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Abstract. The coprime graph of a finite group was defined by Ma, denoted by Iz,
is a graph with vertices that are all elements of group G and two distinct vertices x
and y are adjacent if and only if (|z|, |y|) = 1. In this study, we discuss the numerical
invariants of a generalized quaternion group. The numerical invariant is a property
of a graph in numerical value and that value is always the same on an isomorphic
graph. This research is fundamental research and analysis based on patterns in
some examples. Some results of this research are the independence number of I'g,, ,

is 4n — 1 or 3n and its complement metric dimension is 4n — 2 for each n > 2.
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1. INTRODUCTION

The graph representation of an algebraic structure becomes a hot topic in
recent years. For a finite group G, we can represent G in some simple graphs such
as the coprime graph, the non-coprime graph, the power graph, the intersection
graph, the commuting graph, and others. See [1] [2] [4] [11] [12] for details. In
2014, Ma et al [1] introduced the coprime graph of a finite group G, where the
vertex set of the graph is G and two distinct vertices & and y are adjacent if and
only if the order of z and the order of y are relative primes [1].

In 2021, Nurhabibah et al. [4] give some results on the shape of the coprime
graph of a generalized quaternion group as a bipartite graph, tripartite graph, or
multipartite graph. So, in this article, we would like to discuss numerical invariants

2020 Mathematics Subject Classification: 05C25
Received: 04-07-2022, accepted: 22-02-2023.

36



Numerical Invariants of The Coprime Graph of a Generalized Quaternion Group 37

of the graph as degree, radius, diameter, domination number, independence num-
ber, girth, metric dimension, and complement metric dimension. The numerical
invariant is a property of a graph in numerical value and that value is always the
same on an isomorphic graph.

2. DEFINITION AND SOME PROPERTIES

A generalized quaternion group is a special group with a definition as follows.
Definition 2.1. [5] A Generalized quaternion group (Qan) with n > 2 is a group
with a presentation

<a,bla® =e,a" = b ltab=0a"" >
in this group, a®b = ba=* and the order of a*b is 4.

For example, Dg = {e,a,a?,b,ab,a®b} is a dihedral group with order six. In
this study, we give a function f that defines the adjacency of two vertices as follows.
Definition 2.2. Given H = (V, E) is a graph with V # 0. Define f as follows.

f:VxV—={0,1}

with

Fwon{y T EE

One graph that is associated with a finite group is the coprime graph. The
definition of this graph is given in Definition 2.3.

Definition 2.3. [1] Given G a finite group, the coprime graph of G, denoted by
g is the graph with V(Lg) = G and two distinct vertices x and y are adjacent if
and only if (||, |y]) = 1.

And now, we define some numerical invariants of the graph that we analyze
in this study.

Definition 2.4. Let G be a graph. The degree of vertex v in G is denoted as
deg(v) = |A| where A= {v; € V|f ((v,v;)) = 1}.

Definition 2.5. [6] Let G be a graph and c(v) = maz{d(v,z)|xz € V(G)} is the
eccentricity of G, rad(G) = min{c(v)|v € V(G)} and diam(G) = maks{c(v)|v €
V(G)}
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Definition 2.6. [7] Let G = (V, E) be a graph. The girth of G, denoted by g(G)
is defined as:

(@) = min{ |Cq|| Ca cycle of G}, G contains cycle
g o 0, else

Where |Cg| is the length of the cycle Cq.

Definition 2.7. [8] Let G be a graph, the domination number of G, denoted by
v(G) is the minimum cardinality of the domination set of G. The domination set
is a subset D of V(G) such that every vertex not in D is adjacent to at least one
member of D.

Definition 2.8. [9] Let G be a graph, the independence number of G, denoted by
B(G) is the mazimum cardinality of the independence set of G. The independence
set is a subset I of V(G) such that no two vertices in the subset represent an edge

of V(G).

Definition 2.9. [10] Let G be a graph, the metric dimension of G, denoted by
dim/(G) is the minimum cardinality of the resolving set of G. The resolving set is
a subset W for a graph G if, for every two distinct vertices w and v of G, there is
an element w in W that resolves u and v.

Definition 2.10. [11] Let G be a graph, complement metric dimension of G, de-
noted by dim(G) is the mazimum cardinality of complement resolving a set of G.

Definition 2.11. Let I'g be the coprime graph of a finite group G and x € V(I'q).
We can define A, as Ay = {x; € V(Te)|f (x,2;)) = 1}.

We will discuss numerical invariants of the generalized quaternion group that
is represented in the coprime graph. Given the previous result of the coprime graph
of a generalized quaternion group.

Theorem 2.12. [4] Let Qu,, be a generalized quaternion group. If n = 2% then the
coprime graph of Q4 is a complete bipartite graph.

Theorem 2.13. [4] Let Qu4n be a generalized quaternion group. If n is prime, then
the coprime graph of Qan s tripartite graph.

Theorem 2.14. [4] Let Q4 be a generalized quaternion group. Ifn = p’flpgz...p’fn’",
Di # 2,p; # pj for each i # j,p; a prime number then the coprime graph of Quy is
m + 2 partite graph.
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Theorem 2.15. [4] Let Qu, be a generalized quaternion group. Ifn = p]flp§2...pf,;’l ,
p1 = 2, p; are distinct prime numbers then the coprime graph of Q4n is m+1 partite
graph.

We also give the following theorem that we need to prove some numerical
invariants of the coprime graph of a finite group.

Theorem 2.16. Let (G,*) be a finite group, |G| = n = p’flp];?...p’fnm and T'g be
the coprime graph of G. For some z,y € V(I'c) with x # y, 1 < l;,t; < ki,
2| = [12_, P and |y| = [T, p%* if and only if A, = A,.

PROOF. Take any z; € A, it means (|z1|,|z|) = 1. Note that |z| = gzlpi"
and (|z1], |z]) = 1, so Ap; with 1 < i < j such that p;||z1|. Since |y| = [[I_, p}
and Ap; with 1 < 4 < j which resulted in p;||21| then (|y|,|z1]) = 1 and hence
f((z1,y)) = 1. Thus, z; € Ay, which means A, C A,. By a similar approach, we
can prove that A, C A, hence 4, = A,

Let G be a finite group with |G| = n = plflpgz...pfrr and I'g be the coprime
graph of G. Define A = {1,2,...,m} and B,C C A with B # C. If z,y € G,
2| = [T,ep Pl and |y| = [I,ccplr . we need to prove A, # A,. Choose z € A,
with |z| = p, where a € C, but a ¢ B. Consequently, (|y|,|z]) = ps # 1. It means
z ¢ Ay. So, it is complete to prove A, # A,. O

3. NUMERICAL INVARIANTS OF THE COPRIME GRAPH OF Qg4,

In this section, we analyze the numerical invariants of the coprime graph of
Q4n- The first numerical invariants obtained from this study are the degree of each
vertex as stated in Theorem 3.1 and Theorem 3.2.

Theorem 3.1. Let T'g,, be the coprime graph of Qun. If n = 2¥ with k > 1 then
deg(e) = 4n — 1 and deg(v) = 1 for each v € Qu,\{e}.

Proor. Let I'g,, be the coprime graph of Q4,. Take n = 2%, By Theorem 2.12,
T, is a complete bipartite graph with partitions V3 = {e} and Vo = Q45 \{e}, see
the proof in [4] for detail. Thus, f((e,v)) = 1, for each v € Qu4,,\{e}. By definition,
obtained deg(e) = |Va| =4n — 1 and deg(v) = |V1| =1. O

And for n is an odd prime number we have

Theorem 3.2. Let 'y, be the coprime graph of Qan. If n is an odd prime number,
the degree of each vertex is 1,m,2n + 2, or 4n — 1.

Proor. Let I'g,, be the coprime graph of Q4,,. Take n for any odd prime number
p. Let Sy = {e}, So = {aP,b,ab,...,a®*"1b}, S3 = {a? a*, ...,a®’"%}, and S, =
{a,a®,...,aP=2,aP*2 .. a®~1}. Note that |e|] = 1, |x| = 2 or |x| = 4 for each
x € 8o, |y| = p for each y € Ss, and |z| = 2p for each z € S4. Thus,



40 NURHABIBAH , WARDAHANA, SWITRAYNI

e f((e,v1)) =1 for each v; € Ay with A; = Qun\{e}, so deg(e) = |A;| = 4n — 1.

e For z € Sy, we get f((x,v2)) = 1 if and only if vo € Ay with Ay = S U S3. So,
deg(z) = |As| = |81] +1S5] = n.

e For y € S3, we get f((y,v3)) = 11if and only if v € A3 with A3 = S; U S2. So,
deg(y) = |As| = |S1| +[S2] =1+4+2n+1=2n+2.

e For z € Sy, we get f((z,v4)) = 1 if and only if vy € Ay with Ay = S;. So,
deg(=) = 81| = 1.

O

The next numerical invariants are radius and diameter.

Theorem 3.3. IfI'q,, isthe coprime graph of a generalized quaternion group with
n > 2, then rad (T'g,,) =1 and diam (Tq,,) = 2.

Proor. Let I'g,, be the coprime graph of Q4,. Take any n € N and n > 2. From
[4] we know that 1 < d(u,v) < 2 for each u,v € V (I'g,, ). It means c¢(v) =1 or
c(v) = 2 and by definition we get rad (I'g,,) = 1 and diam (I'g,, ) = 2. O

The next result obtained from this study is the girth of I'g,, as stated in the
two following theorem.

Theorem 3.4. IfT'g,, is the coprime graph of a generalized quaternion group with
n = 2F then g (Tg,,) = 0.

PROOF. According to Theorem 2.12, if n = 2% then I'g,, is a complete bipartite
graph. It means, there is no cycle in I'g,,, . By definition, we get g (I'g,,) =0. O

And for other cases we have

Theorem 3.5. If'q,, is the coprime graph of a generalized quaternion group with
n # 28 and n > 2 then g (Tq,,) = 3.

PRrROOF. Let I'Qy4, is the coprime graph of a generalized quaternion group Q.
Take n € N with n > 2 and n # 2*. There are vy,v2 € V (Ig,,) with |vi]| = p,
p an odd prime number and |va] = 2. So, we get a cycle with length 3 which is
e —v; — vy — v1. It is complete to prove g (g, ) =3. O

The domination number is one of the numerical invariants of the graph. The
domination number of I'g, is always the same for all n > 2. This property is
stated in Theorem 3.6.

Theorem 3.6. If I'g,, be the coprime graph of a generalized quaternion then
v(Tq,,) =1 for each n > 2.

PROOF. Let D = {e} and D be the domination set because e is adjacent to other
vertices in I'g,, . So, 7y (FQ4n) =|D|=1.0

The next numerical invariant is the independence number of the graph. This
property is stated in four following Theorem.
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Theorem 3.7. Let I'g,, be the coprime graph of a generalized quaternion group.
If n=2% then B (Tq,,) = 4n — 1.

Proor. Let I'g,, be the coprime graph of a generalized quaternion group with
n = 2¥. By Theorem 2.12, I'g,. is a complete bipartite graph that is a star
graph. It means there are two partitions and these partitions are independent
sets, V1 = {e} and Vo = Qu,\{e}. Now, suppose that there is independence set
I with |Q4n| > |I| > [V2|. So, I must equal to Qu, and f((e,v)) = 1 for any
v € Qun\{e}. It is a contradiction and it means V5 is an independence set with
maximum cardinality. Finally, we get 8 (Qun) = |Va| =4n —1. O

And for case n is an odd prime we have

Theorem 3.8. Let Q4, be a generalized quaternion group, n = p, p an odd prime
number, then 8 (I'g,,) = 3n.

PRroOF. Let I'g,,, be the coprime graph of Q4,. Where n is an arbitrary odd prime
number. Define I = {a’|j = 1,3,...,2n — 1} U {a’bli = 0,1,2,...,2n — 1}. Note
that |v| = 2¢,q € N, Yv € I. Thus, Yv;,v; € I it is valid that (Jv;], |v;|) # 1 which
resulted in f((vs,v;)) = 0. So, I is the independence set of I'g,,. And we need to
prove that there is no independence set of I'g,,, with condition |I'| > |I| = 3n. If
there is I’, we can find v € I, but v ¢ I, it means |v| = 1 or |[v| = p. Consequently,
there is w € I NI’ with condition (|ul,|v|) = 1 which means f((u,v)) = 1. It is a
contradiction with I’ independence set of I'g,,,. So, 5 (T'g,,) = |I| =3n. O

And for a more general case, when n is an odd

Theorem 3.9. LetI'g,, be the coprime graph of Quan. If n = p’flpg?..pfgn, Di # Pj
i # j, pi an odd prime number, then 8 (Tq,,) = 3n.

Proor. Let I'g,, be the coprime graph of Q4. Take n = p’flpgz...p’fn’", Di £ 2,p; #
pj, i # j, pi an odd prime number. Define I = I;UI, with I; = {a®71|l = 1,2,...,n}
and Iy = {a'b|i = 0,1,2,...,2n — 1}. Take a®~1 € I, we get |a®’~!| = 22; with
z1 € N and Va'b € I we get |a’b| = 4. Thus, Vu,v € I we get (|ul,|v]) = 229 # 1
which shows that f((u,v)) = 0. So, I is an independence set. Suppose that I’ is
an independence set with |I'| > |I| = 3n. We can find v; € I’ and vy ¢ I, it means
|v1| # 223, Vz3 € Z. Because of |I'| > 3n then |I N I'| > 2n + 1. Consequently,
Juy € I NI with v = a'b with i € {0,1,...,2n — 1}, it means |vy] = 4. Thus,
(Jv1l, Jv2]) = 1 or f((v1,v2)) = 1. Tt is a contradiction with I’ is independence set.
So, 8(Tg,,) = |I| = 3n. O

And for a more general result

Theorem 3.10. IfT'g,, be the coprime graph of Qayn. If n = p]flpgz...pf,;", P =2,
pi #pj. i #j then B (Tq,,) =4n — 4.

Proor. Let I'g,, be the coprime graph of Qu,. Take n = p}flpgz...pf;;", p1 = 2,

pi # pj, @ # j. Define I = I, UI, U I3 with I; = {a® Y1 =1,2,...,n}, [ = {a®|l =
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1,2,.on —11\{a®" g = 1,2, ;& — 1}, and I3 = {a’bi = 0,1,2,...,2n — 1}.
For any v € I we get |v| = 221,21 € N. Consequently, Yu,v € T we get (|ul,|v]) =
229 # 1. Thus [ is an independence set. And now, we need to prove that there is
no I’ as the independence set of I'g,, with condition |I’| > |I|. Suppose that there
is I' with this condition, then Jv; € I’ and vy ¢ I, It means |v1| # 223, Vz3 € Z.
Because of |I'] > |I| then [IN1'| > 4n — 5= +1 > 3n. Consequently, Jvy € INT’
where vy = a’b and |vy| = 4. Those, we get (|v1], [v2]) = 1 or f((vi,v2)) = 1. Itisa
contradiction. So, 8 (Lq,,) = |I| = [I1]+ ||+ |I3] = n+(n—1)— (5 — 1) +2n =
dn — opr. O

Two of the numerical invariants of the graph that are defined based on the
metric concept are the metric dimension and the complement metric dimension.
In this study, we find the metric dimension and complement metric dimension of

FQ4n'

Theorem 3.11. LetTq,, be the coprime graph of Qun. Ifn = 2 then dim (Tg,,) =
dn — 2.

PrROOF. Let I'g,, be the coprime graph of Qu,. If n = 2, k € N, then I'g,,
is star graph. Choose W = Qu,\{e,a} = {v1,v2,...,04n_2},Yv € W obtained
r(vi|W) = (di,da,...,dsn—2) with d; = 0 and d; = 2 for each i # j. So, each
v € W has a distinct representation of W. And then r(e|W) = (1,1,...,1) and
r(a|W) = (2,2, ...,2). Thus, each vertex of I'g,, has distinct representation to W.
In other words, W is a resolving set of I'g,, .

Suppose that there is W’ as a resolving set with condition |[W'| < 4n — 2.
There are two distinct vertices vy,v2 € Qun\{e} and vy,v2 ¢ W’ which resulted
in r(v1|W') = r(va]W'). Thus, W’ is not resolving set and it is complete to
dim (Tg,,) = |W|=4n—2. O

And for n is an odd prime number

Theorem 3.12. Let I'g,, be the coprime graph of Qun. If n =p, p an odd prime
number, then dim (T'g,, ) = 4n — 4.

PRrOOF. Let I'g,, be the coprime graph of Q4,. Let n be any odd prime number.
Choose W = Qu,\{e, a,a?,b}. Note that each v1,v, € W with v; # v obtained
r(v1|W) # r(va|W). Because of |e| # |a| # |a?| # |b| and the set of prime numbers
that divide the order of e, a, a2, and b are not equal, so by Theorem 2.16 obtained
Ao # Ay # Agz # Ap. So, 7(e|W) # r(a|W) # r(a?|W) # r(b|W). Thus W is a
resolving set of I'g,,. .

Suppose that there is W’ with condition |W’| < |W| = 4n — 4 as a resolving
set of 'g,,. We can find two distinct vertices u,v ¢ W’ with |u| = |v|, means
A, = A, and r(u|W') = r(v|]W’). Thus, W is a resolving set with minimum
cardinality. In other words, [W”| > 4n — 4 for each W” resolving set of I'g,,,. So,
dim (Tg,,) = [W|=4n —4. O

And for n is an odd number
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Theorem 3.13. LetI'g,, be the coprime graph of Quy. If n = plflpgz...pﬁlm, Di an
odd prime number, p; # p; for i # j then dim (Ug,, ) = 4n — 2T,

Proor. Let I'g,, be the coprime graph of Q4,. Take n = plflpgz...pﬁlm p; #
pj for i # j. Define W = Qu,\S with S = {e} US1 U ... U Sp11 and S; =
{41, V42, ...,’Utctm+1} for each 1 < ¢t < m + 1 with |vgs| has ¢ distinet prime factor
and there are no two distinct elements in S; with ¢ the same prime factor. Thus, | S|
is the total of ways to choose ¢ prime numbers from m + 1 distinct prime numbers
or |S;| = O where CJ* = #k'),k, Consequently,

S| =1+CP T+ 0yt + L+ Ot =2m !

And now, we need to prove W = Q4,,\S is the resolving set. Each vi,v, € W
with vy # wa, obtained r(vs|W) = (d1,da, ...,dw)) with d; = 0 and d; # 0 for
each i # j, thus r(vi|[W) # r(va|]W). By Theorem 2.16, each two distinct vertices
up,ug € S, we get A,, # Ay, which resulted in r(ui|W) # r(uz|W). Thus,
r(u|W) # r(v|W) for each u,v € W with u # v. In other words, W is a resolving
set of I'g,,..

Suppose that W' = Q4,\S" with |S’| > |S] is resolving set of I'g,,. We
can find vs,ve € S’ with vs # vg, but |vs| and |vg| have ¢ the same prime factor.
By Theorem 2.16, obtained A4, = A,, and r(vs|W’) = r(vs|W'). So, W’ is not
resolving set and W is resolving set I'g,, with minimum cardinality. It is done to
prove dim (Tg,,) = |[W|=4n —2m*1. O

And for a more general case, by Theorem 3.13 we have the following result.

Corollary 3.14. Let I'g,, be the coprime graph of Qun. If n = p’flpgz...p’fﬁ",
p1 =2, p; # p; fori#j, p; prime number, then dim (I'g,,) = 4n — 2™.

Proor. Let I'g,, be the coprime graph of Q4,. Take n = p’flpEQ...pfﬁ'L, p1 = 2,
pi # pj for ¢ # j, p; prime number. Note that p; = 2, so the number of odd
prime number p; is m — 1. Consequently, Theorem 3.13 obtained dim (Ig,,) =
dn — 2m=DH! = 4p — 2™ O

The last theorem explains the complement metric dimension of I'g,,, .

Theorem 3.15. IfT'q, be the coprime graph of Qun withn > 2 then dim (T'q,, ) =
dn — 2.

ProoF. Let I'g,, be the coprime graph of (Q4,. Choose any natural number n
with n > 2. Choose S = Qu,\{b,ab}, obtained r(b|S) = r(ablS). So, S is a
complement to resolving a set of QQ4,. By definition, it is impossible to find a
complement resolving set with cardinality greater than |V(G)| — 2. Thus, S is
a complement resolving set with maximum cardinality. It is done to prove that
dim (Tg,,) = |S| = 4n —2.
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4. CONCLUSION

Some numerical invariants of the coprime graph of a generalized quaternion

that were obtained from this study are the degree of each vertex is 1,n,2n + 2,
or 4n — 1, its radius is 1, its diameter is 2, its girth is 0 or 3, its independence
number is 4n — 1, 3n, or 4n — 51, its domination number is 1, its metric dimension

is 4n — 2,4n — 4,4n — 2™, or 4n — 2™, and its complement metric dimension is
an — 2.
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