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Abstract. Associated to Birkhoff orthogonality, we study Birkhoff angles in a real
normed space and present some of their basic properties. We also discuss how to
decide whether an angle is more acute or more obtuse than another. In addition,
given two vectors z and y in a normed space, we study the formula for Birkhoff
‘cosine’ of the angle from z to y from which we can, in principal, compute the angle.

Some examples will be presented.
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1. INTRODUCTION

Let (X, ||-||) be a normed space, where X is the real vector space. (Throughout
this note, X will be assumed so, unless otherwise stated.) Unlike in an inner product
space, there is not a standard definition of orthogonality, much less the definition of
angles, in X. In normed spaces, we know, for instance, the notion of Pythagorean
orthogonality (denoted by Lp), which states that

z Lp y if and only if [lz — y* = [|z]* + [|y||*,
and the notion of isosceles orthogonality (denoted by Lr), which states that
x Ly yif and only if ||z +y| = ||z — yl|,

for x,y € X, as introduced by R.C. James in [9]. Both of these definition coincides
with the usual definition of orthogonality when X is an inner product space and
the norm is induced by the inner product.

In 1935, G. Birkhoff [5] introduced a different notion of orthogonality in a
normed space, inspired by the property of the tangent to a circle in the Euclidean
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space (see Figure 1.1). A vector z € X is said to be B-orthogonal to another vector
y € X, denoted by = Lp y, if and only if

[z + Xyl = ] (L.1)

for every A € R. This notion of orthogonality is then known as Birkhoff orthogo-
nality, as studied in [10]. One may observe that this definition also coincides with
the usual orthogonality when X is an inner product space and the norm is induced
by the inner product. However, unlike Pythagorean orthogonality and isosceles
orthogonality, Birkhoff orthogonality is not symmetric: * L p y does not imply
y Lp x. For discussions on various notions of orthogonality in normed spaces, see
1, 3, 13].

Figure 1.1. A vector z is B-orthogonal to another vector y in (Ra, || - ||2) (= R? with
the Euclidean norm). The circle has radius ||z||2.

T2
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\

Figure 1.2. A vector z is B-orthogonal to another vector y in (R?, || - [|o0) (= R? with
the supremum norm). The square is the set of vectors with length ||z||o. Note that here
the vector y is not B-orthogonal to x.

Once we define an orthogonality criterion in X, we may ask how we can
define angles in X that are compatible with the orthogonality defined there. If we
use Pythagorean orthogonality, then we can define the angle between two nonzero
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vectors x and y in X by

l” + llyl* = ll= — y|I?
2)jz [yl

Ap(x,y) := arccos

If we adopt isosceles orthogonality, then we can define the angle between two
nonzero vectors x and y in X by

=+ yl* = ll= — ylI?
Afl[[1lyll

(See [7] for some properties of Pythagorean angles and isosceles angles.) Now, if
we opt to define Birkhoff orthogonality in X, how should we define the angles from
a vector to another vector in X7 To answer this question, we must dig deeper to
the case where X is an inner product space.

This paper presents some results that might be of interest to the readers,
especially undergraduate students who are interested in geometry of
normed spaces. Related results may be found in [3, 4, 6, 11, 12, 15]. One may
examine if the angles that we define are identical with the angles defined in [3,
p. 19] and [4, Eq. (2.2)]. Our approach, however, is different and is more accesible
to the readers who are new to the subject.

Aj(z,y) := arccos

2. PRELIMINARY OBSERVATION: ACUTE AND OBTUSE B-ANGLES

For the moment, let (X, (-,-)) be an inner product space, where X is a real
vector space, and ||z| := (z,z)'/? be the induced norm on X. Let z € X and
y € X \ {0}. By simple calculations, one may observe that

e when (z,y) > 0 (that is, x and y form an acute angle), the inequality (1.1)

holds for A < 72\|<;\’|g> or A > 0.

e when (z,y) < 0 (that is,  and y form an obstuse angle), the inequality
(1.1) holds for A < 0 or A > —2(&:u)

vl
e when (z,y) = 0 (that is, z and y are orthogonal to each other), the in-

equality (1.1) holds for every A € R.

The sets of the values of A that satisfies the inequality (1.1) are visualized in the
following figure:

—

O —— O —— O —e—
—

Figure 2.1. The sets of the values of A for which the inequality (1.1) holds when (a)
(z,y) >0, (b) (z,y) <0, and (¢) (z,y) =0, where v := 2|

vl
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Note that when (z,y) # 0 (that is,  and y form a proper acute or obtuse

angle), the value of v := 2‘|\<Z|}IZ>‘ is stricly positive. This means that, there exist

some values of A for which the inequality (1.1) fails to hold.

We now go back to normed spaces in general. Based on the above observation,
we can define acute and obstuse angle in a normed space (X, || - ||) through the sets
of the values of A satisfying the inequality (1.1). Let z,y € X. We say that

e z forms an acute B-angle to y, denoted by x A y, if the inequality (1.1)
holds for every A > 0.

e z forms an obtuse B-angle to y, denoted by x Op y, if the inequality (1.1)
holds for every A < 0.

e 1 is B-orthogonal to y, denoted by x Lp vy, if x forms an acute B-angle
and an obstuse B-angle to y simultaneously.

As studied in [8, 14], we have the following propositions. We leave the proof
of the first proposition to the readers.

Proposition 2.1. Let x,y € X \ {0} and a,b € R\ {0}.

(1) Suppose that © Apy. If ab > 0 (that is, a and b have the same sign), then
axr Agby. If ab < 0, then ax Op by.
(2) Suppose that x Opy. If ab > 0, then ax O by. If ab < 0, then ax Ap by.

Proposition 2.2. Let x,y € X. Then we have

(1) z Apy if and only if there exists § > O such that the inequality (1.1) holds
for every A € [0,0).

(2) xOpy if and only if there exists 6 > 0 such that the inequality (1.1) holds
for every A € (—4,0].

(3) x Lpy if and only if there exists 6 > 0 such that the inequality (1.1) holds
for every A € (—0,0) simultaneously.

PROOF. We shall only prove the first statement, as the second one can be proven
in a similar way and the third one is a consequence of the first and the second ones.
Now, the ‘only if’ part is immediate, and so we only need to prove the ‘if’ part.
Suppose that there exists § > 0 such that the inequality ||z + Ay| > ||z|| holds for
every A € [0,d). If z or y equals 0, then the inequality obviously holds for every
A > 0. So assume that x,y # 0. Suppose that, to the contrary, there exists A’ > ¢
such that ||z + Ny|| < ||z||. Choose n € N such that ’)—; € (0,6). By the hypothesis,

we have Hx + ’\;,yH > ||z||. But, by the triangle inequality, we find that

n—1

n

)\l
-
n

1
z+—(z+ Xy)H
n

n—1

IN

1
]l + =l + Nyl
n n

n—1

1
[l + -~ llz]

A

][
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Thus we obtain a contradiction. Therefore, we conclude that the inequality ||z +
Ay|| > ||z]| must hold for every A > 0. O

3. PROPER ACUTE AND PROPER OBTUSE B-ANGLES

If the real vector space X is equipped with an inner product (-,-) and the
induced norm ||z| := (z,2)'/2, we find that two nonzero vectors x and y form a
proper acute angle if and only if there exists v > 0 such that ||z + Ay| < ||z]]
precisely for every A € (—v,0). Likewise, x and y form a proper obtuse angle if and
only if there exists v > 0 such that ||z + Ay|| < ||z|| precisely for every A € (0,7).

The value of 7 in both cases is given by v := 2‘H<Z|7\%>|' Our aim now is to formulate

the criteria for proper acute and proper obtuse B-angles in a normed space (X, ||-|)-
Let z,y € X. We define that

e 1 forms a proper acute B-angle to y, denoted by x PAg y, if x Ag y but

z Lpy.
e 1 forms a proper obtuse B-angle to y, denoted by = POy, if tOpy

but x Yp y.
Note that, given z,y € X, we now have three exclusive possibilities: = PApgy,
xPOpy,orzxz Lp y.

As in inner product spaces, we obtain analogous results in normed spaces, as
stated in the following theorem.

Theorem 3.1. Let x,y € X. Then there are only three (exclusive) possibilities for
the set of values of A for which the inequality (1.1) holds (or fails to hold), namely:
(1) There exists v > 0 such that the inequality (1.1) fails to hold precisely for
every A € (—v,0).
(2) There exists v > 0 such that the inequality (1.1) fails to hold precisely for
every A € (0,7).
(8) The inequality (1.1) holds for every A € R.

To prove the theorem, we consider the following set
S(z,y) :={reR:[lz+ Ayl < l=]},
for z,y € X. The above theorem is a consequence of the following statements.

Theorem 3.2. Let x,y € X. Then each of the following statements hold:
(1) 0 ¢ S(z,y).
(2) If there exists A > 0 such that X € S(x,y), then (0,A] C S(z,y) and
wé S(xz,y) for every u <0.
(3) If there exists A < 0 such that A € S(x,y), then [A\,0) C S(z,y) and
w ¢ S(z,y) for every u > 0.
(4) S(z,y) is bounded.
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(5) If S(z,y) # 0, then 0 = inf S(x,y) < sup S(z,y) or inf S(z,y) < sup S(z,y) =
0.
(6) If S(x,y) # 0, then inf S(z,y) ¢ S(z,y) and sup S(z,y) ¢ S(z,y).

PROOF.

(1) Obvious.
(2) Let A > 0 and A € S(z,y). It follows from the first statement that 0 ¢
S(z,y). Now, for 0 < A < A, we observe that

A—=N N
A/
Izl + -l + Ayl

5 x+xx+)\’y

A=
<
- A
A—=N
A
= ||IH,

e + Nyl = H

)\l
[l + -]

whence A" € S(x,y). This proves that (0,\] C S(z,y). Next, suppose that
there exists 1 < 0 such that p € S(x,y). Notice that for to = 5= € (0,1),
we have

0= (1 — to),u + to/\.

Hence

llzl| = [|z + [(1 — to)p + toA]yl|
< (1 —to)llz + pyll + tollz + \y||
< (1 —=to)|lz[l + tollz]]

= [l=II,

which cannot be true. Therefore we conclude that p ¢ S(x,y) for every
n<0.

(3) Similar to the proof of (2).

(4) Assuming that S(z,y) # 0, let A € S(x,y). We observe that

[zl = Xyl < lle + Xyl < [l]].
The assumption that S(z,y) # ) means that x,y # 0. Using the above

inequality, we obtain

2|

0 <Al < .
lyl

Hence S(z,y) is bounded.

(5) Tt follows from (2), (3), and (4).

(6) Suppose that S(z,y) # 0. Assume that there exists A* > 0 such that
A* e S(z,y). By (2), (4), and (5), inf S(z,y) =0 ¢ S(z,y) and sup S(z,y)
exists. Let s := sup S(z,y). Now the function f: R — R given by f(\) =
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|z + Ay|| is continuous everywhere, with

F) < ||zl if A € (0,s), and
JOY >z ifA<0or A>s.

Hence
el < Jim £ = f(s) = T f(3) < Je].

Thus ||z + sy|| = f(s) = ||z||, which implies that sup S(x,y) ¢ S(z,y).
By similar arguments, if there exists A* < 0 such that A* € S(z,y), then
inf S(x,y) ¢ S(x,y). O

Remark 3.3. In view of Theorem 3.2, the value of v in Theorem 3.1, part (1),
equals —inf S(x,y); while that in part (2) equals sup S(x,y).

From Theorem 3.1, parts (1) and (2), we have the following corollary.

Corollary 3.4. Let x,y € X. Then we have

(1) x PAgy if and only if there exists v > 0 such that (1.1) fails to hold
precisely for every X € (—~,0).

(2) x POgy if and only if there exists v > 0 such that (1.1) fails to hold
precisely for every A € (0,7).

As for acute and obtuse B-angles, we also have the following results for proper
acute and proper obtuse B-angles.

Proposition 3.5. Let x,y € X \ {0} and a,b € R\ {0}.

(1) Suppose that x PAgy. If ab > 0, then ax PAgby. If ab < 0, then
ax POp by.

(2) Suppose that x POgy. If ab > 0, then ax POgby. If ab < 0, then
ax PAgby.

4. COMPARING TwoO B-ANGLES

Let z,y € X. Throughout this section, we shall consider the case where
2 PApy. (The discussion for the case where x POpy is similar.) For the purpose
of our discussion here, we write y(z,y) for the largest value of ~ for which the
inequality (1.1) fails to hold precisely for every A € (—7,0).

Let z,y1,y2 € X\{0}. If 2 PAp y; and x Op y2 (which includes the possibility
that © Lp yo), then it is safe to say that the B-angle from z to y; is more acute
than that from z to y2. The question now is: what can we say when z PAg y; and
x PApy>? How can we capture that one B-angle is more acute than the other?
Suppose that v(x,y1) < y(x,y2) (see the figure below).
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Figure 4.1. The blue rays indicated the sets of the values of A for which
|z 4+ Ayl > ||z|| and ||z + Ayz2]| > ||z|| hold, respectively.

Intuitively, we might want to conclude that the B-angle from x to yo is more
acute than that from z to y; (that is, the larger the value of v(z, y), the more acute
the B-angle from z to y). However, this conclusion is too early to make. Observe
the following example in (R?, || - || )-

Let x := (1,0), y. := (¢,¢) € (R?] - |lo), where ¢ > 0. By observation, we
see that © PApg y. (see the figure below).

T2
Ye
T+ Aye
T
T
Figure 4.2. The vector = forms a proper acute B-angle to the vector y in (R?,] - ||oo)-

Let us now take two different values of ¢, say ¢; = 1 and co = 2, so that we
have y; := (1,1) and yo := (2,2). By simple calculation, we obtain v(x,y;) = 1
and vy(z,yz) = % Thus v(x,y2) < y(z,y1). However, we would not say that the
B-angle from x to y; is more acute than that from x to ys since yo = 2y;. In such a
case, we would want to have the B-angle from x to y; equal to that from = to ys.
To compare two proper B-acute angles, we need to find a number which in general
depends on the two vectors but invariant under positive scalar multiplications. In
order to do so, we go back to inner product spaces, to get an inspiration.

Suppose, for the moment, the real vector space X is equipped with an inner
product (-, -) and its induced norm ||z|| := (z,z)'/2. Let 2,5 € X\ {0}, and consider
the expression %, which is set to be the cosine of the angle between = and y.
We note that the value of this expression, and so is the angle, is invariant under
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positive scalar multiplications. Indeed, if 2’ := ax and 3’ := by with a,b > 0, then

(@y) _ faxby) _ab (z,y) _ (2,y)
=1yl Nazl oyl ab =l lyll [l [yl
Thus, normalizing both vectors, we get
Lo (zy)
(2,9) =
[yl

where # := £ and 3 := £
[E3] Myl

We turn back to our normed space (X, || - ||). Let z,y € X \ {0}. Our goal is
to find a number v* = v*(x,y) such that y*(ax,by) = v*(z,y) whenever a,b > 0.
The key is the lemma below.

Lemma 4.1. Let z,y € X \ {0} and suppose that x PAgpy. If a,b > 0, then
ax PAg by and

a

PrOOF. Let a,b > 0. By Proposition 3.5, we have ax PApg by. Now suppose that
X € (—(z,y),0), where we have ||z + Ay|| < ||z||. By simple manipulations, we
find that

Hax + %)\(by)H < |laz].
Thus A € (—v(az,by),0). Since we also have $\ € (=%v(x,¥),0), we conclude
that y(az,by) > %7(z,y). On the other hand, since z = % (az) and y = §(by), we

obtain y(az,by) < $v(z,y) via similar arguments. As a consequence, we arrive at
the conclusion that

a
v(ax,by) = gv(x,y),
as claimed. O

We are now ready to define the number v* with the desired property. Let
x,y € X such that z PAgy. Here of course x,y # 0, for otherwise x will be
B-orthogonal to y per definition. We then define

* y
v (x,y) = gv(fﬂ,y) (4.1)
Accordingly, we have the following lemma.

Lemma 4.2. Let x,y € X \ {0} and suppose that © PAgy. If a,b > 0, then
v (az, by) =" (z,y).

PROOF. Let a,b > 0. By (4.1), we have

_ byl

. bllyll a llyll
Y (avay) - HG,J,‘”,‘Y(ax’by) = ( ) )7 N

= -z, y) = (T, y) =7 (z,9),
allz|| b [l

as desired. O
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Based on the above lemma, given x,y € X such that © PAgy, we have
v*(z',y") = v*(x,y) for every ' = ax and y' = by with a,b > 0. Using this fact,

we can now consider the unit vectors & := H%H and 3 := -, where we have

lyll?
v (@,y) =77 (2, 9) = (2, 9).
This equality tells us that to compare acute B-angles, it suffices for us to compare
the values of ~(+,-) among the associated unit vectors. The same is also true for
x,y € X for which x POpy. To be precise, we define the following.
Let z,y1,y2 € X \ {0} such that x PAgy; and x PAgys. Let Z, {1, and §»
be the unit vectors associated to x,y;, and ys, respectively. We say that
e the B-angle from z to y; is more acute than that from x to ys if y(&, §1) >
’7(3}’ g2)
e the B-angle from z to y; is the same as that from z to yo if ¥(Z,91) =
’Y(:%a g2)
e the B-angle from z to y; is more obtuse than that from z to ys if (&, 91) <
'_Y(iv 1,72)
(Note that similar definitions can be formulated for z,y1,y2 € X \ {0} such that
2 POpy; and z POpg ys.)
In the same spirit, we can also compare the B-angles for z1,z2,y € X \ {0}
such that 1 PApy and 2o PApy. Here we say that
e the B-angle from z; to y is more acute than that from x5 to y if v(Z1,9) >
v(22, 7).
e the B-angle from z; to y is the same as that from xs to y if v(Z1,9) =
Y(Z2,9)-
e the B-angle from z; to y is more obtuse than that from z5 to y if
Y(E1,9) <(Z2,9)-
(As in the previous case, similar definitions can be formulated for x1, 22,y € X\ {0}
such that 1 POpy and z2 POpy.)

Example 4.3. Let z := (1,0),y := (y1,y2) € (R?,]| - ||oo). Firstly, let us consider
the case where y := (a,1) with 0 < a < 1.
T2

y=1q

Z1

Figure 4.3. The vectors z = (1,0) and y = (a,1) with 0 < a < 1 in (R%, ]| - [|s0)-
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Note that & = = and § = y, and * PAgy. Indeed, there exists vy(z,y) > 0
such that ||z + Ay|lco < ||#]|cc = 1 precisely for every A € (—y(z,y),0). To find the
value of v(z,y), we solve the inequality

max{[1 + Aal, |A[} = [z + Aylloc < [[#[loc =1

for \. We obtain that A\ must satisfy —2/a < A < 0 and —1 < A < 0. Since
0 <a <1, wehave 1/a > 1, and so we find that A € (—1,0). Therefore v(z,y) = 1,
independent of the value of a € (0,1). In this case, the B-angle from « = (1,0)
to y1 = (a1,1) is the same as that from = = (1,0) to yo» = (aa,1) whenever
0<ay,ae <1.

Secondly, let us consider the case where z := (1,0),y := (1,a) with 0 < a < 1.

X2

#

&
f
2>

I

Figure 4.4. The vectors z = (1,0) and y = (1,a) with 0 < a < 1 in (R%, ] - [|so)-

Note that § = y and x PAg y. The value of y(z,y) > 0 for which |2+ Ay <
|z]lcc = 1 precisely for every A € (—v(x,y),0) can be found by solving the inequality

max{[L + A[, [aAl} = [z + Ayllco < [[#]loc =1

for \. Here we obtain that —2 < A < 0 and —% <A< %, which yields A €
(—min{2,1},0). For 0 < a < %, we have 1 > 2, and so min{2,1} = 2. For
% <a <1, wehave 1 < % < 2, which gives min{2, %} = % Therefore v(z,y) = 2
for a € (0,1/2] and y(z,y) = % for a € (1,1]. In this example, the B-angle from
x = (1,0) to y1» = (1,a1) is more acute than that from z = (1,0) to y2 = (1, az)

provided that 0 < a; < % <ag <1.

Example 4.4. Let z := (1,0),y = (a,v1 —a?) € (R?,| - ||2) with 0 < a < 1.
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T2

T+ Ay

T+ 1
77N
%/ xl

Figure 4.5. The vectors x = (1,0) and y = (a,v1 — a2) with 0 < a < 1 in (R?,| - ||2).

Observe that ||z]l2 = |lyll2 = 1 and x PAgy. We can find the value of
~(z,y) > 0 for which ||z + Ay|l2 < ||z||2 = 1 precisely for every A € (—v(z,y),0).
By simple computations, one may obtain that

2(z, y) 2a
T,Y) = = = 2a.
M=y T @ @)

Thus here y(x,y) gets larger as a tends to 1, that is, as y is approaching z.

5. CONCLUDING REMARKS: THE ANALOG OF THE COSINE OF B-ANGLES

We have defined acute and obtuse B-angles in a normed space (X, || - ||) via
the sets of values of A for which the inequality (1.1) holds (or fails to hold), and
defined the criteria for proper acute and proper obtuse B-angles from a vector z to
another vector y in X. We have also defined a number «*(-, -) which can be used to
compare the B-angle from x to y; and that from = to ys, or from x; to y and that
from x5 to y. It is then tempting to have a formula for the B-angle from a vector
to another vector in X, as in an inner product space.

As the readers might have guessed by now, the formula is only one step away
from the formula of v(-,-) on the unit sphere. Let x,y € X \ {0}. Define

37(&.9), ifzPApy;
k(z,y) =10, ifx 1py;
f%fy(:i,g)), if t POgy.
Notice that if X is an inner product space which is also equipped with the induced

norm, then k(x,y) = (&,9), which is equal to the cosine of the angle between x
and y. We may thus view k(x,y) an analog of the cosine of an angle in the inner



282 H. GUNAWAN, M. JAMALUDIN, AND M.D. PRATAMADIRDJA

product space setting in the situation for B-angles in normed spaces. In this regard,
we will define the values k(x,y) as the cosine of the B-angle from x to y.

The following proposition gives basic properties of the values k(x,y) for x,y €
X\ {0}.

Proposition 5.1. Let z,y € X \ {0} and a,b # 0. Then the following statements
hold:

(1) k(z,y)| < 1.
(2) If ab > 0, then k(ax,by) = k(z,y). If ab < 0, then k(az,by) = —k(z,y).

PROOF.

(1) Suppose that we have some values of A satisfying ||Z + Ag|| < 1. Then
120 = (A9

Hence we have |1 — [A|| < 1, whence 0 < [A| < 2. This implies that
v(%,9) < 2, and therefore |k(z,y)| = 1+(&,9) < 1.

(2) We shall only prove it for the case where ab < 0 and x PApy, and leave
the other cases to the readers. Without loss of generality, assume that
a > 0 > b. The hypothesis that x PAp y means that there exists y(&,9) > 0
such that ||2+Ag|| < 1 precisely for every A € (—y(Z,%),0). Sincea > 0 > b,
we have ax POp by, which means that there exists y(az, bAy) > 0 such that
llaz 4+ )\@H < 1 precisely for every A € (0, ~(az, @)) Now the assumption
that @ > 0 > b implies that az = & and by = —§. For 0 < X < ¥(Z, ), set
A= —\. Then —y(Z,9) < A <0, and so we obtain

~

laz + X (by)l| = |2 + N (=9Il = 12 + Agll < 1.

<|lz+ M| < 1.

This implies that v(Z,7) < ~(axz, @) Conversely, by setting ' = az,y’ =
by, we have z = 1a/,y = }y/, so that v(&,9) > ~v(az,by). Therefore
~v(az,by) = v(Z,4). Consequently, we obtain
| 1~
k(z,y) = 57(2,9) = 57(az, by) = —k(az, by),

as expected. [l

Both properties in the above proposition are basic properties of the cosine of
the B-angles in X. We miss, however, the symmetric property k(z,y) = k(y, ). To
see that we do not have this property, take for an example  := (1,0) and y = (1, 1)
in (R%,] - ||oc). Here x PAgy and y Lp x, and thus k(z,y) > 0 = k(y,z). This
example tells us that, in general, k(x,y) # k(y,x). (This is why we do not use the
phrase the B-angle between x and y, but the B-angle from z to y.)

Furthermore, given a vector z € X, the set of vectors y such that k(x,y) =1
may consists more than just y = x. We have seen this in Example 4.3 where
(X011 = (R ||+ |loo), 2 :=(1,0) and y := (1,a) with a € [0,1/2). The same also
happens with the set of vectors y such that k(z,y) = —1.
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Now define (R?,|| - ||1) where ||(21,22)|}1 := |z1| + |22|. Similar to Example
4.3, we can also compute the values of k(z,y) for z := (1,0) and y := (cos 8, sinf) €
(R%,|| - ||l1) with @ € (—m,7]. Here k can be seen as a function of 0, say k = f(0),
where

1, -3 <0<7;
f0):=40, -3 <f<-TorZ<O<3m
-1, —7r<f0<-For3<h<m
The graph of k = f(0) is presented below:
f(9)
o—1—o
— . . « 0
g % i 7
\ | |

Figure 5.1. The graph of k as a function of 6 for 6 € (—m, .
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