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Abstract. In 2019, Salim et al proved the vector-valued inequality for maximal
operator with rough kernel on Lebesgue spaces and Morrey spaces. This results
extend Fefferman-Stein inequality (1971). In 1970’s, Adams introduced another
variant of Morrey spaces, which called as Morrey-Adams spaces. In this article, we
prove vector-valued inequality for maximal operator and fractional integral operator

with rough kernel on Morrey—Adams spaces.
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1. INTRODUCTION

Let us first recall the definition of Hardy—Littlewood maximal operator as

follows:

Mf(z) = supr™™ /B L

>0

where B(x,r) is set of y € R™ with | — y| < r. The boundedness of M on L? for

p > 1 is well known.

In 1971, the boundedness property of M is extended onto vector-valued in-
equality by Fefferman and Stein [1], in the sense: for t > 1, p > 1, and sequence of
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functions f = {f;}>°, with

1
t

Gl = <Z|fi(')|t> €L,
i=1

the following is satisfied.

/| (iwmx)r)t dz | < C|[IF) e

i=1

=

L = Ifllzeeny)- (1)

We then define M f as sequence of maximal function {M f;}22,, that the left-hand-
side of (1) can be written as HM]FHLPW). In 2016, Sawano proved the vector-valued
inequality for fractional maximal operator on Lebesgue space (see [9]).

Let Q be a zero degree homogeneous function on R™, in the sense: Q(7x) =
Q(z) for any 7 > 0 and x € R™. Hardy-Littlewood maximal operator can be
generalized into maximal operator with rough kernel, Mq, which is given as follows

Maf(e) =supr™ [ |0~y 1wldy
>0 B(z,r)
For 2 = 1, operator Mg, is also known as Hardy-Littlewood maximal operator M.
In 2019, Salim et al proved vector-valued inequality for Mg on Lebesgue space
(see [4]). Let S™~! be the set of x € R™ with |z| = 1. For Q € L}(S"7 1), ¢t > 1,
and p > 1, we have
[Mafllzery < Cllfllreer (2)

where Mg f is the sequence of {Mqf;}2,. In this article, the constant C' in each
row can be differ. The constant C' may be depending on €2, but independent of f.

Based ond Morrey’s article in 1930’s, Peetre introduced Morrey spaces in
1969 [8]. Nowadays, the research on Morrey spaces is very popular that there are
many ways to define the space. In this article, we shall use the following definition
of Morrey space. For 0 < A < n and p > 1, Morrey Space LP* is defined as the set
of f which satisfies

.
[fllzer = sup 777 [|f]|Lo(B(ar) < oo
z€ER™ r>0

For A = 0, we have LP* = LP. For A\ > 0, with Holder inequality, we have
L#°X C LP*. This inclusion property is proper since f(z) = |95|7TLTTA is element of
LPA* and f is not in L? for any ¢. For this reason, Morrey spaces are known as
generalization of Lebesgue spaces.

Boundedness of M on Lebesgue spaces was extended onto Morrey spaces
by Chiarenza and Frasca in 1987 (see [5]). Therefore, it is challenging to extend
inequality (1) onto Morrey space. It was obtained along with the vector-valued
inequality for Mg on Morrey spaces as follows.

Proposition 1.1. [4, Theorem 5 and Theorem 6] Let p > 1 and one of the follow-
ings is satisfied.
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(1)0§A§u<n,%:%,QELS(S"_1) withszp’:p%l,
(2) s>1,0<A<n—"2 A<p<n, 228 =122 and Q e L*(S"71).

q
Then, fort>1
1Mo fll ey = 1M fC) e

Lo S Ol fllzeacery)-

In 1981, Adams introduced another variant of Morrey spaces (see [10]). Sup-

pose that § > 1, p > 1, and £ < X\ < n + £, the functions space Lg’)‘ is set of f
with )
s

e
Hf”/:gA = S&g </0 ror ||f||%P(B(m,r))dr> < 0.

Note that, we use integral in the Lebesgue norm L? for 1 < p < oo, and we use
supremum of the Lebesgue norm L°°. The same modification is also applied for
the case of § = co. Therefore, for 6 = oo, Lg)‘ is equivalent with LP*. Although
L§’>‘ and LP are intersected for £ < X < n, there are no inclusion property for
both spaces. Since the function space Lg”\ is quite similar with Morrey space, we
call it as Morrey—Adams space.

In Section 2, we prove the vector-valued inequality of Mg on Morrey—Adams
space. We then apply our result to investigate the vector-valued inequality for
fractional integral operator with rough kernel, which is defined in Section 3.

2. OPERATOR Mg ON MORREY—ADAMS SPACES
Let us first state our main result in the following theorem.

Theorem 2.1. Suppose that 1 < q <p, § > 1, F <A<n+5§, ¢ <p<n+4,
% = "TT)‘, and one of the following is satisfied.
(C1) Q€ L*(S" 1) with s > p' = -2

p—1’
(C2) s>q, 5 <X<n+5—"E and Qe L3(S"1).

Then, fort > 1

M0l ey = [[I1Maf e

Law < C||f||L§~*(gt))~

Remark. The condition % = ”TTA and ¢ < p in Theorem 2.1 implies one of the

followings is satisfied.

e A< pu<n

o\ = nw=n

e \>pu>n.
For ¢ = p, then there are no A satisfying (C2). We also note that the condition
(C1) are used in the discussion of Mg in [2, 4].

Proof of Theorem 2.1. Suppose that f satisfies ||J?()Het € Lg”\ for ¢t > 1. Fix
z € R™, and decompose

f:{fi 21 =19 ﬁ1+{hi}g1:§+ﬁ
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where g; = fiXB(z,2r), i = fiXBe(z,2r) and 7 > 0, x4 is the characteristic function
in the set A (xa(x) =1 for z € A, and xa(z) =0 for z ¢ A). We write B¢(z, 2r)
to denote the complement of B(z,2r) in R™.

By sublinearity of Mg, for each 4

MQfZ(:L‘) < MQgi(m) + Mth(m).

Hence,
X8y MafllLaey < X8y MadllLa@e) + |XB.ry Mahl|Lage)- (3)

Therefore, it suffices to investigate for both ¢ and h. Let us work for g first. By

(2),

1 1
o) e B 1 I e ) 1
<A7“““m“ﬂ%w%wﬂ0 S(A rqmmw&wﬂO (4

=C (/0 rooa |XB(Z,2T)f|%fI(gt)dT> . (5)

The right-hand-side of (4) has g that are depending on r > 0. Although we integrate
the r along from 0 to infinite, it is important to note that g is in the Lebesgue norm
L7 (which is another integral). Therefore, in Lebesgue norm L?, the r can be treated
as a fix number. We then continue our investigation from (5) by applying Holder’s
inequality with order p/q, and using the fact % = %7 to obtain

C_we 16 5 * (n=mo_ne 710 s
/0 r 0 X Magl fondr | < C /0 r T lIxse2n fllzeendr

o) e . 7
=C (/ r.r XB(z,2r)f||9Lp(zt)d7">
0

< CIFO e .0 (6)

PyA
Ly

where the last inequality can be obtained by substitution s = 2r, and taking the
supremum over z € R™. The norm in the right-hand-side of (6) is then written as
||f||Lp,A(€t). Hence, we have

o

1
([ ¥ I Maduodr ) < Ol )

We now treat k. For z € B(z,r), it is easy to confirm B¢(z,2r) C B¢(x,r) (in
another word, B(z,r) C B(z,2r)). Therefore, for each i € N
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12z —y)|
Mohi( l
-y CCETI
JE:/B(QC 2i+1r)\ B(x,29 ) |1‘—y|” |fz( )‘ Yy
C J 0\ =1 O — i .
- ;(2 7 /B@,yﬂr)' (@ =yl fi(y)ldy (8)

Suppose that the condition (C1) is satisfied. By (8), Minkowski’s inequality,
Holder’s inequality with order p, we can proceed as follows.

=

t

ekl € (30 S [ (06—l )

i=1 |j=0
<cyen (S| e llnwd
=0 i1 B(z,27+1r)
<cy @[ el fwledy o)
=0 B(x,27+1r)
<CY @27) 7 Ixpe22n flire): (10)

<.
Il
<

Note that from (9) to (10), we use the following inequality

.
P’

122 = )l 1 (B 241y = QLo (Bo,2541ry) = 27T 0)7 Q] o (gn-1) < C(27)7
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Since the right-hand-side of (10) is independent of z, by Minkowski’s inequal-
ity, and k= HTT)\’ we have

1

[e%s} e . ;
(A ro ||XB(Z,T‘)MQh’||%‘I([t)dT’>

R VI N 7l
<C / roa | D@ ) P Ixsearen floee) | dr
0

Jj=0

0 . oo )0
_in (=)o _n
<C E 27p (/ r »
=0 0
1

T . A - . 0
<O 2 ([T Hxaearan Ml d@ )
§=0 0

< CHJF”Lg’*(et)a (11)

where the last inequality is obtained by taking the supremum over z € R™ and the
iG=n) 4

the convergence of the series 337227 7 ~ 7 (due to A <n+ §).

On another hand, if the condition (C2) is satisfied, we note that (9) is still valid.

From (9), we use Minkowski’s inequality, Holder’s inequality with order s/q, and

the fact (B(z,7)) C B(y, 27 3r) for y € B(z,2772r), to obtain

1
oo e . 3
(A ro |XB(Z,T‘)MQh’||%(I([t)dT'>

XB(z,2j+2r)ﬂ|%p(£t)dT>

=

)
q q

<c / . / S (@) / 1 - W) ledy| x| dr
0 B(z,r) =0 B(z,29+27)

<C / r
0

<C / r
0

=

0

%
(2]7’)7”/ 1 ()l (/ |Q($y)|qdz) dy | dr
B(z,27+2r) B(z,r)

oo

=0

1 0

(=0 _no [ =i . . s

(e [ e ([ el ] ar
=0 B(z,2712r) B(y,2i+3r)

9 7

(2) -2 /B( » )Hf(y)”pdy ar | . (12)

_né
q

_ne
q
q

AN
Q
=
ﬁ,\

:
M8

<.
Il
o

From inequality (12), we proceed by Holder’s inequality with order p, and

Minkowski’s inequality, and "%q“ = ”TT)‘.

=
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D=

© i
/O T ||XB(Z,’I”)MQhHLq(et)dT

=

0

oo

o — n . n n
/ T(n —— Z(er)ffr?
0

Jj=0

> 0o
_Jn g jn (n=p)0 _no -
< 02(2) i (/ L ? ||XB(z,2J+2r)f||9Lp(et)d7")
3=0 0

(o) o0
iA=mn) , jn _j . _ 26 P 1
<o @ 5 ([T @00 I e @)
3=0 0

< CHJFHLS‘*(gt)v (13)

where the last is obtained by taking the supremum over z € R", and the convergence

of the series is confirmed by A < n + & — 2 (see condition (C2)).

By (3), (7), and (11) for (C1), and (13)) for (C2), we can conclude

IN
Q

XB(z2i+2r) flloeery | dr

=

=[3

=

1
') e . 3 .
([ % I Mafldr) < €l (14)
0
Since the right-hand-side of (14) is independent to z € R™,

1Mol gy < CIT gy

Thus, Theorem 2.1 is confirmed.

3. FRACTIONAL INTEGRAL OPERATOR WITH ROUGH KERNEL ON
MORREY—ADAMS SPACE

Suppose that €2 is a zero degree homogeneous function on R”. For 0 < a < n,
fractional integral operator with rough kernel, Ty, , is given as

Toaf(@) = [ = i

For Q) = 1, operator T, is known as fractional integral operator (or Riesz po-
tential). The vector-valued inequality for fractional integral operator was proven
in Lebesgue space by Sawano in 2006 (see [9]). For some study regarding Tq . on
Morrey space, the readers can see [6, 7] and the references therein.

If Q € L*(S"1) with s > p/, f € L5, and o < 222 + §, we have the
following pointwise estimation

T, f(x)| < CMaf(@)"(If]l;,5 (15)

DA
Ly

where v := 1 — % in [3, Lemma 1].
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Let T f be the sequence of {Tq o fi}22,. Note that, if ||f(-)||¢ € Lp’ with
tu > 1, then for each i, f; € Lg”\ and

£l < 175y
For any z € R™ and i € N, by (15)
[ To,0fi(z)| < CMa fi(=)"||fII%, LB (g’
Thus, we have

Toaf @l < CUFILS ) |30 flo)]

fro- (16)

Let g satisfies uqg = p and ¢ satisfies ugp = 0. For z € R", by (16)

o0 7L 2
</ r :’||><B<z,r>Tn,af|“L’qw)dr>

0o e .
<O oy ([ oo My

= CHfIILp x ||MQf||Lp > (gtuy (17)

Sl

()

y (17), and Theorem 2.1, we can obtain
HTQ,aﬂ‘Lg*(gt) < C”f“yg’v\(gtu)- (18)

This result is interesting since we approach it without using the boundedness prop-
erty of T o on Morrey—Adams space [3].

However, by using the boundedness property of Tq o in [3], we can actually
obtain a better result. For instance, for ¢ > 1 and x € R™, and by Minkowski’s
inequality

ITo,0f@)ler < TiagalllF()lle] (@)-

Once we apply the boundedness of T o on Morrey—Adams space in [3], we have
the following theorem.

Theorem 3.1. Letp > 1,0 > 1, and § < X <n+ 5. Let Q € L5(S"1) with
s>p,anda < %+%' Letu = 1—(71_'1)\%, q and o satisfy uq = p and up = 6.
Then, fort>1

HTQ,afHLg*(gt) < C”ﬂ‘Lgv*(gt)' (19)

Inequality (19) is better than (18), since ¢/* C ¢! (due to tu < t).
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