4> ajeain | fr fal® = > g+ By Fizs- e+ Fall
J=1 {g2, . dn} E{1, -}

- Z ||g_h7f]27af]n||2

{j?f" ajn}g{la”' ’n}

foranyg,h €Y.

PRrROOF. By the above assumptions and the property

Hafl +ij7f2»"' 7an = |a|Hf17 7fn||7

with «, 8 € R and for any j = 1,--- ,n, we obtain that

”gvaa"' 7fn|| = |alg| ||f17f23"' 7an
holds for every g € Y. Now check that

(ajg +ajn) | i, s fal®s (7)

M=

2
Z ||g+hafj21"'7fjn||

{g2,mdn}E{1,- m} 1

<.
I

for every g,h € Y, and

(ajg — ajn)? |1 fr, - o fall®- (8)

M-

Z ||gih’fj2’...7fj'n,||2 =

{d2,dn} {1, n}

<
I
—

for every g,h € Y. Next, we use (7), (8), and Lemma 2.3 to obtain

Z (Hg+ha fj27"' 7fjn||2 - ”gf hvfjw"' 7fjn||2)

{g2,in} E{1,+ 0}

n
2
=4 D ajeamn | 1o fall

Jj=1

for any g,h €Y. O
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Now, recall (2) and (3) to define

<g’h>A ::i Z <||g+h7fj2"" ’fjn

{g2,in}E{L,- n}

2
- ”g_hvfjw'--afjn

’)
= [ D ajoain | 1f1,-- fall®- (9)
j=1

for every g,h € Y. The above functional is defined using Proposition 2.4. It is
also similar to polarization law, while we want to check a norm (derived by an
inner product or not). Another way, one may use Proposition 2.2 to obtain (9).
Now, note that the coefficients of the linear combination of the vectors in Y can be
viewed as an element of R™. For example, the coefficients of g € Y can be seen as
ag = (a1g,- -+ ,ang) € R™. Thus, the relation between (1) and (9) is expressed as
follows

(9. h) 4 = (ag,an)gn 1, ful ®, (10)

for every g,h € Y. Furthermore using (1), we shall prove that (10) is an inner
product as follows.

Theorem 2.5. If (X, ||, -+ ,-||) is a n-normed space, (2) and (3), then the mapping
(-,-) 4 ts an inner product on'Y .

PRrROOF. Using all of the assumptions of this proposition, (-, -) , will be checked
that it satisfies the properties of inner product.

(1) (non negative) Take g € Y. We have (ay, ag)p, > 0and || f1, -+, fu >0,

. 2
so we obtain (g, g) 4 = (ag, Gg)ga ||f1,-- 5 full” = 0.
. 2 .

(:>) Weglve <gag>A = <ag7ag>Rn ||f1a e 7fn|| = 0. Since ||f17 e 7an >

0, then
(ag,ag)gn = <Z afg) =0.
i=1
n
Consequently, we obtain aj, = 0 forevery j =1,---,n. So,g= Y aj,f; =
j=1

0 holds.

(«<=) Suppose that g = 0. Since ay = 0 € R”, then (a4, ag)p, = 0 holds.

We obtain (g,9) 4 = 0.
(2) (commutative) Take g, h € Y. Check that

<g’h’>A :<ag7ah>Rn ||f17 7fn||2 = <a’haa/9>R" Hfla 7fn||2 = <h’g>A
(3) (homogen) Take g,h € Y and a € R. We have
<aag?ah>R7l fla"' 7fn||2
= a{ag, an)g. |1, foll?

=a(g,h),.

R

<ag7h>A
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(4) (distributive) Take g1, g2,h € Y. We observe that
{91+ 92 1) 4 = (@9, + agasan)ge 1, full”
2 2
= <agl,ah>Rn ”flv e afn” + <a92aah>]Rn ”fl» T aan
= (91, M) 4+ (92, 1) 4 -

Hence, (-,-) 4 is an inner product on Y. O

We also give a norm that is inducted by the inner product on Y.

Corollary 2.6. Lets g € Y. The following

91l =1/ {ags agipn [ f1:- -+ full = laglrn [1f1, - s fll (11)

defines the norm on Y .

Because Y = span (A) with A = {f1,---, fn} then we have the following
corollary.

Corollary 2.7. In (Y,(-,-) 4), set A= {f1,---, fu} is an orthogonal set respect to

<"'>A'

2.2. The Completeness of subspaces of n-Normed Space. We have that
(Y, (-,-) 4) is an inner product space. Using (10), all of the properties of (R™, (-, )gn)
can be delivered to (Y, (-,-) ,). Note that each norm definition in R” is equivalent.
Meanwhile, R™ as a normed space is a complete space. The completness of Y of
n-normed Space X as follows.

Theorem 2.8. The subspace (Y, ||| ,) is a complete space.

PRrROOF. Let (wy) be a Cauchy sequence in Y. Hence,

Wy = alwkfl + - +anwkfn~

It means that for any € > 0, there is an n. € N such that for every k,l > n., we
have

||w7€ - leA = Ha’wk - awl'Rn fla T 7f7l|| <€
As consequence, we obtain
law, — tullgn < 57— /
. n v - — €.
e TR e Sl

We say that a,, € R" is also a Cauchy sequence. Because R" is a complete space
respect to ||-||gn, then a,, € R™ is a convergence sequence. Clearly, (wy) in Y is
also a convergence sequence. Hence, (Y, ||| ) is a complete space. O

By Theorem 2.8, we also conclude that (Y, ||| ,) is a Banach space. Moreover,
here ||-|| 4 is induced by (-, -) 4, so (Y, (-, -) 4) is a Hilbert space. On (Y, (-,-) ,), several
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functionals can be defined (see some books of functional analysis). In particular,
to define the m-inner product, we have to use m < n.

Here, we note that ¥ = span (A) and an orthogonal set A = {f1,..., fu}
on (X,|-,...,-]|) respect to (-,-), (see Corollary 2.7). Now, we give a linearly
independent set B = {¢1,...,9,} on Y. One may form

n
g1 = E aig1fi
=1

n
g2 = E aig2fi
i=1

n
gn = § aignfi
i=1

g1 ai g, a2 g, o Qp g, fl

92 A1g, G2g, *** Qng, P
or B= KA, where B=| . |, K = . . ) . and A =

In a1g, 0Q2g, o an g, fn

It is obvious that K is an invertible matrix, so K~'B = A holds. It means that

set A can also be developed by set B. With an initial g7 = Hqiil\lA’ we obtain an

orthonormal set B = {g1, G2, -- ,gn} by using the Gram-Schmidt process respect
to (-,-) 4. Consequently,

Y = span (A4) = span (B) = span (B).

3. FURTHER RESULTS

n
Here, we recall (Y, (-,-),). For any p,q € Y, we write p = )" a;,f; and
j=1

n
q= > ajqf; where ap = (a1p, - ,anp), g = (@14, ,anq) € R™. Next, we have
j=1

the aggle between p and g (¢(p, q)) of (Y, (-,-) 4) as follows.

2 2 4 2
cos? ¢(p, q) = Pa)a _ lapsag)pa ILf1s- - fall _ {ap, ag)ga (12)

- 2 2 2 2 4 2 2
||p||A HQHA Ha:ﬂHRn HaqHRn Hfla T van ||ap||]Rn ”aq”Rn

Hence, the angle ¢ between two vectors p and ¢ in (Y, (-,-) ,) is equivalen to
the angle between two vectors a, and a4 in (R”, (,-)).

Moreover, we can formulate angle ¢ between two subspaces on Y. The result
is shown as follows.
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See in [12] and now let P = span{py,--- ,pn, } and Q = span{q1,- - ,¢n,} be
subspaces of Y, with 1 < ny <ng and {p1, -+ ,pn, }, {q1, - ,qn, } are orthogonal
sets. Now, we have the angle ¢ between P dan @
cos® (P, Q) = det(MT M) (13)
where
(Pr.a1) 4 (Praz), (P1,9ns) 4
o, Toillalleells Ipilallans ],
MT =
<pn1 #11>A <Pn17q2>A . <Pn17Qn2>A
[Pnalllaslla [lpn [l 4 lla2a ([P [] 4 [lamz |l
Since (PiaEb A _ (ny 00 ) Mol (ap00) where j: L .y
Teilallaella — Tlap; [T Taa T 1Bl Taw; o Noa o T
and k:1,---,no, then
<am,aq1> n <aP1 ’U’Q2> n <aP17afm2>Rn
lavillen llaallen  Nlar en llace llzn llapy [l llaans [l
MT =
<G‘T‘n1 »Aqy >Rn <U‘Pnl vaq2>Rn . <“pn1 'Agngy >]Rn
lapny [lgn 1a1 [[an Nlavny llgnllaas [l2n llapny [lgn [|2ans llgn

We know that (12) is a spesial case of (13).
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