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Abstract. The novel ideas in module M over a ring R are introduced in this study.
The first one, a generalization of the e*-lifting module, is known as e*-hollow-lifting.
The second idea, an inference of e*-lifting, is known as a cofinite e*-lifting module.
We shall demonstrate some of these ideas’ properties.

Key words and Phrases: e*-Lifting modules, Lifting modules, Hollow-lifting-
modules, Cofinitely lifting module, e*-Cofinitely lifting modules

1. INTRODUCTION

In this work M is a right module over a ring R with identity. E(M) is the
injective envelope of M. When S+ 7T = M implies T = M for each T < M, S is
called a small submodule of M, symbolized by (S <« M). See [8]. If SNT # {0}
for each 0 # T < M, then S is called an essential submodule of M. See [§]
and [7]. In [11], Ozcan introduced a new type of submodules which defined as
Z*(M) ={a € M|aR small in E(M)}. If Z*(M) = M, then M is called cosingular.
In [2], Baanoon and Khalid introduced a class of submodules called e*-essential. If
SNT # {0} for each cosingular T where 0 # T" < M, S is called an e*-essential
submodule of M, symbolized by S <.« M. In [3], Baanoon and Khalid used e*-
essential submodules to present a new class of submodules, a generalization of a
small submodule, called e*-essential small. If S 4+ T = M implies T' = M for
each T <.« M, S is called an e*-essential small submodule of M symbolized by
(S <+ M). The generalization of the radical submodule was introduced in [3],
which is called e*-radical denoted by, Rad(M) and defined as the intersection of all
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e*-essential maximal submodule of a module M. Equivalently, Rad(M) = > N .

e* N<Lx M
If each proper submodule of M is e*-essential small, then M is anointed e*-hollow,
where M is a nonzero module. See [3]. If module M has a direct summand T
such that 7' < S and % < % for each submodules S, it is said to be lifting. See
[5]. Generalization of the lifting module introduced in [4], which is called e*-lifting,
defined as a module M is called e*-lifting if for any submodule S of M there exists
T<Swith M=T&T forsome T <M and SNT < M.

As in [14], [10], [9] and [13] we will use e*-essential and e*-essential small
submodules to present a new generalization of lifting module and e*-lifting. Namely
e*-hollow-lifting and cofinitely e*-lifting modules. We will prove the main properties
of these concepts.

2. e*-HOLLOW-LIFTING MODULES

This section introduces generalizations for the e*-lifting module with specific
properties. The characteristics of e*-essential small are listed below that appeared
in [3].

Lemma 2.1. Suppose M is a module.
(1) If M is a simple module, then M <. M.
(2) If S <e» M and f: M — U is an R-homomorphism, then f(S) <.~ U.
(8) The direct sum of two e*-essential small submosules is e*-essential small.

The following gives the properties of an e*-lifting modules which appeared in

[4].

Lemma 2.2. The following are similar for a module M.

(1) M is e*-lifting.

(2) There is a decomposition A = Ay & Ag such that Ay is a direct summand
of M and As <e+ M for any submodule A of M.

(8) There exists A1 < A such that M = A; ® As, for some Ay < M, and
AAI L ex AMI for every submodule A of M.

Definition 2.3. For a module M. If every submodule S of M with % is e*-hollow,
there exists S1 < S such that M = S1 @& S for some So < M and S NSy Ko+ M,
then M is called e*-hollow-lifting.

The following describes e*-hollow-lifting modules in considerable detail.

Theorem 2.4. The following are similar for a module M .
(1) M is e*-hollow-lifting.
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(2) There is a decomposition A = Ay ® Az such that Ay is a direct summand
of M and As K« M for any submodule A of M with % is e*-hollow.

(8) There is a submodule Ay < A which a direct summand of M such that
Ail Lex AMl for any submodule A of M with % is e*-hollow.

PROOF. 1 = 2) Suppose that A < M with % is e*-hollow. So there exists a
submodule A; < A, such that Ay @ U = M for some submodule U of M and
ANU K+ M. So A=ANM=AN(A1®U) = A, & (ANU). Therefore, there
exists a decomposition A = A; ® A, such that A; is a direct summand of M and
ANU = Ay <o+ M.

2 = 3) By the hypothesis, there exists A; < A, such that M = A; ® U for
some submodule U of M, A = A; & As, and Ay <. M. Let Aﬂl < AM1 such

jchat AMI = Aml + %, so M =W+ A=W+ A; + As. Then by Proposition 2

[2] W <. M. Also from Proposition 1 in [2], we have W + A; <.~ M since
W< (W4 A4;)) <M. Now, since Ay e+ M, so M = W + Ay = W. Therefore,
AMl = X and A T L

3 = 1) By the hypothesis, there exists A1 < A such that A, ®U = M for some
submodule U ofM and 4 <+ 4L, So A = ANM = AN(A18U) = A1 & (AND),

M _ 1@U ~ AmU ~ U, and A ~ ANU. So ANU < U < M. Therefore,

A nu <<p* M and M is e* hollow lifting. O

Examples and Remarks 2.5.

(1) Every module that doesn’t have an e*-hollow factor is e*-hollow-lifting.

(2) Each e*-lifting module is e*-hollow-lifting. The opposite, however, need not
always be true. For instance, let M be a non-zero indecomposable module
with no e*-hollow factor. Hence M is e*-hollow-lifting. Declare that M is
not e*-lifting. Assume M is e*-lifting and A is a proper submodule of M.
Hence there exists a submodule K of M such that M = K & W for some
a submodule W of M and 4 = Lo % As M is indecomposable, K = 0
and hence A <o« M. Thus M is e*-hollow which implies % is e*-hollow,
which is a contradiction; therefore, M is not e*-lifting.

(8) The Z-module Z is not e*-hollow-lifting. For a submodule 47, since % ~ 74
is e*-hollow, and the only direct summand contains in 4Z is {0}. 4Z is not
e*-essential small in Z. See [3].

(4) Every semisimple module is e*-hollow-lifting and every e*-hollow module is
e*-hollow-lifting.

Next, we will see when the e*-lifting and e*-hollow-lifting coincide.

Proposition 2.6. Let My and Msy be e*-hollow modules. Then the following are
equivalent for the module M = My & Ms.

1. M is an e*-lifting module.
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1. M is an e*-hollow-lifting module.

PROOF. i=> i) Obvious.
it = 1) Let A < M. Consider the natural projection homomorphism p; : M — M;
and po : M — M,. We have two cases.
Case I: If p1(A) # M, and pa(A) # Ma, then pi(A) <~ My and pa(A) < Mo
(since M7 and My are e*-hollow modules). So by Lemma 2.1, p1(A) & pa(A) <=
Mi®Ms = M. Claim that A C pl(A)@pg(A) Leta€ A. Thenae M = M, Ms,
S0 a = my + mgo for some m; € M; and mg € M. Hence, p1(a) = m; and
p2(a) = mq implies a € p1(A4) @ p2(A). Hence A <.+ M by Proposition 1, in [3].
Thus M is e*-lifting module.

Case II: If p1(A) = My, then M = A + My and % = At‘MQ = AOM];"/IQ. Since
M is e*-hollow. Hence #If@ is e*-hollow see [[3],Corollary 3], so & is e*-hollow
see [[3],Proposition 7]. But M is e*-hollow-lifting, there exists X < A such that

M=Xa®X for some X < M, and % L % Thus M is e*-lifting module. [

Recall that if f(S) < S for any endomorphism f of a module M, the sub-
module S of that module is said to be fully invariant. For more details about fully
invariant submodule. See [1].

Now, to prove the next proposition, we need the following lemma.

Lemma 2.7. [9] For a module M, if M = My & My, then % = % D % for
any fully invariant S of M.

Proposition 2.8. If M is e*-hollow-lifting, then % is an e*-hollow-lifting module
for any fully invariant S < M.

M
PrROOF. Let % < % such that & = % is e*-hollow. From hypotheses M is

e*-hollow-lifting, there exist S; < SL such that M = S; & Sy for some Sy < M,

and S% L o SM1 By lemma 2.7, we have % = Sl—gs @ 52735 Clearly S1 +S5 < L
M

S1+S L L L M M .M M
and = < 3. So 3135 ~ 553 and S{Sis ~ T3 Let f: 5. T35 be
an R-epimorphism defined by f(m + S1) = m + S1 + S for each m € M. Hence

f(&) = gks. Since £ <.+ A implies that gL < 55 [Proposition 7, [3]].

Therefore % is e*-hollow-lifting. O

A module M is considered a duo if each submodule is fully invariant. See
[12].
The following proposition gives a specific condition to make the direct sum of two
e*-hollow-lifting is an e*-hollow-lifting module.

Proposition 2.9. Assume that M = S & Sy such that S1 and Sy are e*-hollow
modules. If M is a duo module, then M is e*-hollow-lifting.

PROOF. Suppose that U < M such that % is e*-hollow. Since M is duo module,
then U is fully invariant and so U = UNM =UN(S1 8 S2) = (UNS) @ (UNS,).
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Since S7 and Ss are e*-hollow modules, then S7 and Sy are e*-hollow-lifting modules
and %{91, Ufsz are e*-hollow modules. See Proposition 7, in [3]. Hence there exists
K < (UNS1) < U such that K@Ky = 5] for some Ky < 51, and (UNS1)NK; Kex
S1. Also, there exists K < (UNSy) such that K EBK; = S5 for some Ki <S5, and
(UNS)NK; v S2. SoM=8,05=KoK oK oK, =KoK oK, 0K,.
It follows that K & K’ < U. By corollary 1in [3], UN (K1 & K;) = (UNS1)NK, &
(UNSy) NK, e Sy ® Sy = M. Thus, M is e*-hollow-lifting. 0

3. COFINITELY e*-LIFTING MODULES

This section is devoted to introduce another generalizations for the e*-lifting
module with some properties. Remember that if the factor module % is finitely

S
generated, a submodule S of M is said to be cofinite in M. See [5].

Definition 3.1. For a module M. If every cofinite submodule S of M has a direct
summand S1 < S such that M = 51 & Sy for some Sy < M and SN Sy Kex M,
then M is said to be cofinitely e*-lifting.

Examples and Remarks 3.2.

(1) Eech e*-lifting is a cofinitely e*-lifting module. The opposite, however, need
not always be true. For instance, the Z-module Q is cofinitely e*-lifting
because Q is the only cofinite submodule, but not e*-lifting [4].

(2) The Z-module Z is not cofinitely e*-lifting. Because é ~ Zy4, so A7 is
cofinite, but the only direct summand of 4Z is {0} and 4Z is not e*-essential
small [3].

(8) From (1) and (2), we see the submodule of a cofinitely e*-lifting module
need not be cofinitely e*-lifting. The Z-module Q is cofinitely e*-lifting, but
the submodule Z is not cofinitely e*-lifting.

Theorem 3.3. The following are similar for a module M .
(1) M is cofinitely e*-lifting.
(2) There is a decomposition A = Ay & Ag such that Ay is a direct summand
of M and As <~ M for any cofinite submodule A of M.
(8) There is a submodule Ay < A such that M = Ay ® Ay for some As < M,
and Ail L AM1 for every cofinite submodule A of M.

PrROOF. As in Theorem 2.4. O

Next, We think about the following issue: Whenever the submodule, direct
summand, and factor modules inherit the cofinitely e*-lifting condition?

Proposition 3.4. FEvery cofinite direct summand e*-essential of a cofinitely e*-
lifting module is cofinitely e*-lifting.
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PROOF. Suppose U is the cofinite direct summand e*-essential of a module M
where M is cofinitely e*-lifting. Then M = U & T, for some T'< M, U <.~ M and
% is finitely generated. Let S be a cofinite submodule of U. Then % is finitely
generated. Now M = U + (T +.S5) and by the modular law UN (T @ S) = S. Hence

M _ U T@S T®S , T T

T=%5® By the first isomorphism theorem we have s =75 = (o7 T
M _ U+T -~ ~ M . T®S TS

and 7 = =~ —UOT ~T. So 77 ~ =& and =¢> is finitely generated. Hence

% is finitely generated and S is a cofinite submodule in M. Since M is cofinitely
e*-lifting, there exists ¥ < S such that M = Y & Y’ for some Y’ < M and
SNY e+ M. SoU=UNM=UN{Y&Y)=Ya® (Y NU). Claim that
SNY NU <.- U, since SNY NU =SNY <o M, SNY' NU < U < M,
and U is an e*-essential direct summand of M by proposition 2 in [3], we have
SNY NU <+ U. Therefore, U is a cofinitely e*-lifting module. O

Theorem 3.5. If M is a cofinitely e*-lifting module, then % is cofinitely e*-lifting
for any fully invariant submodule S of M.

PROOF. Let Y ¢ be the cofinite submodule of M . Then U is a cofinite submdule
of M since % ~ 2 is finitely generated. Slnce M is cofinitely e*-lifting, there
exist Y < U such that M=Y®Y forsomeY < M, and Y v Lo 7. Now, by

Lemma 2.7. ]\g:YTJrS@YTJ“SwwhY—FSSUandYTJrSS%. So viz ~ L%

-l

\:

M
and y+s ~ Y+S’ since % L % by Proposition 7, in [3] implies YLJFS - YAJ/FIS.

O

Therefore7 % is cofinitely e*-lifting.

Corollary 3.6. Let M be a cofinitely e*-lifting module. Then RadL(M) s cofinitely
e*-lifting module. ’

If the total of two direct summands of a module M is likewise a direct sum-
mand of that module, that module is said to have the summand sum property. See
[6].

Proposition 3.7. Let S be a direct summand of M and M be a cofinitely e*-lifting
module. If M possesses the summand sum property, then % is cofinitely e*-lifting.

PROOF. Assume that % is the cofinite submodule of M. So U is a cofinite sub-
module of M since o M is finitely generated. Since M is cofinitely e*-lifting,

at
M
S
124

there exists B < U such that M = B & B for some B’ < M, and U KL %.

Since M has the summand sum property, B + S is a direct summand of M and

B+S : M iy BiS U 5 M
<2 is a direct summand of g with 2= < 5 ™~ Fig

v g
Bis ~ Byg al

S
since % L g %, by Proposition 7, in [3] implies BLW - BLM. Therefore, %
cofinitely e*-lifting. O

We now look at whether direct sums inherit the cofinitely e*-lifting property.
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Theorem 3.8. If M = S1®S5 is a duo module; if S1 and S are cofinitely e*-lifting
modules, then M is also a cofinitely e*-lifting module.

PROOF. Suppose that U < M is cofinite. So ¥ is finitely generated and U =

U
UNM =UnN(S; @ Sa). Because M is a duo module, U = (U N S1) @ (U N Ss).
Also by Lemma 2.7, % = % @ % Then SII'}'U ~ SIS%U and SQ{J"U ~ stsz

are finitely generated. Hence U N S; is a cofinite submodule of S;, Since 5; is
cofinitely e*-lifting for ¢« = 1,2. Then there exists D; < U N S; < U such that
S; = D; @ D for some D; < S; and UNS; N D, = UND; <= Sy, fori =1,2.
Hence M = (Dy @ D)) @ (Dy @ Dy) = (D1 @ Dy) & (Dy @ Dy), Dy & Dy < U.
UN(Dy&Dy) = (UND)) @ (UND,) <e- S1 @Sy = M. Therefore, M is cofinitely
e*-lifting. O
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