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Abstract. In 2019, Salim et al proved the vector-valued inequality for maximal

operator with rough kernel on Lebesgue spaces and Morrey spaces. This results

extend Fefferman-Stein inequality (1971). In 1970’s, Adams introduced another

variant of Morrey spaces, which called as Morrey-Adams spaces. In this article, we

prove vector-valued inequality for maximal operator and fractional integral operator

with rough kernel on Morrey–Adams spaces.
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1. Introduction

Let us first recall the definition of Hardy–Littlewood maximal operator as
follows:

Mf(x) = sup
r>0

r−n
∫
B(x,r)

|f(y)|dy,

where B(x, r) is set of y ∈ Rn with |x− y| < r. The boundedness of M on Lp for
p > 1 is well known.

In 1971, the boundedness property of M is extended onto vector-valued in-
equality by Fefferman and Stein [1], in the sense: for t > 1, p > 1, and sequence of
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functions ~f = {fi}∞i=1 with

‖~f(·)‖`t =

( ∞∑
i=1

|fi(·)|t
) 1

t

∈ Lp,

the following is satisfied.∫
Rn

( ∞∑
i=1

[Mfi(x)]t

) p
t

dx

 1
p

≤ C
∥∥∥‖~f(·)‖`t

∥∥∥
Lp

= ‖~f‖Lp(`t)). (1)

We then define M ~f as sequence of maximal function {Mfi}∞i=1, that the left-hand-

side of (1) can be written as ‖M ~f‖Lp(`t). In 2016, Sawano proved the vector-valued
inequality for fractional maximal operator on Lebesgue space (see [9]).

Let Ω be a zero degree homogeneous function on Rn, in the sense: Ω(τx) =
Ω(x) for any τ > 0 and x ∈ Rn. Hardy–Littlewood maximal operator can be
generalized into maximal operator with rough kernel, MΩ, which is given as follows

MΩf(x) = sup
r>0

r−n
∫
B(x,r)

|Ω(x− y)| |f(y)|dy.

For Ω ≡ 1, operator MΩ is also known as Hardy-Littlewood maximal operator M .

In 2019, Salim et al proved vector-valued inequality for MΩ on Lebesgue space
(see [4]). Let Sn−1 be the set of x ∈ Rn with |x| = 1. For Ω ∈ L1(Sn−1), t > 1,
and p > 1, we have

‖MΩ
~f‖Lp(`t) ≤ C‖~f‖Lp(`t) (2)

where MΩ
~f is the sequence of {MΩfi}∞i=1. In this article, the constant C in each

row can be differ. The constant C may be depending on Ω, but independent of f .

Based ond Morrey’s article in 1930’s, Peetre introduced Morrey spaces in
1969 [8]. Nowadays, the research on Morrey spaces is very popular that there are
many ways to define the space. In this article, we shall use the following definition
of Morrey space. For 0 < λ < n and p ≥ 1, Morrey Space Lp,λ is defined as the set
of f which satisfies

‖f‖Lp,λ = sup
x∈Rn,r>0

r−
λ
p ‖f‖Lp(B(x,r)) <∞.

For λ = 0, we have Lp,λ ≡ Lp. For λ > 0, with Hölder inequality, we have

L
pn
n−λ ⊂ Lp,λ. This inclusion property is proper since f(x) = |x|−

n−λ
p is element of

Lp,λ, and f is not in Lq for any q. For this reason, Morrey spaces are known as
generalization of Lebesgue spaces.

Boundedness of M on Lebesgue spaces was extended onto Morrey spaces
by Chiarenza and Frasca in 1987 (see [5]). Therefore, it is challenging to extend
inequality (1) onto Morrey space. It was obtained along with the vector-valued
inequality for MΩ on Morrey spaces as follows.

Proposition 1.1. [4, Theorem 5 and Theorem 6] Let p > 1 and one of the follow-
ings is satisfied.
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(1) 0 ≤ λ ≤ µ < n, n−µ
q = n−λ

p , Ω ∈ Ls(Sn−1) with s ≥ p′ = p
p−1 ,

(2) s > 1, 0 < λ < n− np
s , λ ≤ µ < n, n−µ

q = n−λ
p , and Ω ∈ Ls(Sn−1).

Then, for t > 1

‖MΩ
~f‖Lq,µ(`t) =

∥∥∥‖MΩ
~f(·)‖`t

∥∥∥
Lq,µ
≤ C‖~f‖Lp,λ(`t)).

In 1981, Adams introduced another variant of Morrey spaces (see [10]). Sup-

pose that θ ≥ 1, p ≥ 1, and p
θ < λ < n + p

θ , the functions space Lp,λθ is set of f
with

‖f‖Lp,λθ = sup
x∈Rn

(∫ ∞
0

r−
λθ
p ‖f‖θLp(B(x,r))dr

) 1
θ

<∞.

Note that, we use integral in the Lebesgue norm Lp for 1 < p < ∞, and we use
supremum of the Lebesgue norm L∞. The same modification is also applied for

the case of θ = ∞. Therefore, for θ = ∞, Lp,λθ is equivalent with Lp,λ. Although

Lp,λθ and Lp,λ are intersected for p
θ < λ < n, there are no inclusion property for

both spaces. Since the function space Lp,λθ is quite similar with Morrey space, we
call it as Morrey–Adams space.

In Section 2, we prove the vector-valued inequality of MΩ on Morrey–Adams
space. We then apply our result to investigate the vector-valued inequality for
fractional integral operator with rough kernel, which is defined in Section 3.

2. Operator MΩ on Morrey–Adams Spaces

Let us first state our main result in the following theorem.

Theorem 2.1. Suppose that 1 < q ≤ p, θ > 1, p
θ < λ < n + p

θ , q
θ < µ < n + q

θ ,
n−µ
q = n−λ

p , and one of the following is satisfied.

(C1) Ω ∈ Ls(Sn−1) with s ≥ p′ = p
p−1 ,

(C2) s > q, p
θ < λ < n+ p

θ −
np
s , and Ω ∈ Ls(Sn−1).

Then, for t > 1

‖MΩ
~f‖Lq,µθ (`t) =

∥∥∥‖MΩ
~f(·)‖`t

∥∥∥
Lq,µ
≤ C‖~f‖Lp,λθ (`t)).

Remark. The condition n−µ
q = n−λ

p and q ≤ p in Theorem 2.1 implies one of the

followings is satisfied.

• λ ≤ µ < n
• λ = µ = n
• λ ≥ µ > n.

For q = p, then there are no λ satisfying (C2). We also note that the condition
(C1) are used in the discussion of MΩ in [2, 4].

Proof of Theorem 2.1. Suppose that ~f satisfies ‖~f(·)‖`t ∈ Lp,λθ for t > 1. Fix
z ∈ Rn, and decompose

~f = {fi}∞i=1 = {gi}∞i=1 + {hi}∞i=1 = ~g + ~h
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where gi = fiχB(z,2r), hi = fiχBc(z,2r) and r > 0, χA is the characteristic function
in the set A (χA(x) = 1 for x ∈ A, and χA(x) = 0 for x /∈ A). We write Bc(z, 2r)
to denote the complement of B(z, 2r) in Rn.

By sublinearity of MΩ, for each i

MΩfi(x) ≤MΩgi(x) +MΩhi(x).

Hence,

‖χB(z,r)MΩ
~f‖Lq(`t) ≤ ‖χB(z,r)MΩ~g‖Lq(`t) + ‖χB(z,r)MΩ

~h‖Lq(`t). (3)

Therefore, it suffices to investigate for both ~g and ~h. Let us work for ~g first. By
(2),

(∫ ∞
0

r−
µθ
q ‖χB(z,r)MΩ~g‖θLq(`t)dr

) 1
θ

≤
(∫ ∞

0

r−
µθ
q ‖MΩ~g‖θLq(`t)dr

) 1
θ

(4)

= C

(∫ ∞
0

r−
µθ
q ‖χB(z,2r)

~f‖θLq(`t)dr
) 1
θ

. (5)

The right-hand-side of (4) has ~g that are depending on r > 0. Although we integrate
the r along from 0 to infinite, it is important to note that ~g is in the Lebesgue norm
Lq (which is another integral). Therefore, in Lebesgue norm Lq, the r can be treated
as a fix number. We then continue our investigation from (5) by applying Hölder’s
inequality with order p/q, and using the fact n−µ

q = n−λ
p , to obtain

(∫ ∞
0

r−
µθ
q ‖χB(z,r)MΩ~g‖θLq(`t)dr

) 1
θ

≤ C
(∫ ∞

0

r
(n−µ)θ

q −nθp ‖χB(z,2r)
~f‖θLp(`t)dr

) 1
θ

= C

(∫ ∞
0

r−
λθ
p ‖χB(z,2r)

~f‖θLp(`t)dr

) 1
θ

≤ C
∥∥∥‖~f(·)‖`t

∥∥∥
Lp,λθ

, (6)

where the last inequality can be obtained by substitution s = 2r, and taking the
supremum over z ∈ Rn. The norm in the right-hand-side of (6) is then written as

‖~f‖Lp,λθ (`t). Hence, we have

(∫ ∞
0

r−
µθ
q ‖χB(z,r)MΩ~g‖θLq(`t)dr

) 1
θ

≤ C‖~f‖Lp,λθ (`t). (7)

We now treat ~h. For x ∈ B(z, r), it is easy to confirm Bc(z, 2r) ⊂ Bc(x, r) (in
another word, B(x, r) ⊂ B(z, 2r)). Therefore, for each i ∈ N
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MΩhi(x) ≤
∫
Bc(x,r)

|Ω(x− y)|
|x− y|n

|fi(y)|dy

=

∞∑
j=0

∫
B(x,2j+1r)\B(x,2jr)

|Ω(x− y)|
|x− y|n

|fi(y)|dy

≤ C
∞∑
j=0

(2jr)−n
∫
B(x,2j+1r)

|Ω(x− y)| |fi(y)|dy. (8)

Suppose that the condition (C1) is satisfied. By (8), Minkowski’s inequality,
Hölder’s inequality with order p, we can proceed as follows.

‖MΩ
~h(x)‖`t ≤ C

 ∞∑
i=1

∣∣∣∣∣∣
∞∑
j=0

(2jr)−n
∫
B(x,2j+1r)

|Ω(x− y)| |fi(y)|dy

∣∣∣∣∣∣
t

1
t

≤ C
∞∑
j=0

(2jr)−n

 ∞∑
i=1

∣∣∣∣∣
∫
B(x,2j+1r)

|Ω(x− y)| |fi(y)|dy

∣∣∣∣∣
t
 1

t

≤ C
∞∑
j=0

(2jr)−n
∫
B(x,2j+1r)

|Ω(x− y)| ‖~f(y)‖`tdy (9)

≤ C
∞∑
j=0

(2jr)−
n
p ‖χB(z,2j+2r)

~f‖Lp(`t). (10)

Note that from (9) to (10), we use the following inequality

‖Ω(x− ·)‖Lp′ (B(x,2j+1r)) = ‖Ω‖Lp′ (B(0,2j+1r)) = (2j+1r)
n
p′ ‖Ω‖Lp′ (Sn−1) ≤ C(2jr)

n
p′ .
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Since the right-hand-side of (10) is independent of x, by Minkowski’s inequal-
ity, and n−µ

q = n−λ
p , we have(∫ ∞

0

r−
µθ
q ‖χB(z,r)MΩ

~h‖θLq(`t)dr
) 1
θ

≤ C

∫ ∞
0

r
(n−µ)θ

q

 ∞∑
j=0

(2jr)−
n
p ‖χB(z,2j+2r)

~f‖Lp(`t)

θ

dr


1
θ

≤ C
∞∑
j=0

2−
jn
p

(∫ ∞
0

r
(n−µ)θ

q −np ‖χB(z,2j+2r)
~f‖θLp(`t)dr

) 1
θ

≤ C
∞∑
j=0

2
j(λ−n)

p − jθ

(∫ ∞
0

(2j+2r)−
λ
p ‖χB(z,2j+2r)

~f‖θLp(`t)d(2j+2r)

) 1
θ

≤ C‖~f‖Lp,λθ (`t), (11)

where the last inequality is obtained by taking the supremum over z ∈ Rn and the

the convergence of the series
∑∞
j=0 2

j(λ−n)
p − jθ (due to λ < n+ p

θ ).

On another hand, if the condition (C2) is satisfied, we note that (9) is still valid.
From (9), we use Minkowski’s inequality, Hölder’s inequality with order s/q, and
the fact (B(z, r)) ⊂ B(y, 2j+3r) for y ∈ B(z, 2j+2r), to obtain(∫ ∞

0

r−
µθ
q ‖χB(z,r)MΩ

~h‖θLq(`t)dr
) 1
θ

≤ C

∫ ∞
0

r−
µθ
q

∫
B(z,r)

∣∣∣∣∣∣
∞∑
j=0

(2jr)−n
∫
B(z,2j+2r)

|Ω(x− y)| ‖~f(y)‖`tdy

∣∣∣∣∣∣
q

dx


θ
q

dr


1
θ

≤ C

∫ ∞
0

r−
µθ
q

 ∞∑
j=0

(2jr)−n
∫
B(z,2j+2r)

‖~f(y)‖`t
(∫

B(z,r)

|Ω(x− y)|qdx

) 1
q

dy

θ

dr


1
θ

≤ C

∫ ∞
0

r
(n−µ)θ

q −nθs

 ∞∑
j=0

(2jr)−n
∫
B(z,2j+2r)

‖~f(y)‖`t
(∫

B(y,2j+3r)

|Ω(x− y)|sdx

) 1
s

dy

θ

dr


1
θ

≤ C

∫ ∞
0

r
(n−µ)θ

q −nθs

 ∞∑
j=0

(2jr)−n+n
s

∫
B(z,2j+2r)

‖~f(y)‖`tdy

θ

dr


1
θ

. (12)

From inequality (12), we proceed by Hölder’s inequality with order p, and
Minkowski’s inequality, and n−µ

q = n−λ
p .
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(∫ ∞
0

r−
µθ
q ‖χB(z,r)MΩ

~h‖θLq(`t)dr
) 1
θ

≤ C

∫ ∞
0

r
(n−µ)θ

q −nθs

 ∞∑
j=0

(2jr)−
n
p+n

s ‖χB(z,2j+2r)
~f‖Lp(`t)

θ

dr


1
θ

≤ C
∞∑
j=0

(2)−
jn
p + jn

s

(∫ ∞
0

r
(n−µ)θ

q −nθp ‖χB(z,2j+2r)
~f‖θLp(`t)dr

) 1
θ

≤ C
∞∑
j=0

(2)
j(λ−n)

p + jn
s −

j
θ

(∫ ∞
0

(2j+2r)−
λθ
p ‖χB(z,2j+2r)

~f‖θLp(`t)d(2j+2r)

) 1
θ

≤ C‖~f‖Lp,λθ (`t), (13)

where the last is obtained by taking the supremum over z ∈ Rn, and the convergence
of the series is confirmed by λ < n+ p

θ −
np
s (see condition (C2)).

By (3), (7), and (11) for (C1), and (13)) for (C2), we can conclude(∫ ∞
0

r−
µθ
q ‖χB(z,r)MΩ

~f‖θLq(`t)dr
) 1
θ

≤ C‖~f‖Lp,λθ (`t). (14)

Since the right-hand-side of (14) is independent to z ∈ Rn,

‖MΩ
~f‖Lq,µθ (`t) ≤ C‖~f‖Lp,λθ (`t).

Thus, Theorem 2.1 is confirmed.

3. Fractional Integral Operator with Rough Kernel on
Morrey–Adams Space

Suppose that Ω is a zero degree homogeneous function on Rn. For 0 < α < n,
fractional integral operator with rough kernel, TΩ,α, is given as

TΩ,αf(x) =

∫
Rn

Ω(x− y)

|x− y|n−α
f(y)dy.

For Ω ≡ 1, operator TΩ,α is known as fractional integral operator (or Riesz po-
tential). The vector-valued inequality for fractional integral operator was proven
in Lebesgue space by Sawano in 2006 (see [9]). For some study regarding TΩ,α on
Morrey space, the readers can see [6, 7] and the references therein.

If Ω ∈ Ls(Sn−1) with s ≥ p′, f ∈ Lp,λθ , and α < n−λ
p + 1

θ , we have the

following pointwise estimation

|TΩ,αf(x)| ≤ CMΩf(x)u‖f‖1−u
Lp,λθ

(15)

where u := 1− αpθ
(n−λ)θ+p in [3, Lemma 1].
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Let TΩ,α
~f be the sequence of {TΩ,αfi}∞i=1. Note that, if ‖~f(·)‖`t ∈ Lp,λθ with

tu ≥ 1, then for each i, fi ∈ Lp,λθ and

‖fi‖Lp,λθ ≤ ‖~f‖Lp,λθ (`tu).

For any x ∈ Rn and i ∈ N, by (15)

|TΩ,αfi(x)| ≤ CMΩfi(x)u‖~f‖1−u
Lp,λθ (`tu)

.

Thus, we have

‖TΩ,α
~f(x)‖`t ≤ C‖~f‖1−uLp,λθ (`tu)

‖MΩ
~f(x)‖u`tu . (16)

Let q satisfies uq = p and ϕ satisfies uϕ = θ. For z ∈ Rn, by (16)(∫ ∞
0

r−
λϕ
q ‖χB(z, r)TΩ,α

~f‖ϕLq(`t)dr
) 1
ϕ

≤ C‖~f‖1−u
Lp,λθ (`tu)

(∫ ∞
0

r−
λθ
p ‖χB(z, r)MΩ

~f‖θLp(`tu)dr

)u
θ

= C‖~f‖1−u
Lp,λθ (`tu)

‖MΩ
~f‖u
Lp,λθ (`tu)

(17)

By (17), and Theorem 2.1, we can obtain

‖TΩ,α
~f‖Lq,λϕ (`t) ≤ C‖~f‖Lp,λθ (`tu). (18)

This result is interesting since we approach it without using the boundedness prop-
erty of TΩ,α on Morrey–Adams space [3].

However, by using the boundedness property of TΩ,α in [3], we can actually
obtain a better result. For instance, for t > 1 and x ∈ Rn, and by Minkowski’s
inequality

‖TΩ,α
~f(x)‖`t ≤ T|Ω|,α[‖~f(·)‖`t ](x).

Once we apply the boundedness of TΩ,α on Morrey–Adams space in [3], we have
the following theorem.

Theorem 3.1. Let p > 1, θ ≥ 1, and p
θ < λ < n + p

θ . Let Ω ∈ Ls(Sn−1) with

s ≥ p′, and α < n−λ
p + 1

θ . Let u = 1− αpθ
(n−λ)θ+p , q and ϕ satisfy uq = p and uϕ = θ.

Then, for t > 1

‖TΩ,α
~f‖Lq,λϕ (`t) ≤ C‖~f‖Lp,λθ (`t). (19)

Inequality (19) is better than (18), since `tu ⊂ `t (due to tu < t).
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[7] Gürbüz, F., ”Some estimates for generalized commutators of rough fractional maximal and
integral operators on generalized weighted Morrey spaces”, Can. Math. Bull., 60.1 (2017),

131–145.

[8] Peetre, J., ”On the theory of Lp,λ spaces”, J. Funct. Anal., 4.1 (1969), 71–87.
[9] Sawano, Y., ”`q-valued extension of the fractional maximal operators for non-doubling mea-

sures via potential operators”, Int. J. Pure Appl. Math., 26.4 (2006), 505–522.

[10] Burenkov, V. I., Guliyev, V. S., ”Necessary and sufficient conditions for the boundedness of
Riesz Potential in Local Morrey-type spaces”, Potential Anal., 30 (2009), 211–249.


