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Abstract. In this correspondence, we introduced the concept of minimum roman
dominating distance energy Erpq(G) of a graph G and computed minimum roman
dominating distance energy of some standard graphs. Also, we discussed the prop-
erties of eigenvalues of a minimum roman dominating distance matrix Agrpq(G).
Finally, we derived the upper and lower bounds for Egpg(G).
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1. INTRODUCTION

In 1978, I. Gutman|[7] was introduced the concept of energy of a graph . The
graph G = (V, E) mean a simple connected graph with n vertices and m edges.
The distance between two vertices v and v is the length shortest distance between
u and v. The Wiener index W(G) of G, is the sum of the lengths of the shortest
paths between all pairs of vertices. Let A = (a;;) be the adjacency matrix of a
graph G. Then the energy E(G) of a graph G is defined by the sum of absolute
value of all eigenvalues of A. For more details about energy of a graph[1].

The union of two simple graphs G; = (V1, E7) and Go = (Va, E») is the simple
graph with vertex set V7 U V5 and edge set E; U F5. The union of G; and G4 is
denoted by G1UGs. A crown graph S is a bipartite graph with two sets of vertices
{a1,a9,...,a;} and {b1,bs, ..., by} and with an edge from a; to b; whenever i # j.
For a positive integer n > 2, a healthy spider is a star K7, _; with all of its edges
subdivided[3].

The distance matrix Ag = (d;;) of G is a symmetric matrix of order n where

d;; is the distance between ith and j** vertices of a graph. The distance energy
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E4(G) of the graph G is defined by the sum of absolute value of all eigenvalues
of A;. The distance matrix of an undirected graph has been widely studied in the
literature, see [2, 4, 5, 6].

A set S C V is a dominating set if every vertex of V' \ S is adjacent to at
least one vertex in S. The domination number v(G) is the minimum cardinality of
a dominating set in G, and a dominating set S of minimum cardinality is called
a y-set of G. E. J. Cockayne et al.[3] introduce the concept of roman domination
in graphs. A Roman dominating function on a graph G = (V, E) is a function
f:V —{0,1,2} satisfying the condition that every vertex u for which f(u) =0 is
adjacent to at least one vertex v for which f(v) = 2.

Let (Vp, V1, V2) be the ordered partition of V' induced by f, where V; = {v €
V| flv) =i} and |V;| = n;, for i = 0,1,2. Note that there exists a one-one
correspondence between the functions f : V' — {0, 1,2} and the ordered partitions
(Vo, Vi, Vo) of V. Thus, we will write f = (Vp, V1, V2). A function f = (Vo, V1, V) is
a Roman dominating function (RDF) if V5 > V{), where > means that the set V5

dominates the set V. The weight of fis f(V) = > f(v) = 2ngy + n;.
veV

The Roman domination number, denoted vz (G), equals the minimum weight
of an RDF of G, and we say that a function f = (Vp, V1, Vo) is a yr-function if it
is an RDF and f(V) = vr(G).

Theorem 1.1. [3] For any graph G, v(G) < vr(G) < 2v(G).

Kanna et al. [8, 10] studied the minimum covering distance energy of a graph
and also they were studied Laplacian minimum dominating energy of a graph.
Kanna et al. [9] introduced the concept of the minimum dominating distance
energy of a graph. Let G be the graph with vertex set V' = {vy,va,...,v,}. Let D
be a minimum dominating set of a graph G. The minimum dominating distance
matrix of G is the square matrix Apq(G) := (dj;) where

d - 1 ifi=jandv; €D
Y \d(vi,v;)  otherwise.
Let 61,02,...,d, be the eigenvalues of Apy(G). Then the minimum dominating

energy Epq(G) of G is

Epq(G) = Z|5j|-

j=1

In this paper, we introduce the concept of minimum roman dominating dis-
tance energy of a graph in section 2. In Section 3, we find the minimum roman
dominating distance energy of some standard graphs. In section 4, we discussed
the properties of eigenvalues of a minimum roman dominating distance matrix
Agrpa(G). We derived the upper and lower bounds for Erpq(G) in Section 5.
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2. THE MINIMUM ROMAN DOMINATING ENERGY

In this section, we introduce the concept of minimum roman dominating
energy of a graph.

Let f = (Vo,V1,V2) be a yg-function of a graph G. The minimum roman
dominating distance matrix Arpq(G) of G is defined as Arpq(G) := (d;;) where

2 ifi=jand v; € V5
(Zij: 1 ifi:jandvieVl
d(vi,v;)  otherwise.

Let p1, p2, ..., pn be the eigenvalues of Agrpq(G). Then the minimum roman domi-
nating distance energy Erpq(G) of G is defined as

Erpa(G) = |pxl-
k=1

Note that tr(Arpi(G)) = Yr(G).

Example 2.1. The minimum roman dominating function of the following graph

G

V3 Vg
vr Ve Ug Vg
V4 Vs

is f = (Vo,V1,V2) where Vo = {v1}, Vi = {vr,v9} and Vo = {va,v3, 04,05, 06,08}
Then the minimum roman dominating distance matrix is

211111212
101222323
1102 22323
12201232 3
Appa(G)=|1 2 2 1 0 2 3 2 3
12222012 3
2 33331134
1 22222301
2 33333411

9x9

Then the characteristic equation of Arpa(G) is
p° —4p® —171p" —1034p°% — 2339p° — 1284p" 4 2659p° + 4438p? + 2410p + 444 = 0

and the eigenvalues are p1 = —3,p2 = —1,p3 = —1, pg = —4.5615, p5 ~ —0.4384, pg =~
—3.9721, p7 = —0.8397, pg = 1.2642, and pg ~ 17.5476. Hence the minimum roman
dominating energy of G is Erpa(G) =~ 33.6237.

Note that this graph has unique minimum roman dominating function.
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3. MINIMUM ROMAN DOMINATING DISTANCE ENERGY OF SOME STANDARD
GRAPHS

In this section, we studied the minimum roman dominating distance energy
of complete, complete bipartite, crown, star and healthy spider graphs.

Denote J, is an n x n all ones matrix, I, is an n X n identity matrix, Dy is
a diagonal matrix whose k** diagonal entry is zero and other diagonal entries are
two, a, is a 1 X n row vector [a,a,...,a] and a, is the transpose of ay,.

Theorem 3.1. For any integer n > 3, Egpq(K,) = 2n — 2.

PRrOOF. For a complete graph K, the minimum roman dominating function is
f = (Vo,V1, Vo) where Vo = {v;} for any i, V3 = 0 and Vy = V \ V. Then the
minimum roman dominating distance matrix Arpq(K,) = (a;;) where

2 ifi=jandv; € V5

a;j =<0 ifi=jand v, €V}

1 otherwise
One can easily show that the characteristic polynomial of Arpa(K,,)is (p+1)"2(p?—
np~+n —3). Hence the eigenvalues are -1 with multiplicity n — 2 and nEYn®—dnt12 ”2 Ant12
Since for n > 3, n > v/n? — 4n + 12. Therefore, the eigenvalues ’”'7 V”24”+1 and
e Vn®—dnt12 a6 positive. Hence the sum of absolute values of all elgenvalues is
2n — 2 That is, Erpa(K,) = 2n — 2.
Corollary 3.2. For any integer n > 3, Erpa(K,) = Eq(K,) = E(K,).

PROOF. Let n > 2 be an integer. The adjacency matrix of a complete graph K, is
Jn — I, and the eigenvalues are n — 1 and —1 with multiplicity n — 1, the energy
of K,, is 2n — 2.

Theorem 3.3. For any integer r > 2,
Erpa(Kry) =22r —4) +/(r —2)2 + 8+ /(3r —2)% + 24.

PROOF. Let X = {v1,vq,...,v,} and Y = {wy,wa,...,w,} be a partition of the
vertex set of a complete bipartite graph K, .. Then the minimum roman dominating
function is f = (Vp, Vi, V2) where Vo = {v;,w;} for any 1 < i,5 < r, V3 = 0 and
Vo = V' \ Vo. Then the minimum roman dominating distance matrix is
2Jr — i ‘ JT

Jr | 2J.— D

ARDd (Knr) -

2rx2r

One can easily show that the characteristic equation of Agpq(K. ) is ( p_|_2)2'r—4 ( P2
(r—2)p—2)(p*> — (3r — 2)p — 6) = 0. Then the eigenvalues are —2 with multi-
plicity 2r — 4, (r-2)+ (7” 2248 4 8= z)i\/m

(r—2)— \/(7 2)2+8 (3r— 2) \/(37" 2)2+424
(3r— 2)+\/ (3r— 22+2

. Therefore, the eigenvalues

(r=2)+1/(r—2)°+8
2 i

are negative and the eigenvalues

are positive.
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Hence the sum of absolute values of all eigenvalues is 2(2r—4)++/(r — 2)2 + 8+
(3r —2)2 4 24. That is, Erpa(K,.») = 2(2r—4)++/(r — 2)2 + 8++/(3r — 2)2 + 24.

Theorem 3.4. For anyn > 3, Erpa(K1 n—1) = 4n — 6.

PrROOF. Consider the star graph K3 ,_1 with vertex set V' = {vg, v1,v2,...,0n-1},
where deg(vg) = n — 1. The minimum roman dominating distance function is f =
(Vo, Vi, Va) where Vo = {wo}, Vi =0 and Vo = V \ Vo = {v1,v2,...,v,_1}. Then
the minimum roman dominating distance matrix is

. 2 ‘ 1n71
Arpa(Kyn1) = | 57— 27,1 — 21,

nxn

The characteristic equation is (p+2)""2(p?> — (2n —2)p+3n —7) = 0. Then
the eigenvalues are —2 with multiplicity n — 2, (n — 1) £ v/n? — 5n + 8. Hence the
sum of absolute values of all eigenvalues is 4n — 6. That is, Egpa(K1,n-1) = 4n—6.

Theorem 3.5. For an odd integer n > 4,
11n — 19 < Egrpa(K7,,_1) < 6n° — 4n — 16.

PROOF. Consider the healthy spider graph K7 ,,_; with vertex set V = {vo, v1,v2, ..., Up_1,
Uy, Us, ..., Uy—1}. The vertex vy is adjacent with vy, va,...,v,—1 and for 1 < i <
n—1, u; is adjacent with v;. Then the minimum roman dominating function is f =

(Vo, V1, Va) where Vo = {wo}, Vi = {u1,uz,..., up_1} and Vo = {v1,v2,..., 051}
vo

U1 Un—1

U U2 Up—2°Un—1

Then the minimum roman dominating distance matrix is
2 ]-nfl 2nfl

ARDd(Kik)n_l) = 1;1_1 2Jp1—2In_1 | 3Jn_1 — 20,4
2 | 801 — 2Ly | 4y — 31,

2n—1x2n—1

The characteristic equation of Appq(K7, ;) is
(p* 4+ 5p+2)"2[p* — (6n —9)p*> — (n® —Tn+14)p+2n? —3n — 3] = 0.

The sum of absolute values of the roots of (p? +5p+2)? = 0 is 5n— 10 and the sum
of absolute values of roots of the p* — (6n—9)p? — (2 —Tn+14)p+2n? —3n—-3 =0
is greater than or equal to 6n — 9. Therefore,

Erpa(K7, 1) > 11n—19.

By Cauchy’s bound for roots of a polynomial, all the roots of p* — (6n—9)p? —
(n? —Tn+ 14)p + 2n? — 3n — 3 = 0 lies in the closed interval [—(M + 1), M + 1]
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where M = 2n? — 3n — 3. Therefore, the sum of absolute values of these roots is
bounded above by 3(2n? — 3n — 2) = 6n? — 9n — 6. Thus,

Erpa(K7, 1) <5n—1046n* — 9n — 6 = 6n° — 4n — 16.
Theorem 3.6. For any integer k > 2, Erpa(Sy) = Tk — 6 + Vk? — 4k + 12.

Proor. Consider the crown graph S)) with vertex set V = X UY where X =
{v1,v2,...,v} and Y = {wy,ws,...,wg}. The minimum roman dominating dis-
tance function is f = (Vp, V1, V2) where Vo = {v;,w;} forany 1 < i < k, V; =0
and Vp = V' \ V,. Then the minimum roman dominating distance matrix is

2Ji, — D; ‘ Ji + 213,
Ji + 21 ‘ 2Jy — D;

ARDd(S]S) = .
2k x2k

The characteristic equation of Arpa(SY) is
P2+ 42 [p? — 3k +2)p + 6(k — 1))[(p° + (6 — k)p — 2k + 6] = 0.

Then the eigenvalues are —4 with multiplicity & — 2, 0 with multiplicity k& — 2,
(=6+k)+ '2k274k+12 and G2ty 92]“2712}“28. Hence the sum of absolute values of all

eigenvalues is 7k —6++v/k? — 4k + 12. That is, Erpa(SY) = Tk—6+Vk2? — 4k + 12.

Theorem 3.7. Let G and H be two disjoint graphs. Then Erpq(G U H) =
ERDd(G) + ERDd(H).

PrOOF. Let A and B be the minimum roman dominating distance matrix of G and
H, respectively. Then the minimum roman dominating distance matrix of G U H

) smpaicom - [ A1)

The characteristic polynomial of Agrpqe(G U H) is the product of characteristic
polynomial of A and B. Therefore, Erpq(GU H) = Erpi(G) + Erpa(H).

4. PROPERTIES OF EIGENVALUES OF MINIMUM ROMAN DOMINATING
DISTANCE MATRIX Agrpq(G)

In this section, we discussed the relation between the eigenvalues of the mini-
mum roman dominating distance matrix Arpp(G) and the minimum roman domi-
nating energy g of G.

Theorem 4.1. Let G = (V, E) be a graph and let f = (Vo, V1, V2) be a yr-function.
If p1,p2, ..., pn are the eigenvalues of minimum roman dominating distance matriz

Arpa(G), then
(i) ; pi = 7r(G)

n
(ii) 3" p? = Yr(G) +2m+2M where M = > d(vi,vj)? and m = |E|.
i=1 i<j, d(vi,v;)7#1
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PROOF. (i) The sum of the eigenvalues of Agrpq(G) is the trace of Arpq(G).
Therefore,

Y opi= Y dvi,v) = 2[Va| + [Vi| = R (G).
i=1 i=1

(ii) The sum of squares of the eigenvalues of Arp4(G) is trace of (Arpa(G))?.
Therefore,

ool =0 d(vi,v;)d(v;, vi)
i=1

i=1 j=1

= Zd('l}i,’l]i)2 + Zd(vi,’l)j)d(’l]j,’l)i)
i=1

i#]
= d(vi,v:)* + Y d(vi,v;)?
i=1 i<j

=vr(G)+2 Z d(vg, ’Uj)2
i<j
=vr(G) + 2m + 2M.
Corollary 4.2. Let G be a graph with diameter 2 and let f = (Vo, V1, V2) be a yr-

function. If p1, pa, ..., pn are eigenvalues of minimum roman dominating distance
matric Arpa(G), then

pr =vr(G) +2(2n* — 2n — 3m).
i=1

PRrROOF. We know that in Agpg(G) there are 2m elements with 1 and n(n—1)—2m
elements with 2 and hence corollary follows from the above theorem.

5. BOUNDS FOR MINIMUM ROMAN DOMINATING ENERGY
In this section, we discussed the bounds for minimum roman dominating
energy.
The proofs of the following Theorems are similar to the proofs in [9].

Theorem 5.1. Let G be a graph. If f = (Vo,V1,V2) is a yr-function and P =
|d6t(ARDd(G)|7 then

V@m + 20 £ 45) + n(n — )P < Eppa(G) < /n(@m + 20 +7x(G))

where yr s a roman domination number.
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By Theorem 1.1,we have the following corollary.

Corollary 5.2. Let G be a graph. If f = (V,V1,Va) is a yr-function and P =
|d€t(ARDd(G))| then

\/(@m 420 +7) + n(n— 1)P% < Eppa(G) < /n(@m + 23 + 75(G)),
where v is a minimum domination number of G.

Remark 5.3. In Theorem 3.5, for the healthy spider graph Ki,_,, m = 2n —
2, M = (n—1)(19n—6) and yr(K7 ,_1) = n+1. Hence Vn2m +2M +vgr(G)) =
v/ (2n —1)(38n2 + 31n — 3) > 6n? — 4n — 16.

Theorem 5.4. If pi(G) is the largest eigenvalue of a minimum roman dominating
distance matriz Arpa(G), then

2W(G) + 7&(G)

> 2 AT TRV
pl(G) = n )

where W(Q) is the Wiener index of G.

PROOF. Let X be any nonzero vector. Then, we have

P(G) :r;rcl%{ X'X }
!
> % where J = [1,1--- 1]
23" d(vi,v5) +Yr(G)
Y
o n
2W(G) +1r(G)

n

Theorem 5.5. Let G be a graph of diameter 2 and p1(G) is the largest eigenvalue
of a minimum roman dominating distance matric Arpqa(G), then

2 _ _
(C) > 2n° — 2m — 2.+ yr(G)

n

PROOF. Let G be a connected graph of diameter 2 and let d(v;) = d;. Then
i-th row of Agpg consists of d; one’s and n — d; — 1 two’s except in the i*" column,
also tr(Arpa) = vr(G). By using Raleigh’s principle, for J = [1,1,--- , 1], we have

n
di+2(n—d; — 1 tr(A
JAppad D NHirdrpa) 0 9o 4 ym(@)

> = =
(@) = J'J n n
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CONCLUSION

In this paper, we introduced the concept of minimum roman dominating

distance energy Erpq(G) of a graph G and computed minimum roman dominating
distance energy of complete, complete bipartite, crown, star and healthy spider
graphs. Also, we discussed the properties of eigenvalues of a minimum roman
dominating distance matrix Agrpq(G). Finally, we derived the upper and lower
bounds for ERDd(G)-

(10]
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